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On the Szasz-Inverse Beta operators
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Abstract. In this paper, we consider a probabilitistic representation
of the Szasz-Inverse Beta operators, which are an mixed summation-
integral type operators, and we study some approximation properties
using probabilistic methods.
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1. Probabilistic representation of the Szasz-Inverse Beta
operators

In this paper we consider a probabilistic representation of the Szasz-Inverse
Beta operators and study some approximation properties, using probabilistic
methods. These operators were defined by (1.1)-(1.5) and were investigated
by Gupta V., Noor M. A.; [11] and some iterative constructions of these
operators were studied recently by Finta Z., Govil N. K., Gupta V. [10]:

Lifin) = e 0+ sen(x) / by () f (w)du (1.1)
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se(x) =e ™ (t;f') ,t>0,2>0, ke NU{0} (1.2)
by o(u) = 1w 0, u>0, (1.3)
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B(k,t+1) /1+ut+k+1 u (1.4)
0

being Inverse-Beta function

Ji(us ) = e 6 (u) + Z 5. ()bt 1 ( (1.5)

d(u) being the Dirac’s delta function, for which f d(u) f(u)du = f£(0).
0
Using same ideea as Adell J. A., De la Cal J., [2], these operators can

UN(to
be represented as the mean value of the random variable f <‘5(t)> which
t+1
has the probability density function J; (-; z):

g Bl = B (2] en0az0

with {N(¢) : t > 0} a standard Poisson process and {U; : ¢t > 0}, {V; : ¢ > 0}
two mutually independent Gamma processes defined all on the same proba-
bility space.

Note that, the Poisson process is a stochastic process starting at the
origin, having stationary independent increments with probability

eft k

t
P(N(t):k):T,tZO,kGNU{O} (1.7)
and the Gamma process is a stochastic process starting at the origin
(Up = 0,Vp = 0), having stationary independent increments and such that
for t > 0, U, V; have the Gamma probability density function
utflefu
— ,t>0,u>0,
pi(u) =4 T(0) (18)
0 ,u=20

and without loss of generality [17] it can be assumed that {U;: ¢t > 0},
{V; : t > 0} for each ¢t > 0 has a.s. no decreasing right-continuous paths.
Indeed, in our paper [4] we showed that
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e " f(0) +
+Zsm /f ]Stkt /vk”e*”dv du
Pt J +t+1 )

ta:f +Zstk /f btk )du—Lt(f, )
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On the other hand, the Szasz-Inverse Beta operators (1.1)-(1.5) can
be represented as the composition between Szasz-Mirakjan operators and
Inverse-Beta operators:

Li(f;x) = (Se o Tt) (f32) = S (Th) (f32), t > 0, 2 >0 (1.9)

with the Szasz-Mirakjian operators

Si(fiz) = E {f (Ngﬂ - ist,k(x)f (’;) with (1.2) (1.10)

k=0

and the Inverse-Beta operators or the Stancu operators of second kind [19]:

Ti(f;x) = E[f Wia t41)] X
1 ooyt
Bt GO
= [ f(W)big 41 (u)du, t >0, z > 0,
0
Ti(f;0) = £(0),

with Wiy 141 a random variable having the Inverse-Beta distribution with
probability density function as

1 te—1

big,t41(u) = ZRESY . 5w t>0,z>0,u>0 (1.12)

o] utzfl

and B(tz,t+1) = du,t >0, z > 0.

g (1 + u)tx+t+1

It is known [ 16. IV.10.(3) ] that, if we consider two independent ran-
dom variables Uy, V;11 having Gamma distribution with probability density
function (1.8) for ¢ := tx respectively t:=t + 1, then the probability density

function of the ratio

Utz
23S byg g ( f ypu,., (uy)pv,,, (y)dy a Inverse-
t+1

Beta probability density function as (1 12)
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Remark 1.1. The Inverse-Beta probability density function can be repre-
sented with a negative binomial probability for ¢ > 0 and with convention
(t) = t(t_l)(t_?!m(t_k"rl), t >0, k € N, we have

k
Pri-i(w) = (ltgt]D <1iu>k1<1iu>t+2 (1.13)

_ t+k uk—t
n k—1/) (14 w)ttktl’

t>0,u>0,keN, for which [ p;_1(u)du = and so
g b i1 1
1 uk—t
b . 1.14
t,k(u) B(k,t-'— 1) (1 + U)t+k+1 ( )
Pt k—1(u)

