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Approximation of cosine functions and
Rogosinski type operators

Michele Campiti, Giusy Mazzone and Cristian Tacelli

Abstract. We study some quantitative estimates of the convergence of
the iterates of some Rogosinski type operators to their associated cosine
functions. We also consider a general cosine counterpart of the quantita-
tive version of Trotter’s theorem on the approximation of Cp-semigroups.
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1. Introduction and preliminary results

The convergence of iterates of trigonometric polynomials to suitable cosine
functions in the setting of spaces of continuous periodical functions has been
considered in [7, 8] from a qualitative point of view; these results extend
to cosine function the possibility of using iterates of positive operators in
the approximation of Cp-semigroups (see [2, Chapter 6] for more details).
Recently, some quantitative versions of the classical Trotter’s theorem [17]
on the approximation of Cp-semigroups have been obtained in [14, 15] and
[9, 10]. Here, we consider the possibility of obtaining quantitative estimates
of the convergence to suitable cosine functions. We study in particular the
Rogosinski type operators introduced in [7, 8] and establish some quantitative
estimates of the convergence of their iterates to a cosine function generated
by the square of a first order differential operator. Our discussion is based
on the following general quantitative cosine version of Trotter’s approxima-
tion theorem [17, Theorem 5.3], which provides a quantitative estimate of
the convergence and, besides the Rogosinski type operators, can be applied
also to other sequences of operators, such as Fejér operators and the general
sequences of averages of trigonometric interpolating operators considered in
[6]. A partial result on the generation of cosine functions has been obtained
in [8, Theorem 1.2] without quantitative estimates.
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Theorem 1.1. Let E be a Banach space, let (Ly)n>1 and (My)p>1 be two
sequences of bounded linear operators from E into itself and assume that
there exist M > 1 and w > 0 such that

|LE| < Me®m  IMF| < Me**™, n k> 1. (1.1)
Suppose also that D is a dense subspace of £ and A : D — E is a linear

operator such that
lim n(L,u—u) = Au, lim n(Mpu—u)=—Au

n—-+o0o n—-—+o0o

and (A — A)(D) is dense in E for some A > w.

Then the closure of (A, D) generates a Co—group (G(t))ier in E and
then the square A% of the closure of (A, D) generates a cosine function
(C(t))ier in E and, for everyt >0,

1
C(t) = 5 Tim (LEC) 4 k) (1.2)

where (k(n)n)nen is a sequence of positive integers such that

lim & =t
Jm k(n)/n

(in particular, we can take k(n) = [nt]). Consequently, for every t € R, we
have |C(t)|| < M e* I,

Moreover, for everyt > 0 and for every increasing sequence (k(n))n>1 of
positive integers and u € {v € D|G(s)v, G(—s)v € D for every 0 < s < t},
we have

1
HC(t)u ~3 (L’;(")u + M,]f(”)u>

‘ (1.3)

< % exp(w e/ t) / exp(—we*/™s) (|| (n(Ln — I) — A)G(s)u
0
H(n(Myn = 1) + A)G(=s)ull) ds

M 2k
+ 7 (exp(w e“’/" tn) |k(n) _ nt\ + ﬂ v k(n)/n
T

+wkr(bn) exp (w ow/n k(n”)» (I Lpu — ul| + || Mpu — ul|)

where t,, := sup{¢t, k(n)/n}.

Proof. From the classical Trotter’s theorem [17, Theorem 5.3] it follows that
the closure of the operators A and —A generate a Cy-semigroup (T4 (t))¢>0
and respectively (T_(¢));>0 in E. Consequently, the closure of A generates a
Co-group (G(t))ier in E and, for every ¢ > 0,

Gt)=To(t), G(—t)=T_(t).

Moreover, again from [17, Theorem 5.3], we obtain the representation of the
group (G(¢))ier in terms of iterates of the operators L,, and M,,; indeed, for
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every t > 0 and for every sequence (k(n),)nen of positive integers such that
lim,,— oo k(n)/n = t, we have
G(t)= lim LK™ GQ(—t)= lim MK
n—+o00 n—+00
Consequently, it follows that the square of the closure of (A, D) generates
a cosine function (C(t))tecr in F (see [4, Example 3.14.15, p. 217]) and, for
every t € R, C(t) = (G(t) + G(—t))/2. Hence the representation of the cosine
function is a consequence of the representation of (G(t))icr and the estimate
IC(Jt])]] < M e“t follows from (1.1) and (1.2).
Finally, we prove (1.3).
Let t > 0, (k(n)),>1 an increasing sequence of positive integers and u € {v €
D|G(s)v, G(—s)v € D for every 0 < s < t}.
From [9, Theorem 1.2] and our assumptions we get

