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Approximation by max-product type
nonlinear operators

Sorin G. Gal

Abstract. The purpose of this survey is to present some approximation
and shape preserving properties of the so-called nonlinear (more exactly
sublinear) and positive, max-product operators, constructed by starting
from any discrete linear approximation operators, obtained in a series
of recent papers jointly written with B. Bede and L. Coroianu. We will
present the main results for the max-product operators of: Bernstein-
type, Favard-Szasz-Mirakjan-type, truncated Favard-Szasz-Mirakjan-
type, Baskakov-type, truncated Baskakov-type, Meyer-Konig and Zeller-
type, Bleimann-Butzer-Hahn-type, Hermite-Fejér interpolation-type on
Chebyshev nodes of first kind, Lagrange interpolation-type on Cheby-
shev knots of second kind, Lagrange interpolation-type on arbitrary
knots, generalized sampling-type, sampling sinc-type, Cardaliaguet-
Euvrard neural network-type.

Mathematics Subject Classification (2010): 41A30, 41A25, 41A29, 41A20,
41A35, 41A05, 94A20, 94A12, 92B20.

Keywords: Degree of approximation, shape preserving properties, non-
linear max-product operators of: Berstein-type, Hermite-Fejér and
Lagrange interpolation-type (on Chebyshev, Jacobi and equidis-
tant nodes), Whittaker (sinc)-type, sampling-type, neural network
Cardaliaguet-Euvrard-type.

1. Introduction

The idea of construction of these operators goes back to a paper of Bede,
B., Nobuhara, H., Fodor, J. and Hirota K. [11], where it is applied to the
rational approximation operators of Shepard. How could be applied to any
linear and discrete Bernstein-type operator I have shown in my book Gal [18],
pp- 324-326, Open Problem 5.5.4, where also a general form for the estimate

in terms of the modulus of continuity is obtained.

The construction is based on a simple idea, exemplified for the case of

Bernstein polynomials, as follows.
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Let Bo(f)(xz) = > p_o Pne(x) f(k/n) be with p, ,(z) = (Z)mk(l—x)”_k
and f:[0,1] — R. If in the obvious formula

S Par(2)f(e/n)
Dk k(@)
we replace the Y operator with the max operator denoted by \/, then we

obtain the so-called max-product Bernstein nonlinear (sublinear), piecewise
rational operator by (Gal [18], p. 325)

Vi—o Pk (@) f(k/n)
\/Z:o pn,k(x)

Bn(f)(x) = e [0,1],

B%M)(f)(m) = T € [07 1]’

where recall

\/pnk k/n) = max {pn k( ) (k/n)}

The same idea of construction can be applied to any discrete linear
Bernstein-type operator or to any discrete linear interpolation operator, ob-
taining thus the corresponding nonlinear max-product operators (well-defined
because the denominators of these new operators always are strictly positive).

Surprisingly, the max-product operators do not lose the approximation
properties of the corresponding linear operators to which they are attached.
Moreover, for large classes of functions, they improve the order of approx-
imation to the Jackson-type order. The most important improvement is in
the case of interpolation (on any arbitrary system of nodes), when for the
whole class of continuous functions the Jackson order wy(f;1/n) is achieved.
Also, the max-product Bernstein-type operators preserve the monotonicity
and the quasi-convexity of the functions.

In this survey we will present the main results for the max-product
operators of: Bernstein-type, Favard-Szasz-Mirakjan-type, truncated Favard-
Szasz-Mirakjan-type, Baskakov-type, truncated Baskakov-type, Meyer-Konig
and Zeller-type, Bleimann-Butzer-Hahn-type, Hermite-Fejér interpolation-
type on Chebyshev nodes of first kind, Lagrange interpolation-type on Cheby-
shev knots of second kind, Lagrange interpolation-type on arbitrary knots,
generalized sampling-type, sampling sinc-type, Cardaliaguet-Euvrard neural
network-type.

