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1. Introduction

Estimates with the second order modulus ws given by

r+y
)= s |@) =1 (52) + 50| € Clatl ¢ 0
|z—y[<2t
were established by H. Esser in 1976, G. Freud in 1978, H. Gonska in 1984
and R. Paltanea in 1995.
In [8] is given the following axiomatic definition for the modulus of
continuity:

Definition 1.1. Let X be a linear space of functions f: I — R (I C R an
interval) who include the space of algebric polynomials of degree at most r
denoted by I, r € N. A function Q. : X x (0,00) — [0,00) U {oc} is called
a modulus of continuity of order r on X if and only if the following axioms
are satisfied

1. Qr (f,tl) < QT (f, tg) ZfO <t <ty

2. Q. (f+p,t) = (f.t) if pell

3. Q,.(0,¢) =0.
Moreover, if there exists a constant M > 0 such that Q, (e,,t) < Mt" for all
t > 0, then the modulus w, is called normalized.

There are established estimates with different second order moduli based
on the following general result:
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Theorem 1.2. ' [8, p. 20]Let [c,d] C [a,b], L : Cla,b] — Clc,d] a positive
linear operator such that Ley = eq and Ley = e1, Qo a second order modulus
on Cla,b], f € Cla,b], t > 0 and = € (c,d). Suppose that there exists a

function 1 : [0,00) — [0,00) such that 9 <eltxeg|> € Cla,b] and

|A(f;x1,x,x2)| S 6t (leal‘aﬂb) QQ(fat)’ a S T <x <Xy S b.
Then

2 - sl < 2 (o (15700 o) autro,

The notations used are:
e ¢;, for the function ey (z) = 2*, k € NU {0};
Lo — X Tr—x
o A(fimn,a,m0) = ———f (21) + = f (w2) — f(x) for f: [a,b] —
To — X1 T2 — T1

Ru x1, T, T € [a7b]7 1 7é xo;

o 0(Y; 71,7, 72) = xg—xw(x—tm) TRt 1/J<$2_x) for ¢ :

To — X1 To — X1 t
[0,00) — R, 21, x, 22 € [0,00), 71 < & < X2, t > 0.
The K-functional K3(f,t) = K*(f,t";Cla,b],C"[a,b]),t > 0,1 < s < ©
defined for the Banach space (Cla,b],||-||) and the semi-Banach subspace
(C[a, 8], Iler) s 1fler = 1£C]| by

K5(f,t) = inf H( —gll ¢
0=t [(15 -9l
where [|-]|,, 1 < s < oo, is the Minkowski norm in R? and |[-||_, is the
Chebychev norm in R2, respectively, is a modulus of continuity of order r

normalized on Cla, b]. An useful relation between the K-functionals is given
by:

g

, 1 <5 < oo,

S

Lemma 1.3. [13] Let 1 < s < 0o and r € N. Then for f € Cla,b] and t > 0

)" K>(f,u) holds. (1.1)

T8

KR (f:1) = mf (1 +

UTS
In the weighted case, for r € N and ¢(z) = Jz(1 —z), z € [0,1] we
denote by

Col0.1] = {7 € CO.(3) i, Fhpte). i fe)ote) < &

r—1—
and
W, [0.1] = {f € C*0,1]| f) € Cprl0,1]}.

The K-functional K3, (f,t) = K* (f, 7 Cl0,1], W [0, 1]) t>0,1<s<
oo defined for the Banach space (C[0,1], ||-||) and the semi-Banach subspace

1We refer here only the particular case when the operators preserves the linear functions.
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(VVE‘Pr [0, 1], HWEW), |f‘w5w = HSOTJC(T)H by

Ko ()= it (=gl v

rg(r)
gEWE , [0.1] -

)

is a modulus of continuity of order r normalized on C[0,1] and we have

Lemma 1.4. [14] Let 1 < s < 0o and r € N. Then for f € Cla,b] and t > 0

,1 <5< oo,
S

T8

S 3 t
K7 (fit) = inf (1 +

uT’S

)S K5, (f,u) holds. (1.2)

In Section 2 are given estimates with the K-functional K5 and in Section
3 are given estimates with the K-functional K3 .

2. General estimates with K5, 1 < s < o0

Theorem 2.1. Let [¢,d] C [a,b], L : Cla,b] — Clec,d] a positive linear oper-

ator such that Leg = eg, Le; = ey and f € Cla,b]. Then for every x € (c,d)

and t > 0, we have

L ((61 — zeg)? ,a:)
2t2

|L(f,$)—f(il?)| < 2+ K2oo(f7t) (21)

Conwversely, if there exist A, B > 0 such that

L ((61 — zeg)? ,x)

L(f,) — fa)l < | A+ By

K2(ft)  (2.2)

holds for all positive linear operator L, any f € Cla,b], any = € (¢,d) and
1
any t > 0, thenBZi and A > 2.

