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On the rate of convergence of a new ¢-Szasz-
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Abstract. In the present paper we introduce a new g-generalization of
Szész-Mirakjan operators and we investigate their approximation prop-
erties. By using a weighted modulus of smoothness, we give local and
global estimations for the error of approximation.

Mathematics Subject Classification (2010): 41A36, 41A25.

Keywords: g-calculus, Szasz-Mirakjan operator, Bohman-Korovkin type
theorem, weighted space, weighted modulus of smoothness.

1. Introduction

The aim of this paper is to study the approximation properties of a new
Szész-Mirakjan type operator constructed by using ¢-Calculus. Firstly, we
recall some basic definitions and notations used in quantum calculus, see,
e.g., [6, pp. 7-13].
Let ¢ > 0. For any n € Ny := {0} UN the ¢-integer [n], is defined by
nl,=1+q+...¢" ' (neN), [0],:=0,
and the g-factorial [n],! by
[n]g! == [1]q[2]q...[n]q (n€N), [0]!:=1.

Also, the ¢g-binomial coefficients are denoted by { Z } and are defined by
q

The g-derivative of a function f: R — R is defined by

D, () =TT o0, Dyf 0) = i D4 f ),

and the high g-derivatives Dgf =f, Dyf:=Dy (Dg_lf), n € N.
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The product rule is
Dq (f(x)g(x)) = Dq (f (%)) g(x) + fqz)Dq (9(x)) - (L.1)
We recall the ¢g-Taylor theorem as it is given in [4, p. 103].

Theorem 1.1. If the function g(z) is capable of expansion as a convergent
power series and q is not a root of unity, then

> (z—a)

g(z) =" T!"D;"g(a),

where

2. Auxiliary results

Throughout the paper we consider ¢ € (0, 1).
We define a suitable g-difference operator as follows

Agfk,s = fk,37 (21)
A(TIJrlfk,s = qTA(TIfk—i-l,s - A;fk,s—h S NOv (22)
where fr s = f (qL’flj}q) , ke Ny, seZ.

The following lemma gives an expression for the r-th g-differences Ay f s
as a sum of multiplies of values of f.

Lemma 2.1. The g-difference operator Ay defined by (2.1)-(2.2 )satisfies

s

AL frs = Z(fl)’ujqj(j*l)/2 { ; } Jrtjjts—r for rkeNg, se€L.
j=0 q

(2.3)

Taking into account the relations (2.1)-(2.2) and the formula

=]
|:]+1 q J q ']+1 q

the identity (2.3) can be easily obtained by induction over r € Ng.
In what follows, the monomial of m degree is denoted by e,,, m € Ng.
Let us denote by [zg, z1, . . ., zy; f] the divided difference of the function
f with respect to the points zg, z1,...,Z,.

Lemma 2.2. For all k,r € Ny, s € Z, we have

r(r+2s—1)/2[,,17

q ]y

[ka,s—la vy Thtr s4r—1; f] = TAqfk,r-‘rs—ly (2-4)
q!

[K]q
¢~ 1n]g "

where Tp -1 =
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Proof. We use the mathematical induction with respect to r. For r = 0 the
equality (2.4) follows immediately from (2.1). Let us assume that (2.4) holds
true for some r > 0 and all k € Ny, s € Z.

We have
[ivk,sqa sy Lhtr+1,s+r) f]
B [$k+1,s, <o Lhtr41,s+r; f] - [xk,s—h - 7xk+r,s+r—1;f]
xk+r+1,s+r - xk,s—l
_ _[r+1]g

Since Tptr41,54r — Thys—1 = LTI by using (2.2) we get

[xk,s—la sy Lhtr+1,s+473 f]
q(r+1)(r+23)/2[n]2+1

— AT s — AT e
[T’+ 1}(1' (q qfk+1, + qfk’ + 1)

q(r+1)(r+23)/2 [n]r—i-l

— q Ar+1 s
Y g Jert

3. Construction of the operators

In 1987 A. Lupas [9] introduced the first g-analogue of Bernstein operator
and investigated its approximating and shape-preserving properties. Another
g-generalization of the classical Bernstein polynomials is due to G. Phillips
[13]. More properties of these two g-extensions were obtained over time in
several papers such as [3], [10], [11], [1]. We mention that the comprehensive
survey [12] due to S. Ostrovska gives a good perspective of the most important
achievements during a decade relative to these operators.