2. Approximation by max-product operators of Bernstein-type
Denote
C4[0,1] ={f:[0,1] = Ry; f is continuous on [0, 1]}.

This section contains the approximation and shape preserving properties for
a series of important max-product Bernstein-type operators.
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Theorem 2.1. For f € C[0,1], define the max-product Bernstein operator by
(Gal [18], p. 325)

BYO (1) () = Vizo Pk (DI h/)

\/Z:o pn,k(x)

(i) (Bede-Coroianu-Gal [4]) For any j € {0,1,...,n} and x € [n%_l, %_11
we have

;o € [0,1].

B (@) =\ fini(w).
k=0
() (s

k—j
where fi n ;(x) = m (ﬂ) I (%) This form suggested the denomination

of "maz-product” operator for BT(LM) (that is the mazimum of the product of
the values of f on nodes with some rational functions).

(i) (Bede-Coroianu-Gal [4]) B,(LM)(f)(:L') is a continuous, piecewise con-
vex and piecewise rational function on [0,1].
(iii) (Bede-Coroianu-Gal [4]) For all z € [0,1], n € N we have

1
B - )] <12 (£ ).
n+1
where
wi(f;0) = sup{[f(x) = f(y)l; =,y € [0,1], [z —y| < 5}

() (Coroianu-Gal [15]) There exists f € C4[0,1] such that the order
in (#3) is exactly 1/+/n+ 1, that is on the whole class C[0,1], the order in
(iii) cannot be improved.

(v) (Coroianu-Gal [15]) If f € C1[0,1] is strictly positive on [0,1] then

IBAO(F) — fll < 4 {n [wl (f;)] o (f; i)}

(vi) (Coroianu-Gal [15]) If f € Lipl then by (v)
1B~ 7l < Lnen.

(vii) (Coroianu-Gal [15]) If f € Lip o, then (v) gives the approxzimation
order 1/n**=1 which for a € (2/3,1] is essentially better than the general
approzimation order Olwi(f;1/y/n)] = O[1/n*/?] given by (iii).

(viii) (Bede-Coroianu-Gal [4]) If f : [0,1] — Ry is a concave function
then we have the Jackson-type estimate

[0 - @) < 200 (£ ) me

(iz) (Coroianu-Gal [15]) If f € C4[0,1] is strictly positive then the
pointwise estimate holds

BOD(f) () — f(x)] < 2w (f, M) ,

n
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forallz €10,1/(n+ 1D]U[n/(n+1),1], and
nwl(f’ %)

mg

B @) - )] <

forallz e [1/(n+1),n/(n+1)].
(z) (Bede-Coroianu-Gal [4]) f : [0,1] — R is called quasi-convex (quasi-
concave) on [0,1] if it satisfies the inequality (for all x,y, X € [0,1])

fz 4+ (1= Ny) < (=) max{f(z), f(y)}.

B%M)(f), n € N, preserve the quasi-convexity, quasi-concavity and mono-
tonicity of f.
Remarks. 1) Comparing with the approximation by the Bernstein polynomi-
als, clearly for large classes of functions, BS«LM) gives essentially better esti-
mates.
2) The problem of finding the saturation class for By(lM) is still open.
Clearly it is different from the saturation class of the Bernstein polynomials.
For f € C4[0,00) we define the Bleimann-Butzer-Hahn max-product
operators by (Gal [18], p. 326)

+4) (s 1),

k=0

Theorem 2.2. (Bede-Coroianu-Gal [8]) (i) If f : [0,00) — Ry is continuous,
then for any n+ 1 > max{1 + 2z,16x(1 + =)} we have

(L+a)}ya

HOD (f) () ~ £(2)] < 5w (fv —

),we [0, c0),

where
wi(f,0) = sup{|f(z) = f(y)[;z,y € [0,00), |z — y| < 6}
(i) If f :[0,00) — Ry is a nondecreasing concave function, then for

x € [0,00), n > 2z,

(1+x)2>.

n

(@) - 1) <201 (7

(i) Hy(lM)(f), n € N, preserve the monotonicity and the quasi-convexity
of f.