HT.At)u - Lﬁ(")uH

t
< M exp(we“/™t) / exp(—we?/™s)||(n(Ly, — I) — AT (s)ul|ds
0

2k
+ M (exp(w ew/” tn) ‘k(n) _ ’ﬂt| 4 ﬂ v k(n)/n
m

Lwk@) o (w ool "7(:)» 1L — u

n

and

HT_ (t)u — M,]f(")uH

t
< M exp(we“/™t) / exp(—we?/™s)||(n(M,, — T) + A)T_(s)ul|ds
0

2k
+M (exp(w e“"/” tn) |k(n) —nt| + ﬂewk(n)/n
™

Lk (w Join ’fﬁ?)) M — ]

n

1
=3 ”T+(t)u +T_(tyu — LEMqy — M,lf(")uH

Taking into account that

1
C(t)u — B (Lﬁ(")u + M,If(")u>

1
e I )
the proof follows from the preceding inequalities. O

Remark 1.2. In many applications it is natural to consider the sequence
k(n) = [nt] for which t, =t and |[nt]/n — t| = nt/n — [nt]/n < 1/n. Hence
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estimate (1.3) yields

1
_ ([ [nt]
C(t)u 5 (Ln u+ My u)

‘ (1.4)

t
exp(we?/™ t) / exp(—we?/™s) x
0

X ([[(n(Ln = 1) = A)G(s)ull + [[(n(My = I) + A)G(=s)ul|)ds

s

M w/n 2nt wt w/n
—&—? exp(we*’™t) +4/—¢ —|—wtexp(we t) X

X ([ enu = ull + | Mpu = ul)) -

From the classical theory of the cosine functions (see [16] and [13, Chap-
ter II] for more details) we have that the unique solution of the following
second-order Cauchy problem

2

@u(t, z) = A%u(t,z) , teR;
u(0,2) = up(x) , reR; (1.5)
gu(t,x)h:o =wu(z), r€eR,

with ug, u; € D, is given by
t

u(t,z) = C(t)uo(x) +/ C(v)uy(z) dv (1.6)
0

t
= 1 lim (Lwt]uo—i—MT[L”t]uo—i—/ (LE”’]ul +M,[L””}u1) dv> ,
0

n—od
for every t € R and € R. We explicitly observe that the sequences

(LL? U]ul)nzl and (Mr[tn U]ul)nzl are equibounded with respect to v € [0, ]
and this allows us to apply the Lebesgue dominated convergence theorem.

2. Rogosinski type operators

Denote by Cs, the space of all 27-periodic continuous real functions on R
and put II := {7 + 2k7w | k € Z}. Moreover, let a € Car N CY(R \ II) be
such that a # 0 in | — m, 7[ and consider the first-order differential operator
(A, D(A)) defined by

Au=au', u€D(A):={u€Coy NC'(R\II) | Au € Cs,} .

In order to consider the generation of cosine functions, we also consider
the operator A2 on the following domain

D(A?) ={u€ Cor NC?*(| —m,7[) | a(au') € Cor} .

It is well-known (see e.g. [8, Theorem 1.1]) that (A2, D(A?)) generates

a cosine functions (C(t)):er in Coy if and only if

1 1
— € LY(—m,0), — € LY0,7) . (2.1)
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Now, we consider the Rogosinski kernel defined by setting, for every
n € Nand r € R,

ro(x) =1+ QZCOS ( i 1> cos(kx) ,
k=1

2n +

and the corresponding n-th Rogosinski operator R, : Cor — Cor given by

Rnf(gzr)—i ' (x —v)rp(v)dv, feluy, xeR.

2 )

The n-th generalized Rogosinski operator R, p, : Cor — Car introduced
in [8] is defined by putting

2T
2n+1

Ronf(xz)=Ry,f (a:—l— a(x)) , fely, zeR.

From [8, Theorem 2.1] the sequence (||Rqn|)nen is equibounded and
moreover ||Rf || < 2r for every n,k > 1. Further, there exists a positive
constant C' > 0 such that

Ranf =l <Co(fin) . FECur. (2:2)

In order to apply Theorem 1.1, our next aim is to establish a quantitative
estimate of the Voronovskaja-type formula associated with these operators.

Lemma 2.1. Let 0 < a < 1. Then, for every f € 021;:)‘,

2n +1
2

2w *
(Ra,nf_f)_AfH §49(Ha||oo+1) <2’I’L—|—1> Lf/ s

where Ly is the constant of a-hélderianity of f'.