(t+ Dpr—1(u) = .
Ofpt,k—1(u)du

The probability density function (1.5) becomes the kernel:

Ji(u;r) = e '5(u) + Z Se.1(2)be ke (

= e 5w+ (t+1) Zstk T)pek—1(u)
and the operators (1.1) have a Durrmeyer—type construction

fptk 1(u) f (u)du
Li(f;z) = e *f(0 +Zstk = (1.15)
fpt,kfl(u)du

00 o0
= RO+ ()Y ss(a) [ pra ()
k=1 )
Using the representation (1.9) and the images of the test functions
ei(r) =% i=0,1,2, x > 0 with these operators (1.10) and (1.11)-(1.12), it
is easy to prove that

Li(e;;2) = ei(x),i=0,1, 2 > 0; (1.16)
t 2
L ; = — 2P+ g t>1,2>0;
+ (€2; 1) t—lx +t_1x >1,
2 2 2 UN(tI)
Ly (e2 —a*z) = Lt<(61—f£) ;x):D e
Vi

= F
Vit t—1

2
(Uzvm_x”:wmw) b1, 030,
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2. Approximation properties of Szasz-Inverse Beta operators

In view of (1.9) because a part of the properties of Szasz-Inverse Beta opera-
tors depends on the same properties of Szasz-Mirakjan operators (1.10) and
of the Inverse-Beta operators (1.11)-(1.12), next time, using a probabilistic
method which was presented in [1], we studied [4] the monotonic convergence
under convexity for the Szasz-Inverse Beta operators (1.1)-(1.5):

Theorem 2.1. Let t > 1 be fized. For the Szasz-Inverse Beta operators (1.1)-
(1.5) following:
1. Ly (es;2) = ei(x), i =0,1;
t
2. L x) = ——x?
eleaia) = gt 4
3. If f is a convex function on (0,+00) then Lif is convexr too and in
addition, f is nondecreasing then for 1 <r <s, L,.f > Lsf > f;
4. If f € Lipo,4+00)(C,a), a € (0,1] then Lif € Lip400)(C, ), a €
(0,1].

T,

The proof is immediately [4] using the following two lemmas:

Lemma 2.2. If (Utx )0 250, (Vit1)iso are two independent Gamma processes
defined on the same probability space, then for all 1 < r < s and x > 0 we

have
U’(‘l‘ US(E USZIJ
E ( | ) = a.s.
Vr+1 ‘/s+1 ‘/s—i-l

Lemma 2.3. Let t > 1 be fized. For the Inverse-Beta operators (1.11)-(1.12)
following:
1. If f is a real convex function on (0,+00) then Tif is convex too.
2. If f is a nondecreasing and convex function on (0,+o00)and 1 < r < s
then To.f > Tsf > f.
3. If f € Lip(o,400)(C, ), a € (0,1] then Ty f € Lip (o, +00)(C, ), a € (0,1]

Theorem 2.4. For any function f € Cp[0,400) and for any compact set
K C [0,+00) we have tlim Li(f) = f uniform on K.

Proof. Tt follows from the Bohmann-Korovkin’s theorem and from Theorem
2.1. O

In the next theorem we give in 1 and 2 an approximation using the
modulus of continuity of f and of derivative f’ and in 3 an asymptotic ap-
proximation of Voronovskaja type.

Theorem 2.5. 1. If f € Cp|[0,+00), then for every x € [0, +00)

Lfio) - 1@ < (L4 Vo D)o (i ) o1
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2. If ' € Cp0,+0), then for every z € [0, +00)
[ Li(f52) = f()] <

< W(1+\/m>w<f’;\/tl_71),t>l.