For f € C.[0,1) we define the Meyer-Konig and Zeller max-product
operators by (Gal [18], p. 326)

_ Vito (") f R/ (n + k)
VI?;O ("?Qk)ff’“

,x €[0,1),n € N.
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Theorem 2.3. (Bede-Coroianu-Gal [5]) (i) If f : [0,1] — Ry is continuous on
[0,1], then for n > 4 we have

280(0)e) - )] < 1801 (BT el

where
wi(f,8) = sup{|f(z) — f(y)|; 2,y € [0,1], |z — y| < 0}

(i) If f:[0,1] — R4 is a continuous, nondecreasing concave function,
then

2800w - 1(@)| < (51 ) e men.

(#ii) ZﬁLM)(f), n € N, preserve the monotonicity and the quasi-convezity
of f.

For f € C[0,00) and f € C1]0, 1], we define the Favard-Szdsz-Mirakjan
max-product (Gal [18], p. 326) and the truncated Favard-Szédsz-Mirakjan
max-product operators (Bede-Coroianu-Gal [7]) by

Vg (k)

EM(f)(z) = kzooo—k,x €[0,00),n € N
k\—/O ("’Z”!)
and
n k
V= r ()
TO(f)(@) = =z 0.1 m e N,
respectively.

Theorem 2.4. (Bede-Coroianu-Gal [10], [7]) (3)

EOD(f) (@) — ()] < 8w (f, ) neN,ze0,00)

Vo
Vn
where

wi(f,0) = sup{|f(z) — f(y)|; 2,y € [0,00), |z — y[ < 4},

and
T (f) () — f()] < 6wn ( I %

(i) If f : [0,00) — Ry is a nondecreasing concave function on [0, 00),
then

>,n€N,x€ [0,1].

(1)) - f@)| s (i) o€ .o0m e

(i) If f :]0,1] — Ry is a nondecreasing concave function on [0,1],
then

TP - f(@)] < 60 (£.1) n € Nr e 0.1
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(iv) F,ELM)(f) and T,(LM)(f), n € N, preserve the monotonicity and the
quasi-convezity of f on the corresponding intervals.

For f € C4+[0,00) and f € C4[0,1], we define Baskakov max-product
(Gal [18], p. 326) and the truncated Baskakov max-product operators (Bede-
Coroianu-Gal [9]) by, respectively

V bui(@)f (£)
VM (f)(e) = e,
V bn(2)
k=0
and .
\/ bn,k(x)f (%)
U?’(LM)(f)(x) = kzon—ax S [07 1]3” S N,Tl Z ]-7
k\:/O bnk(2)

where b, 1 (z) = (”+I§_1)mk/(l + )"tk
Theorem 2.5. (Bede-Coroianu-Gal [6], [9]) (i) For n > 3 and x € [0,00) we
have

V(7)) — F(@)] < 120 (f, ””fj"fl”) ,

where

wi(f,0) = sup{|f(z) = f(y)l;z,y € [0,00), [z —y[ < b}
Also, forn € Nyn > 2,z € [0,1] we have

U0 a) - 0] < 2 (£ )

where

wi(f,0) = supf{|f(z) — f(y)l;z,y € [0, 1], [z —y| <4}

(i) If f : [0,00) — [0, 00) is a nondecreasing concave function on [0, 00),

then forn > 3, x € [0,00),

V) - )] < 2 (1 257)).

n—1

(iii) If f : [0,1] — [0,00) is a nondecreasing concave function on [0,1],
then

U0 (f)(@) - ()] < 200 (f; i) Lz €[0,1],n€N.

(iv) v, M) (f) and Uy(lM)(f), n € N, preserve the monotonicity and the
quasi-convezity of f on the corresponding intervals.
Remark. The estimates in Theorems 2.1, (iii), and Theorems 2.2-2.5, (i), were
obtained by using the following general result:
Theorem 2.6. (Gal [18], p. 326, Bede-Gal [3]) Let I C R be a bounded or
unbounded interval,

CBy(I)={f:1—Ry;f continuous and bounded on I},
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and L, : CB4(I) — CB4(I), n € N be a sequence of positive homogenous
operators, satisfying in addition the following properties:

(i) (Monotonicity) if f,g € CB.(I) satisfy f < g then L,(f) < L,(g)
for alln € N;

(ii) (Sublinearity) L,,(f +g) < Ln(f) + Ln(g) for all f,g € CB(I).