Proof. For every f € C'Ql;ra we have

’ 27;;: ! (Ramf - f) - AfH S ’ 277‘2;: ! (Ra,nf - Rnf) - AfH
2n+1
) Y

As regards to the first term at the right-hand side of (2.3), from Lagrange’s
theorem we can write

fly+t) = fly) = fwt+ (€ - Fy)t, yteR
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where ¢ lies between y and y + t. For every x € R and n € N we have

2n27+r1( anf(x) = Rnf(x)) — a(z)f'(2)
B 2n27+r 1 % 7; (f (x —vt 2;1 1 a(@) - flz— v)) rn(v) dv
—a(x)f'(z)
2n+1 1 [T , o7 /
T o on _ﬂf(x—v)2n+1a(g:) (v)dv — a(z) f'(z)
2Znt1 1 (7 / 2T
b 5 | O~ fla ) g a(w) ) do

= @) (Raf (@)~ £/ @) + ale) 5= [ (PO = 1w =) ralw)do
where £ €]z —v,x — v + 2ma(z)/(2n + 1)
We recall that (see e.g. [5, Theorem 2.4.8, p. 106 ])

1
IRag = gl < 25+ DE(0) 44 (52 ) g€ Car.

where E,(g) is the best approximation of the function g by trigonometric
polynomials of degree n and hence, from the classical Jackson’s theorem,

1 1 1
g = gl < 627 + D (557 ) 40 (957 ) < (124 1000 (557 )

Applying the above inequality to f’ and f we get

2n+1
2

—— (Ranf(x) - R, f(x)) — a(z) f'(x)

< ek (0270100 (7)o (15257

2T
< 12 11 "
< lalle 127+ 11) (#5527 )

and consequently

2n+1
2T

(Ramf — f) AfH <lalloo (127 + 11)w <f’ 2n >

2n+1
2n +1 < )

+ (127 + 10)w

™
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Since f € Cy:* we have w(f,d) < Lf’

conclude that

2n+1
2w

5t and w(f’,8) < Lyd*. Thus we

(Ra,nf - f) - AfH

. 411
) Ly + (127 + 10) ZJ R

2
2n+1 T n®

< ol 127+ 11)

2m ¢

O
From [8, Theorem 1.1] we already know that if a € Cy!' N CH(R \
IT) satisfies condition (2.1), then the operator (A, D(A)) generates a Cy-

semigroup (T'(t))s>0 of positive contractions on Ca,. In the next lemma we
state a more precise quantitative estimate of Voronovskaja’s formula.

Lemma 2.2. Let a € C3_ satisfy condition (2.1) and let (T(t)):>0 be the
Co-semigroup on Cor generated by (A D(A)).
Then, for everyt >0 and f € szr ,

H<2n+1 I)A)T(t)f

2 ¢
< a9(lall + 1) (5207 ) (1t Ol el e

(2.4)

‘ o0

where K = Cylla||c2 and the constants C, Cy and Co are independent of t
and n.

Proof. Let us consider the flow ¢ : R x R — R as the unique solution of this
problem

WL) — a(olta)),  forevery 1, w € R

00,z) =z, for every z € R..

Now consider the Cy-semigroup (T'(¢));>o defined by
T(t)f(x):= f(o(t,x)) forallt >0, z e R, feCy. (2.5)
Notice that the operator (A, D(A)) is the generator of the semigroup defined
n (2.5).
Since a € C3_, then ¢ € C3_ (see [3, Theorem 10.3]), and hence for all
f € Cq: we have that T'(t)f = f(¢(t,-)) € C, m=10,1,2,3.
Let us consider the following Cauchy problem

— = Au in (0,00) xR,
u(0,z) = f(x) inR,

with f € Cs.. Let u(t,z) = T(t) f(x) be the solution of the previous problem,
we have |[u(t,)||oc = [|T(t)flloo < ||f]loo for every ¢ > 0; moreover u € C3_
since f € C3..

(2.6)
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Consider also the problem

ov

E = Av+ Bv in (0,00) xR, 2.7)
v(0,:) = f inR,
where Bv := a'v for every v € D(A). Since || B|| = ||a’||, then the operator

A+ B on D(A) is a bounded perturbation of the operator (4, D(A)) and it
generates a semigroup (S(t))¢>0 on Ca, such that

ISl < eIt ¢ >0

see [12, Chapter 3].
Let us notice that v’ solves (2.7) on [0,00) x R, indeed

(Au) = v/ + au” = Bu' + Au' ;
then o' (t,z) = S(t)f/(x) for every t > 0, z € R and
IT®) )| ciorony < 1+ elell=t ] t>0.