Two of the known expansions in g-calculus of the exponential function
are given as follows (see, e.g., [6, p. 31])

o0 k
_ x
Ey(z) = qu(k 1)/2W, zeR, ¢ <1,
k=0 a
o© _k
T 1
eq(r) = — || < —, Jq| < 1.
)= g < gl
It is obvious that lim E,(x) = lim e4(x) = e".
q—1- q—1-

For ¢ € (0,1), in [2] A. Aral introduced the first g-analogue of the
classical Szasz-Mirakjan operators given by

k
o\ &, (K], n\ (g2
) = (<ol ) 38 ( - ) [gﬁ]q,(b))k,

q .

where 0 r < (bn),, is a sequence of positive numbers such that

<
limb,, = .
n
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The operator S¢ reproduces linear functions and

b
Si(eg;w) = qu? + —x, 0<z<
(e2;) [n]q 1_(]

Motivated by this work, for ¢ € (0,1) we give another g-analogue of the
same class of operators as follows

Sng (f32) = i ([r%f)q’“(“)Eq (— [n}qqu) f (M[k]i_l> , x>0,

k=0
(3.1)
where f € F(R;) :={f : Ry — R, the series in (3.1) is convergent}.

Since E, () is convergent for every z € R, by using Theorem 1.1 and
r(r—1)

the property Dy E, () =q 2 FE,(q"x) we obtain

o~ (—2)"
T E () = Ey0) =1, s € R
r=0 q
which yields that the operator S, , is well defined.
For ¢ — 17, the above operators reduce to the classical Szasz-Mirakjan
operators. In this case, the approximation function S, f is defined on R
for each n € N.

Theorem 3.1. Let ¢ € (0,1) and S, 4, n € N, be defined by (3.1). For any
feFRy) we have

’Il x T(T 1)
nq f; Z ]q. q Af(]r 1 1720 (32)

Proof. Let f € F(Ry).
By using (2.1), the operator S, 4 can be expressed as follows

k
Sp,q (fix) = i ([sz')qk(k_l)Eq (— [n], qu) Agf;“k_l.
k=0 a

Applying g-derivative operator to S, 4f and taking into account the product
rule (1.1) and the property D,E,(az) = aE4(agqz), (see e.g. [6, pp. 29-32]),
we have

Dan,q(f§ I)
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For n € N and = € R, by induction with respect to » € N, we can prove

Dgsn,q(ﬁ 95)

k
— [TL]T # i ([n]q LC) k(2r+k71)E . [n] k+r Arf
= [n]gq el 4 4T ) AL frr—1.
k=0
Choosing x = 0, we deduce D} S, (f;0) = [n];q% Al for—1-
Choosing a = 0 in Theorem 1.1, we obtain

Suqlfiz) = iM AT o1,

—0 [r]q!

which completes the proof. (I

Corollary 3.2. Let g € (0,1) and S, 4, n € N, be defined by (3.1). For any
feFRy) we have

= r 1 [2}11 [T]q
Sn, (f; :I:) = z {07 ) A r ;f ) €T 2 0' (3'3)
! —0 [nlg " alnq Hnlq

Proof. The identity (3.3) is obtained from the above theorem and (2.4) by
choosing £k = s = 0. (I

Corollary 3.3. For alln e N, z € R}y and 0 < g < 1, we have

Snqleosz) = 1, (3.4)
Snqlensz) = =z, (3.5)
Spq(e2;x) = 2°+ ﬁx (3.6)

Moreover, for m € Ny and 0 < ¢ < 1, the operator S, , defined by (3.1)
can be expressed as

1 ]2 [r]q
qlem; x ,— ey —— iem|, x>0. (3.7)
e Z [ [nlg gqlnly” a7t nlg
Proof. Since for any distinct points g, ..., x,, the divided difference
0 if m <,
[0y ..., Zrsem] = 1 if m=r,
xo+...+xz if m=r+1,
(see e.g. [5, p.63]), the identities (3.4)-(3.7) are obvious. O

Lemma 3.4. For m € Ny and g € (0,1) we have
Snglem; ) < Apmg(l+2™), >0, neN, (3.8)

where Ap, ¢ is a positive constant depending only on ¢ and m.
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Proof. Let m € N. From (3.7) we get

S 1 [r]
Sn, (em,x)g(l—l—xm) |:0a7~-~aq;em:| .
! 2 [nlg” g nlg
Applying the well known Lagrange’s Mean Value Theorem, we can write

Snalens) < (423 (7)€"

r=1

r=1

where 0 < &, < (g 0O<r<m.

q"~1n]y’
Consequently, we have

[rlg "

. m m
Sn,q(em; .73) < (1 +z ) Z ( r ) q(r—l)(m(ir) [n]mfr
q

r=1

m m—1 % m 1
(1+2™)[mlg Z( r > gD (m—r) gm—rt7?
r=1

< Apg(14+2™),

IN

where
1 m
Ap g = [m];"_l (1 + ) , m>1. (3.9)

For m = 0 we can take Agq = . O

Examining relation (3.6) it is clear that the sequence of the operators
(Shn.q),, does not satisfies the conditions of Bohman-Korovkin theorem.
Further on, we consider a sequence (¢y),,, ¢n € (0,1), such that

limg, = 1. (3.10)
The condition (3.10) guarantees that [n],, — oo for n — co.