3. If f is bounded on [0, +00), differentiable in some neighborhood of x and
has second derivative f” for some x € [0,4+00), then fort > 1
. x(2+x
tim (¢ — 1) [L(f32) — f@)] = L2052 ).

t—o0 2

If f € C%[0,+c0), then the convergence is uniform on any compact

K C[0,+).
Proof. For 1 and 2 see (1.16) and a result of Shisha O., Mond B., [18] and
for 3 see Cismasiu C. [3]. O

Remark 2.6. An interesting result which was obtained by De la Cal J., Car-
camo J., [7] for the operators of Bernstein-type which preserves the affine
functions, namely centered Bernstein-type operators, can be used for Szasz-
Inverse Beta operators (1.1)-(1.5) :

Theorem 2.7 (De la Cal J., Carcamo J., [7]). If L1 = Ly o L3, where
Ly, Ly, Ly are centered Bernstein-type operators (Lf(x) = E[f (Yz)], z €
I C R, Li(x) = E[Y,] = z) over the same interval I and if L., is
the set of all convex functions in the domain of the three operators, then
Llf > L2f7 f € ch-

If, in addition L3 preserves convexity, then L1 f > Lof V Lsf, f € Ley
where fV g denotes the mazimum of f and g.

In view of this result and using the representation (1.9) for Szasz-
Inverse-Beta operators, we have L;f > Sif, f € L. [0,400) and L.f >
SefVTif, f € Ley [0, 4+00), where S; are the Szasz-Mirakjan operators (1.10),
T; are the Inverse-Beta operators (1.11)-(1.12) and L; are the Szasz-Inverse
Beta operators (1.1)-(1.5).

An estimate of the difference |L¢(f;z) — Si(f, z)| was given by us in [6]:

Theorem 2.8. If f € Cp[0,+00) N L, [0,400) then for every x € [0, +00)
andt>1
1
nsie) - st < (1462 (B 4 2 e )

withw (f,0) =sup{|f(z) — f(y)| : =,y >0, |x —y| < &} the modulus of con-
tinuity of f.

Using the probabilistic representation of these operators, result for ¢ > 1,

6>0
()] -2 (5] <
< <1+52 (D2 <‘Zt+””1) thilD2 <N(ttx)>)>w(f,6)
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3. Approximating Phillips operators by modified Szasz-Inverse
Beta operators

Using the same ideea as De la Cal J. , Luquin F. [8] or as Adell J. A., De
la Cal J. [2] , we consider a new operator defined as the aid of Szasz-Inverse
Beta operator (1.1)-(1.5) for r > 0,¢ >0, z > 0:

(oo}

Onslfia) = Lu(f(tw:) = [ 10 (137) (31)

t t t 1
0

oo

= A @) s () ()] st

0
e (0 +Zsrk / broe () £ ()

where f is any real function defined on [0, 00) such that 6, .(|f]);z) < co.

We obtain for the operators (3.1) a Durrmeyer-type construction in a
similar way as for representation (1.15) with (1.14) for the Szasz-Inverse Beta
operators (1.1)-(1.5):

Onelfia) = Lu(f(twi) = [ 70 (137) (3:2)
0
Ool —rT - u
= A () S (5 b (2)]
A —
= eT0) +
< )Zsrk Prik—1 { = )d .
&
and a probabilistic representation
U rxr
Oru(f3) = Lt (f(tu); %) —E {f (t VN:H) )} (3.3)

These operators O, ;(f;-) approximate the Phillips’ operators [14] defined as

Rfin) = E|7 (2] (3.4

00
7M‘,f +T§ Srk /Srk 1 du
k=1 0

= /HT w)du, r >0, x > 0,
0
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with s, () as (1.2) ,
He(wz) = e "6(u)+1 Y snk(@)srr1(u) (3.5)
k=1

x >0, k € NU{0}, r > 0,  the Dirac’s Delta function and for f : [0,00) — R
any integrabile function, such that P.(|f];z) < co.

The Phillips operators (3.4)-(3.5) were studied by several authors (see
[9],[12], [13], [14]) and are considered “the genuine Durrmeyer-Szasz-Mirakjan
operators”. A generalization of these operators, using two continuous param-
eters was obtained by Péaltdnea R. [15].

Theorem 3.1. Let © > 0, r,t,u > 0 be. If, f is a real bounded function on
[0,00) then

Oralfiw) = Bfiw) = |Lee (F(t)sT) = P(fe)]

1] r2x? + drx + 2
rt+1

and we have uniform convergence as t — oo on every bounded interval
[0,a], a > 0.

IN

Proof. We presented in detail the proof in [5] and we gave a bound
for the total variation distance between the probability distributions

U rr U rr
of the random variables ¢ N(re) and ZN(rz)

1
‘tbrt,k (%) —rSpk—1(u)

, respectively between
Vits1

. O
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