Now let us consider the problem

ow(t,x) . "1 ;
Era Aw + Cw + a"u'(¢,0) in (0,00) xR, (2.8)
w(0,) = f" inR,

where Cw = a” [ (w(y) - = fo% w) dy + 2a’w for every w € D(A). Then

A+ C is a bounded perturbation of (A, D(A)) and hence (A 4+ C, D(A))

generates the Cp-semigroup (S(t)) o, on Car. Since ||C] < 270" || +
>0

2||a’||loe < 27|al|c2, we have (see [12, Chapter 3])

1S@®)| < e2rllallezt >0,
Therefore
t
w(t,z) =St f" + / S(t — s) (a"u/(t,0)) ds
0

is a mild solution of (2.8) in Ca,; moreover
ot e < 1817+ 1506 5) @0 5,00 s
< emllelle2t) £ + /Ot 15(t = s) (" (T(s)£)'(0)) ||ds
< e?mllellez ) ¢ o + /Ot elllloz =) 10" (T (s) £)' (0)|ds

t
SeQﬂHaHCQtHfN||OO+/ e2mlallcz =) g7|| || /]| el 17 ds
0

< ePmlele 7o + tlla"||oo |l £ | oce® ¢ le2
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Since (Au)”’ = a"u’ + 2a'u” + Au”, we have

%u”(t, x) = A (t,x) + a” (z)u" (t, z) + 2d' (z)u" (x)

= Au" (t,z) +d" (x) (/(;c o' (t,y)dy + o' (¢, 0)) + 2d’ (x)u” ()
= Ad"(t,x) + Cu" (t,z) + o’ (x)u'(t,0) ,

then u”(t,z) is a solution of (2.8) and wu(t, ) = w(t,-). So we can apply the
previous estimate to u”(t,-) and we get, for every t > 0,

ITE) oo = 0" (t, ) loo < €™Ml | 7| + t]la” || oo | £ [l ce® N2 .
Therefore

T ()| ceomiozy < 1+ ellalet g e2mllaloat 4 g)jq )| e2mllellet = ¢ >0

Finally, since C’;;:X is an intermediate space between C3_ and C3,_, then
we get

”T(t)”E(Cl:“;CLO‘) < OHT( )HL(CI CI)HT(t)H%(C2;C2)
< (Cy + t)||a"||oee?Nellc2t forallt >0,  (2.9)

where C and Cy are positive constant independent of .
Finally from Lemma 2.1 and taking into account (2.9), we get

2 1
| (5 a1 - ) 0] (2.10)
21 *
<49(flallec + 1) (2 n 1) Lreysy
71'
<49([lafloc +1) ||T Ml
2n+1
7T
<49(Jlaflc +1) 1 ||T Meerecvallfllora
<49(]lalloc + 1) (Qn i 1) (C1 +t)]a"|| o C2HaHC2tHf||01,a ,
for allt > 0. [l

In [8, Theorem 2.7] Campiti and Ruggeri established that besides the
generation of the cosine function (C(t)):cr, condition (2.1) also ensures that
C3. N D(A?) is a core for (A%, D(A?)) and further, for every ¢ > 0,

1
O(t) = = lim (R§§g>u+R’i(;f>nu) : (2.11)
where (k(n)),>1 is a sequence of positive integers such that
27k(n)
im =
n—+oo 2n + 1
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From (2.2) it follows that there exits a constant C' > 0 such that

C
[Ranf = flloo < WLf'

for all f € Cy;™ and the same estimate also holds for R_,_,. We obtain the
following quantitative version of (2.11).

Theorem 2.3. Let a € C3_ satisfy (2.1). Then for every t > 0 and u €
Chen D(A?%)

_ L (Rrov, 4 g
HC(t)u 5 (Ram u+ Rfavnu>

(2.12)

’ (oo}

2 \“ et —1 1 et
<2 "lse o +1 — t—
70 (5 ) (10 Gl 1) | (0 ) 405

(2.13)
NESTONN NN oY
o1 ) 1tlores

where K = Cslla||c2, (k(n))n>1 5 a sequence of positive integers such that
2k
lim -~ (n) =
n—+oo 2n + 1
and C, Cy and Co are positive constants independent of n € N and t > 0.

Proof. Consider u € C** N D(A?), taking into account (2.4) we have
ds (2.14)

/O t (2”“ (Rum —I) — A) T

2T
27 « et 1 1 ekt
smwwwmaw+n(%Hl)|mwm[K,GH+K)+tK],

where K = Csllallc2. The same estimate also holds for the sequences of
operators (R_,),~; and the differential operator —A. Then from (1.3) we
have B

‘ Ct)u — (Rk(")u + RM ) ‘ (2.15)
o \“ [eKt -1 1 ekt
< " — —_ 1,00
< 200 o (e + 1) (5 ) | (G4 ) 15| ke
2+ 1 2k(n 1\
+on ('k(n) - %t‘ + 2(7r ) ) C <n> ullore -
O

Finally, we observe that arguing as in [11] we can also establish a quan-
titative estimate of the resolvent operators.

Exactly the same procedure can be also applied to other sequences of
trigonometric polynomials such as Fejér operators and more general averages
of trigonometric interpolating operator considered in [8, 6]. Since in these
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cases the cosine function is the same, we limit ourselves to observe that (2.12)
remains still valid when considering these other sequences of trigonometric
interpolating operators too.
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