Theorem 3.5. Let (q,)n be a sequence satisfying (3.10) and let the operators
Sn.gns 1 € N, be defined by (3.1). For any compact J C Ry and for each
f e CRy) we have

lim S, q,(f;2) = f(z), uniformly in z€J.
n—oo
Proof. Replacing ¢ by a sequence (g, ), with the given conditions, the result

follows from (3.4)-(3.6) and the well-known Bohman-Korovkin theorem (see
[7], pp. 8-9). O

4. Error of approximation

Let o € N. We denote by B, (R;) the weighted space of real-valued functions
[ defined on Ry with the property |f(z)| < My(14+2z%) for all z € R, where
My is a constant depending on the function f. We also consider the weighted
subspace C,(R4) of B,(R) given by

Co(Ry) :={f € B4(Ry) : f continuous on R }.
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Endowed with the norm ||| ,, where | f||, := sup Iﬁzy, both B, (R, )

zeR4
and Cy(R;) are Banach spaces.

We can give estimates of the error |S,, 4(f;-) — f], n € N, for unbounded
functions by using a weighted modulus of smoothness associated to the space
B, (Ry).

We consider
[f(z+h) — f(z)]
Qu(f;0) =
a(f39) S @ h)e
0<h<s
It is evident that for each f € B, (R1), Qu(f; ) is well defined and

Qa(f;0) <2[fll,,0>0, f€Ba(Ry), a€N.

The weighted modulus of smoothness €, (f;-) possesses the following prop-
erties ([8]).

,0>0, a €N, (4.1)

Qa(f;00) < A+ 1)Q(f;6), 6>0,A>0, (4.2)
Qa(find) <nQa(f;0), 6>0,n€N,
6111(1)1+ 0 (f;0) =0.

Theorem 4.1. Let (g,)n be a sequence satisfying (3.10). Let qo = in£I Gn and
ne
a € N. For each n € N and every f € B, (Ry) one has

1Sn.gn (f32) = f(2)] < Cogo (1 +2THQ, <f; 1/ 1/[n}qn> , >0, (4.3)

where Cq 4, 5 a positive constant independent of f and n.

Proof. Let n € N, f € B, (R;) and « > 0 be fixed. Setting py () =
1+ (z+ |t —z))” and ¢, (t) := |t — x|, t >0, relations (4.1) and (4.2) imply

10 =@ < (ol (14 5= ol) 2a(f:0)
= aal®) (14 5060)) 0 (£:0), ¢ 0

By using the Cauchy inequality for linear positive operators which pre-
serve the constants, we obtain

|Sn.g, (f52) = f(z)| < maan ([ = (@) 35) (4.4)
< <qun (Uac,ou ) 5S7l7Qn (,Ux Wz )) Qa(f 5)

IA

Snqn (42,03 T) (1 + 5 5nan( ) Qa(f
Since
P2, (1) = (14 (@ +]t— =)™ <2(1+ (22 +1)*)
< 2(1+ 2% ((22)** +£2%)),
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and taking into account (3.4) and (3.8) we get
Sngn (12,03 %) < BY 4, (1+2°%), (4.5)

where B2 | =2°"1 (220 + Ay, 4,).
According to (3.4)-(3.6) we have S, . (V2;2) = ——=.

(nlqy

By choosing § := , /ﬁ in (4.3), from (4.5) follows
00 (F58) — F@)] < Basg, V1 2501 4 V) (f, = )
qn

Finally, since 1+ vz < V21 + 2 and (1 + 22*)(1 + z) < 4(1 + 2zo+1)
for x > 0 and a € N, we obtain

S (F32) = F(@)] < Cong (1 + 2°F1), <f; 1/[n1qn), 23>0,

where ¢ := iréﬁ; gn and Cyq g, 1= 2\/§Ba,q0. O
n

On the basis of Theorem 4.1 we give the following global estimate.

Corollary 4.2. Let (¢n)n be a sequence satisfying (3.10) and o € N. For each
n € N and every f € B, (Ry) one has

100 (1) = Fllosy < Cone e <f; 1/[n]q,,>,

where Cq 4, 5 a positive constant independent of f and n.

Remark 4.3. For any function f € B, (R4), a € N, the rate of convergence
of the operators Sy, 4, (f;-) to f in weighted norm is , /ﬁ which is faster
an

than 4/ [:]q obtained in [2].
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