Proof. Let g € C2%[a,b], 1, z, T3 € [a,b], 11 < z < z3. We have

|A(f;l‘171'7l'2)| < |A(f_g,$1,17,1'2)|+|A(g,$1,x,$2)‘
and
Al an)] = | 225 (g 0) - 9(0) + 22 (g 02) - 9(0)
122 () (o1 - o)+ ) oy - )
+;2__211 (g/(x) (xg —x) + 7 ;52) (zg — m)2>

(mmn)E-w) ., )
- 2(1’2-1‘1) |g (fl)(I—$1)+g (52) (1‘2 —JL‘)‘
<m0
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with & between x and x;, ¢ = 1,2. Therefore

(ke —x)(®—21) o, &
t
s I9"

< <2 4 (@2 = xz)t(f _xl)) max {||f — g, * lg"||} -

|A(f; 21, m,22)] < 2|[f —gll +

Since g was arbitrary it follows that

,x)(m,

22

Afior )| < (242 ) K5°(1.0)

2
If we take 9(u) =2 + % then (2.3) means
A (fiz1,2,22)] < 6 (Y21, 2, 22) K3°(f,1), 21 <@ < 22
By Theorem 1.2 we have

L ((el — xeo)2 ,x)

L(f.2) - @) < (24 ——

K3°(f,1)-

(2.3)

Now we prove the converse part. We consider the positive linear operator

L defined by
L(h,z) = (1 —x)h(0) + zh(1), h € C[0,1].
For f = ey we have K$° (eg,t) < 2t? and from (2.2) it follows
x(1 —x) < 2At% + 2Bx(1 — x).
1
Passing to the limit ¢t — 0, we obtain B > 3
For f(z) = a(dr — 1), z € [O, 5
1
have K3° (f,t) < ||f]| = a and from (2.2) it follows for z = 3 that

B
20 < <A + 4t2> Q.
Passing to the limit ¢ — co, we obtain A > 2.

Corollary 2.2. Under the conditions of theorem we have

L ((el — zeg)? ,x)

22

[L(f,2) = f(z)] < max {2, K5 (f 1)

and

1}f(33):04(3—433),$6 <;,1],a>0, we



Estimates with Peetre’s K-functionals of order 2 603

s
s—1°

where 1 < s < 0o and s’ =

Conversely
o if there exist A, B > 0 such that

L ((61 — zeg)” ,az)

t2

|L(f,2) = f(z)] <max{ A, B K5 (f,1) (2.6)

holds for all positive linear operator L, any f € Cla,b], any x € (¢, d)

1
and any t > 0, then B> — and A > 2.
o if there exist A, B > 0 such that

1
! v

L ((61 — zep)? ,x)s Q ,
L(fa) — f@) < | A+ BT K50 ()

holds for all positive linear operator L, any f € Cla,b], any x € (¢, d)
1 ,
and any t > 0, then B > 57 and A > 2% .

Proof. Using the estimate (2.1), we obtain

L ((61 — zeg)? 7m)

2u?

\L(f,2) = f(@)] < |2+

K3°(f,u)

< max{ 2,

L ((61 — zeg)?, a?) ( 2

242 1+uz> Kéx’(f,u),

where u > 0 is arbitrary. Hence, by Lemma 1.3, we find (2.4). For 1 < s < o0,
by (2.1) and Hélder’s inequality, we have

1
7

) L((el—xeo)27x>s, : 25\
L(f) — f@) < |27+ (1+52) K5 (0

where u > 0 is arbitrary. Hence, by Lemma 1.3, we find (2.5).
For the converse part we make the same choices like in Theorem 2.1. [

Example 2.3. We consider the Bernstein-type operator P, : C[0,1] —
C[0,1] ( see [12], [3])

Pun(f.) = ,; busonte) £ (%)

where

b gem () = (") 2R (1 — z)" R for 0 < k < m,

bn,k,m(x) _ (nzm)xk(l o x)n7m7k+1 R (’Z::Z)xkrferl(l _ l,)nfkr
for m <k <n-—m and
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b ge,m () = (F- )2 (1 —2)"7F for n —m < k < n,

k—m
withneN,mENU{O},m<E.Wehave
m(eg,z) = 1
m(e1,x) = =z
-1 1—
an(el—xeo , X = <1+m(m ))x( x)

Theorem 2.1 implies for f € C[0,1], x € (0,1) and t = \/ﬂ
P (fo2) — f(2)] < {ué (1+m( n—l )} <f7 a:(l—x )

From Corollary 2.2 we obtain
<1+ m(m — 1)>}K21 <f, x(l—x))
n n
1 _
K.

o )

S
where 1 < s < co and s = o1 In particular, for m = 0 or m = 1 we
S

N =

P (f.2) — J(2)] < max {27

and

[P (f; ) = f(2)] <

obtain the estimates for the Bernstein operators.

3. General estimates with KQSW 1<s< o0

Theorem 3.1. Let L : C[0,1] — CJ0,1] be a positive linear operator such
that Leg = ey, Ley = ey and f € C[0,1]. Then for all z € (0,1) and t > 0 we
have

L ((61 — zeg)? ,a:)

|L(f7$)—f(l‘)| < |2+ t2§02($) K;,Oga(fat)' (31)
Conversely, if there exist A, B > 0 such that
L ((61 — zeg)? ,x)
\L(f,z) - f(@)| < [ A+ B K3, (f:1) (3-2)

2% (x)

holds for all positive linear operator L, any f € C[0,1], any € (0,1) and
anyt >0, then B>1 and A > 2.