Then for all f € CB4(I), n € N and x € I we have

[f (@) = Ln(f)(2)] <

SL(0e)(@) + Laleo) (@) | @n (£30)1 + £(2) - [Lu(eo) (&) 11,

where § > 0, eq(t) =1 for allt € I, p,(t) = |t — x|.
Remarks. 1) The above Theorem 2.6 is a generalization of the classical one for
Positive Linear Operators, because the Positivity + Linearity imply the

Positivity + Sublinearity + Positive homogeneity

+Monotonicity,

but the converse implication does not hold, taking into account that the max
product operators are counterexamples.

2) The Jackson-type estimates (for subclasses of functions) in Theorems
2.1-2.5, were obtained by direct reasonings.

3) The saturation results for the above max-product Bernstein-type
operators are interesting open questions.

3. Approximation by interpolation max-product operators

In this section we present the approximation properties of a series of max-
product interpolation operators.

Consider the Hermite-Fejér interpolation polynomial of degree < 2n+1
attached to f : [-1,1] — R and to the Chebyshev knots of first kind, x,, =

2(n—k)+1
COS (%W),

Hanr (£)(@) = Y hno(@) f(2,1),

k=0

n

with

2
() = (1 = 22 1) - <(n +T17)L(+;(f)$n k)) ’

Tt1(x) = cos[(n + 1)arccos(x)]-Chebyshev polynomials. Because

j—0 Pk () f (T 1)
ZZ:O Pk (2)

Hapi1 (f)(2) =
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by the max-product method the corresponding max-product Hermite-Fejér
interpolation operator is

\/ hn,k(x)f (xn,k)
k=0

\/ hn k(m)
k=0

Remark. We have Héﬁ?l(f)(xn]) = f(zn,;), for all j € {0,...,n}.
Theorem 3.1. (Coroianu-Gal [14]) If f : [-1,1] — Ry is continuous on [—1,1]
then for all z € [-1,1] and n € N

(M) 1
H - < 14w — .
|| 2n+1( ) f”_ l(fan 1)

Remark. For f € Lip;[—1,1], we have ||H2n+1( ) = fll £ 55, while it is
well-known that || Hap41(f) — fI| ~ 2850
Let now x, % € [—1,1], & € {1,...,n}, be arbitrary and consider the

Lagrange interpolation polynomial of degree < n — 1 attached to f and to

the nodes (4 &)k,
Z ln k xn k

with
Ink(z) =
(x—2p1)e(T—Tpp-1)(T — Tnkt1) (T — Tnn)
(@ngk — Tn1)e(Tngk — Tog—1)@nk — Trgtr1) e (Tnk — Ton)
Because Y ;_; lnk(z) =1, for all z € R, we can write
Lo(f)(z) = 22:1 in,k(x)f(xn,k)
> ket lnk(2)

Therefore, its corresponding max-product interpolation operator will be given

by
\/ln,k(x)f (xn,k)
L;M)(f)(ac):k:1 — ,x el

\/ ln,k(l’)
k=1

Remark. We have L\ )(f)(a:nk) =flznk), k=1,..,n
Theorem 3.2. (Coroianu-Gal [12]) If z,, 1, = cos (Z—:’fw), k=1,..,n and
f:[-1,1] = Ry then

L) = 11 < 280 (1,22 ) =3

, forall x € I.
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Remarks. 1) For the linear Lagrange polynomials we have the worst estimate

|Ln(f) — fll < Cun (f; 111) In(n),n € N.

2) The case of other kind of nodes (e.g. equidistant, or roots of orthog-
onal polynomials, etc) can be found in the joint paper [17] with L. Coroianu
published in this proceedings.

