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Remark on Voronovskaja theorem for
qg-Bernstein operators
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Abstract. We establish quantitative Voronovskaja type theorems for the
g-Bernstein operators introduced by Phillips in 1997. Our estimates are
given with the aid of the first order Ditzian-Totik modulus of smooth-
ness.
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1. Introduction

Let ¢ > 0 and n be a non-negative integer. Then the g-integers [n|, and the
g-factorials [n],! are defined by

14+q+...+¢" 1, if n>1
0, if n=0

and
1402l ---[nlg, if n>1

1, if n=0.
For integers 0 < k < n, the g-binomial coefficients are defined by

=

The so-called g-Bernstein operators were introduced by G.M. Phillips
[3] and they are defined by B, 4 : C[0,1] — C[0, 1],

(Buah)(@) = Bugfr2) =3 f (L’j) Pk, ),
k=0 4
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where
pn,k(‘]az) = |: Z :| xk(l - ’JJ)(l - qI) e (1 - qnikilw)v YIS [07 1];

and an empty product denotes 1. Note that for ¢ = 1, we recover the classical
Bernstein operators. It is well-known that Voronovskaja's theorem [5] deals
with the asymptotic behaviour of Bernstein operators. Then naturally raises
the following question: can we state a similar Voronovskaja theorem for the
g-Bernstein operators? The positive answer was given in [3] as follows.

Theorem 1.1. Let ¢ = g, satisfy 0 < g, < 1 and let ¢, — 1 as n — oo.
If f is bounded on [0,1], differentiable in some neighborhood of x and has
second derivative f"(x) for some x € [0,1], then the rate of convergence of
the sequence {(By,q, f)(x)} is governed by

. 1
T [oly, {(Bog, @)~ f@)} = g2 - 0)f"@). (1)

In [4], the convergence (1.1) was given in quantitative form as follows.
Theorem 1.2. Let ¢ = qy, satisfy 0 < g, <1 and let g, — 1 as n — oco. Then
for any f € C?[0,1] the following inequality holds

[Wlgu (B, (@) — f(@)} — 521 — )" (@) |< cal 2 (5, 10],12)

where ¢ is an absolute positive constant, x € [0,1], n =1,2,... and w is the
first order modulus of continuity.

The goal of this note is to obtain new quantitative Voronovskaja type
theorems for the g-Bernstein operators. Our results will be formulated with
the aid of the first order Ditzian-Totik modulus of smoothness (see [1]), which
is given for f € C[0,1] by

wy(f.0) = e 1AL, O, (1.2)

where p(z) = /x(1 — ), z € [0,1], || - || is the uniform norm and

f(z+Liho(z)) — f(z—Ltho(z)), if x4 ihe(z)e€0,1]
A;lw(x)f(x):

0, otherwise.

Further, the corresponding K —functional to (1.2) is defined by

K1,(f,0) = if{|[f — gl +dlleg'll : g € W ()},

where W1(yp) is the set of all g € C[0,1] such that g is absolutely continuous
on every interval [a,b] C [0,1] and ||¢g’|| < +o00. Then, in view of [1, p.11],
there exists C' > 0 such that

K1(f,6) < Cwl(f,9). (1.3)

Here we mention that throughout this paper C' denotes a positive constant
independent of n and x, but it is not necessarily the same in different cases.
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2. Main result

Our result is the following.

Theorem 2.1. Let {q,} be a sequence such that 0 < g, < 1 and g, — 1 as
n — o0o. Then for every f € C?[0,1] the following inequalities hold

\mhxu%@jxm—fu»—éwu—xv%@\

< ovai-me (1), (2.2

where x € [0,1] and n =1,2,...
Proof. We recall some properties of the g-Bernstein operators (see [3]):
By g, (1,2) =1, By g, (t,2) =2, Bng, (tQa T) = z® + [n]q_nlx(l —x) (2.3)

and B, 4, are positive.
Let f € C?[0,1] be given and t,x € [0,1]. Then, by Taylor’s formula,
f@&) = flx)+ f'(x)(t —x) —|—f " (uw)(t — u) du. Hence

£ = F@) ~ (@)t~ ) — 5 (@)t~ )’
= /f” )t —u) du—/ " (x)(t —u)du
- /[f@wff%ﬂufuMu
In view of (2.3), we obtain

| Bun(£,2) = £(&) = 3l el = )5 (@) |

’Bn%</ﬂfmo f%)Mt@dmr)\

B, (| [ 190 = Sl = dau o). 2a)

t
In what follows we estimate ‘ / If" (w) — f"(2)| |t — u|du ‘ . For g €
W1(y), we have

IN
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[ 15w = @ -l

< /If” - |\t—u\du\+\/|g o) [t ] du
/Ig ||t—u|du’
< 2" —gl(t - )+ ]/ (@)]do | [t~ uldu
< 2=l gl | [ ] [ | - ula
+ )
< 2" = gll(t - 2)?
, x\1/2 dv
+ledl / ’/ _U|1/2‘|t—u|du
t

= 2" = gl - 0P + 2eq e @) | [ - al e~ uldu
< 20— gll(t - 2)* + 2y o~ @)t — o, (2.5)

U—v uU—2x
where we have used the inequality | | | | v is between v and x

©*(v) T ¢*x)’
(see [1, p. 141)]).
On the other hand, by [2, p. 440], we have the following property: for
any m=1,2,... and 0 < ¢ < 1, there exists a constant C'(m) > 0 such that

(Bt = 2)" )] < Cm) Mf’(m(f))” (26)

where ¢(z) = /z(1 — z), € [0,1] and |a] is the integer part of a > 0 (see
also [4, (4.2) and (5.6)]).
Now combining (2.4), (2.5), (2.6) and the Cauchy-Schwarz inequality,

we find that
| (Bug, £)(@) — £(@) — 3 lnlgta(1 — )" (x)
201"~ gll Bug, (¢ = 2)%,2) + 2o’ | 0 (2) B g (It — 2, 2)
201" = gll Bug, (¢ = 2)%,2)
+2llog/ll o (o . oo (= )2, 2) 2 (B, (6 = ), )2

IA A

- {Ilf”—glw()+|<pg (1)2} 27)

[l []qn
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Because p?(z) < p(z) < 1, x € [0,1], we obtain, in view of (2.7),

| Blan (B, £)(@) — @)} — 520~ ) (@) |
< c {Ilf”—g||+ o) @g’ll} 28)

)3

and

| Blan (B, £)(@) — 7@} — 5201~ 2)f"(@) |

1

< Co(x) {Ilf”—gll +1/2||sog’||}, (2.9)
[n]g,

respectively. Taking the infimum on the right hand side of (2.8) and (2.9)

over all g € W!(p), we obtain

1 C K1,p(f", (@) n)g, ")
[#la, {(Bug, @) = fl@)}=5(1-2)f" (@) |<
C p(@) K1 (", [nla ).

Hence, by (1.3), we find the estimates (2.1) and (2.2). Thus the theorem is
proved. (I
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