Proof. Let g € W% ,10,1], @1, @, 22 € [0,1], 21 < < w2. We have

|A(f;.%'1,l',$2)| S |A(f—g,x1,a?,$2)|—|—|A(g,x1,x,x2)‘
< 20f —gll+ 1A (g 21,z 22)
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and
T (g (w0) — g(x))

277 (g(x1) — g(x)) +

|A (g;x17x7x2)| =
To — I T2 —T1

T1

12T ) (o —x>+/g" (u) (21 — u) du

X9 — I
T2
r—x
+ I (@) (2 =)+ [ o () aa = )|
T2 — 1
xr
T T2
_ | P2 /g”(u)(xl—u)du— nor /g”(u)(:cz—u)du
To — T1 T2 — T1
x To
To — T 9 1 /u—xl T — T 9 /xg—u
< : . du + . - | —S—~du
ol LA I o el A B o

x1

t —
Let us now make use of the fact that the function u +— ﬁ, u € (0,t),
w(l —

t € (0,1] is decreasing [8] and we obtain

|A(g;x1,:v,a72)| S

Z2

1—11
Ty — T 2 | l—u—x Ty ooy [ T2—u
|le*g” |l / du + 9" || /902(u) du

<
T Ty — 1 J ©2(1 —u) Ty — T1
1—x1 T2
3?2—1‘. 2 1| r — I .%‘—331. 2 | . T2 — X
<2y / S T | /TQ(x)du
—x xr
_ (1‘2—1‘) (x_xl) 2 1
22(z) H<P 9 H
therefore
(x2 — ) (x — xq)
|A(f;$1,.’l,',l'2)‘ S 2||f_g||+ 2 tQ(pQ(I) : t2||§029//H
(g — ) (x — 1)
< (o gy e ol l

Since g was arbitrary it follows that

|A (f;Il,I,$2)| S (2 + (Iz t2:::0)2((a;.) zl)) KQO?‘P(f’ t) (33)

2

u
If we take 9(u) = 2 + —— then (3.3) means
(1) = 2+ s then (3.3)

|A(f;x1,x7x2)| < (St (1[};1'1,1'71'2) K2°ig(f7t)7 T <z < T2
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By Theorem 1.2 we have

L ((el — zeg)” ,ac)

K5, (f, 1)

Now we prove the converse part. To show that A > 2, we consider the
positive linear operator L defined by

L(h, ) = (1 — 2)h(0) + zh(1), h € C[0,1].

For f(z) = a(dx — 1),z € [O, 1} f(z) =aB3—4x),z € (;,1], a >0, we

2
1
have K5, (f,t) < || f|l = a and from (3.2) it follows for x = 3 that

200 < (A + g) Q.
Passing to the limit ¢ — oo, we obtain A > 2.
To show that B > 1, we choose
L(h,z) = (1 —27) h(0) + 2°h (21 77), B € (0,1), h € C[0, 1]
and f(z) = 2'T* a > 0. We have f € Wéwz [0,1] and then

aa+1
(a+1)
We replace it in (3.2) and passing to the limit ¢ — 0, we obtain

-8 _ a+1
1+« —af _ . Z (i[ ]') 5 «
€T (m 1) <B - @t 1)°

K5, (f,t) < ||| = ¢

i.e.
(27 —1) (a+1)~
B _—1  qotl

B>z%(1—x)-

(a4 1)~
aa

Passing to the limit 8 — 0, we obtain B > z%*(1 — z) . Since x is

arbitrary, this implies B > L Passing to the limit @« — 0, we obtain

B>1. “ O

Corollary 3.2. Under the conditions of theorem we have

L <(61 — zeg)? ,x)
257(x)

IL(f,x) — f(z)] < max q 2, K; 4 (f.1) (3.4)

and

1
! 2

. L ((el — xeo)2 ,x) ’

L) = 1) < | 2+ =gy Ki (h0)  (35)
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S

where 1 < s < 0o and s’ = T
5 —

Conversely
o if there exist A, B > 0 such that

L ((el — zeg)? ,x)
2¢*(z)

holds for all positive linear operator L, any f € C[0,1], any = € (0,1)
and any t >0, then B> 1 and A > 2.
o if there exist A, B > 0 such that

IL(f,z) — f(z)] <max ¢ A, B Ky (f.t)  (3.6)

1
L ((61 — zeg)? ,a:) &

t25’ (,025/ (1,)

\L(f,z) - f(@)| < [ A+ B K L.(ft)  (3.7)

holds for all positive linear operator L, any f € C[0,1], any = € (0,1)
and any t >0, then B> 1 and A > 25",

Proof. We use the estimate (3.1) and Lemma 1.4 (see also the proof of Corol-
lary 2.2). For the converse part we make the same choices like in Theorem
3.1. O
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