Now, consider the truncated Whittaker (sinc) series defined by

Wa(f)(e) = Y D (M) o e o.al
k=0

and the truncated max-product Whittaker operator given by

Vi, B g ()
WT(L]W)(f)(‘T) n s1rlj(nm k)
k=0 naz—km

Remark. Clearly, Wr(LM)(f)(jw/n) = f(ym/n), for all j € {0,...,n}.
Theorem 3.3. (Coroianu-Gal [16]) If f : [0, 7] — Ry is continuous then

WM () (z) — f(z)] < 4wy (f; 711)[ ],n eN,z € [0,7].
0,7

€ [0, 7]

Remark. If lim, oo wi(f;1/n)In(n) = 0 then W, (f)(z) — f(z) uniformly
inside of (0, 7) and pointwise in [0, 7], while it is known that ||, (1) — 1| >
$7 for all n > 2.

4. Approximation by sampling and neural networks max-prod
operators

This section contains approximation results for some max-product sampling
operators and for some max-product neural networks operators.
Definition 4.1. (Bardaro-Butzer-Stens-Vinti [2]) A function ¢ € C(R) is called
a time-limited kernel (for a sampling operator), if:
(i) There exist Ty, 71 € R, Ty < Ty, such that ¢(t) = 0 for all ¢t & [Ty, T1];
(i) Yope pu—k)=1, forallu € R.
If ¢ is a time-limited kernel and W > 0, then

SweN0 = 3 1 (i) eWe -kt
k=—o0

will be called a generalized sampling operator.
Taking into account Definition 4.1, (ii), we can write

Yoo f () oWt — k)
Yoo p(Wt —k)

Remark. If e.g. ©(t) = sinc(t) = w, then Sw,,(f)(t) becomes the Whit-
taker cardinal (sinc) series.

Swip(f)(t) = teR.
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Therefore, applying the max-product method, the corresponding max-
product Whittaker operator will be given by

\/ oWt —k)f ()
SO = = tER.
\/ (Wt —k)
k=—o0

Theorem 4.2. (Coroianu-Gal [13]) If p(t) = sinc(t) = w and f : R — Ry
18 bounded and continuous on R, then

ISED) - F(0)] < 2 (f; ;V) orallteR
R

where wi(f;0)r = sup{|f(u) — f(v)|;u,v € R, Ju — v| < &}.
Remarks. 1) If f € Lipa, « € (0, 1], then in Theorem 4.2 we get HS%@(]‘) -

fll=0 (ﬁ), while it is well-known that for the usual Whitaker cardinal
series, we have the worst estimate

ISw.o(f) — £l = O (bg(W)) .

WOL

2) We get similar results for other kernels ¢(t) too.
The Cardaliaguet-Euvrard neural network is defined by

Cra(f) () = k_iﬁ f .(iﬁ b (”M (m - D) ’

where 0 < @ < 1, n € Nand f : R — R is continuous and bounded or
uniformly continuous on R.

The corresponding max-product Cardaliaguet-Euvrard network opera-
tor is formally given by

\ bl (o 5] 7 (%)
COD(f)(x) = ===

\ b [mie (o - 5]

k=—n2

,r €R.

Theorem 4.3. (Anastassiou-Coroianu-Gal [1]) Let b(z) be a centered bell-
shaped function, continuous and with compact support [=T,T], T > 0 and
0 < a < 1. In addition, suppose that the following requirements are fulfilled:
(i) There exist 0 < my < M; < oo such that mi(T — x) < b(z) <
My(T — z) for all x € [0,T);
(i) There exist 0 < my < My < oo such that me(z +T) < b(x) <
Ms(z+T) for all x € [-T,0].
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Then for all f € CB4+(R), x € R and for all n € N satisfying n >
max{T + |z|, (2/T)"/*}, we have the estimate

|f(@) = D (N)(@)] < cwr (fin® )y,

TMy TM;
c =2 | max , +1].
27n2 27ﬂ1

Remark. Let f € Lipa. For % < a < 1, we get the same order of approx-

imation O () for both operators Cj, o (f)(z) and Cﬁj\ﬁ)(f) (z), while for

i
O0<ax< %, the approximation order obtained by the max-product operator
CT(%)( f)(z) is essentially better than that obtained by the linear operator
Cra(f)(@).

where
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