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A Q-fractional version of Itô’s formula

Wilfried Grecksch and Christian Roth

Abstract. In this paper we consider a white noise calculus for fractional
Brownian motion with values in a separable Hilbert space, whereby
the covariance operator Q is a kernel operator (Q-fractional Brownian
motion). We prove a Q-fractional version of the Itô’s formula.

Mathematics Subject Classification (2010): 60H15, 60H40.

Keywords: Q-fractional Itô formula.

1. Introduction

Extending white noise analysis [9], Biagini and Øksendal [2] introduce frac-
tional white noise calculus. They give the corresponding definition of stochas-
tic integrals, a fractional Itô formula and Itô isometry, fractional differentia-
tion and a fractional Malliavin calculus, using the results of Elliott and van
der Hoek [4].

In [1] Grecksch, Roth and Anh introduce the Q-fractional Brownian
motion, i.e., a Hilbert space-valued fractional Brownian motion defined by a
kernel operator Q, and develop the Q-fractional Brownian motion framework
for 1

2 < h < 1 as it was done in [9] for the standard Brownian motion
case and in [2] for the fractional Brownian motion case in finite dimensions.
Grecksch, Roth and Anh introduce Q-fractional test functions spaces and
distribution spaces analogous to the way Hida [7] did and develop the Q-
fractional chaos expansion. The corresponding stochastic integral and the
Hilbert space-valued Wick scalar product are introduced. Furthermore they
proved Q-fractional versions of Girsanov’s theorem and of Clark-Haussmann-
Ocone theorem.

In this paper we give a short overview of the most important notions
and definitions for Q-fractional Brownian motion, see [1]. In Section 3 we
prove a Q-fractional version of Itô’s formula (see Theorem 3.1).
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2. Q-fractional Brownian motion setup

Let S(IR1) denote the Schwartz space of rapidly decreasing smooth func-
tions on IR1 and let S ′(IR1) be its dual, usually called the space of tempered
distributions.

Let K and H be two separable Hilbert spaces with scalar product
(·, ·)K and (·, ·)H , and (Ω,F , P ) a complete probability space. We denote
by L (K,H) the set of all linear bounded operators from K to H. Let
Q ∈ L(K,K) be a self-adjoint, non-negative operator on K. We call Q a
kernel operator in K if

(i) there exists a sequence (λn)n∈N ⊂ R1
+ = {x ∈ R1 : x ≥ 0} with λn → 0

as n→∞;
(ii) there exists a complete orthonormal system (en)n∈N ∈ K such that

Q(x) :=
∞∑

n=1

λn(x, en)en (2.1)

for all x ∈ K and
∑∞

n=1 λn <∞.

Definition 2.1. A K-valued continuous Gaussian process Bh(t)t∈[0,T ] with
Hurst parameter h ∈ (0, 1) is called a Q-fractional Brownian motion, if there
exists a kernel operator Q in K such that

1. ∀x, y ∈ K, s, t ∈ [0, T ],

E
((
Bh(t), x

)
K

(
Bh(s), y

)
K

)
=

1
2
(Q(x), y)K

(
t2h + s2h − |t− s|2h

)
; (2.2)

2. ∀x ∈ K,
E
(
Bh(t), x

)
K

= 0. (2.3)

Remark 2.2. (i) In view of (2.2) we say that Bh has the covariance operator
1
2Q
(
t2h + s2h − |t− s|2h

)
.

(ii) Eq. (2.3) is equivalent to EBh(t) = 0, i.e., it is the zero element of K.
(iii) The case of long-range dependence, i.e. 1

2 < h < 1, is given by

E
((
Bh(t), x

)
K

(
Bh(s), y

)
K

)
= (Q(x), y)K

∫ t

0

∫ s

0

ϕ(u, v) du dv,

where ϕ(u, v) := h(2h− 1)|u− v|2h−2.
(iv) The Hilbert space valued Wiener process is obtained for h = 1

2 .

Theorem 2.3. Let
(i) (en)n∈N be a complete orthonormal system in K;
(ii) (λn)n∈N ⊂ R1

+,
∑∞

n=1 λn <∞;
(iii) (βh

n(t))t∈[0,T ], n = 1, 2, ... be independent real fractional Brownian mo-
tions with

E
(
βh

n(t)βh
k (s)

)
=

1
2
δnk

(
t2h + s2h − |t− s|2h

)
,

where δnk is the Kronecker delta function.
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Then
(
Bh(t)

)
t∈[0,T ]

is a Q-fractional Brownian motion if and only if

Bh(t) =
∞∑

n=1

√
λnβ

h
n(t)en =

∞∑
n=1

Q1/2(en)βh
n(t). (2.4)

Proof. See Grecksch and Anh [6], or Duncan, Maslowski and Pasic-Duncan
[3].

We write Bh
n(t) =

√
λnβ

h
n(t).

In the following we will discuss (a two-sided) Q-fractional Brownian
motion with help of fractional white noise calculus. Therefore we assume
that the underlying probability spaces for the independent real fractional
Brownian motions Bh

1 (·), Bh
2 (·), ... are Ω1 = S ′(IR1), Ω2 = S ′(IR1), ..., that

is Bh(·) is defined on Ω =
∏∞

i=1 Ωi.
We now introduce the fundamental operator Mh(t) according to Elliott

and van der Hoek [4].
For 0 < h < 1

2 and f ∈ S(IR1),

Mhf(x) :=
(

2Γ
(
h− 1

2

)
cos
(
π

2

(
h− 1

2

)))−1 ∫
IR1

f(x− t)− f(x)
|t| 32−h

dt.(2.5)

For 1
2 < h < 1 and f ∈ S(IR1),

Mhf(x) :=
(

2Γ
(
h− 1

2

)
cos
(
π

2

(
h− 1

2

)))−1 ∫
IR1

f(t)
|t− x| 32−h

dt. (2.6)

For h = 1
2 we put Mhf(x) = f(x), the identity map.

When f(x) = I(0, t)(x) we write

Mhf(x) = Mh(0, t)(x). (2.7)

Now we want to characterize the Hilbert space valued fractional Brow-
nian motion with white noise calculus. We define

B̃h(t, ω) =
∞∑

n=1

√
λn < Mh(0, t), ωn > en, (2.8)

with < Mh(0, t), ωn >=
∫
IR1 Mh(0, t)(s) dβn(s) and βn are independent real

Brownian motions.
Again, B̃h(t) is a Gaussian random variable with

E
[(
B̃h(t), x

)
K

]
= 0 (2.9)

and for s < t, we get using the independence of ωi

E
[(
B̃h(t), x

)
K

(
B̃h(s), y

)
K

]
= E

[ ∞∑
i=1

√
λi < Mh(0, t), ωi > (x, ei)K

∞∑
k=1

√
λk < Mh(0, s), ωk > (y, ek)K

]
= Ch

(
|t|2h + |s|2h − |t− s|2h

)
(Qx, y). (2.10)

The process B̃h(t) has a continuous version in K, which we denote by Bh(t).
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We extend the definition of Mh to Hilbert space valued functions f :
IR1 → K. Then Mh is defined by

Mhf(x) :=
∞∑

n=1

enMh (f, en)K (x) (2.11)

for all x ∈ IR1 and all

f ∈ L2
h(IR1,K) :={
f : IR → K,Mhf =

∞∑
i=1

Mh ((f, ei)K) ei ∈ L2(IR1,K)

}
, (2.12)

where Mh (f, ei)K is defined by applying (2.5) and (2.6) to the real functions
(f(·), ei)K .

The Hermite functions {ξn}∞n=1, i.e.

ξn = π−
1
4 ((n− 1)!)−

1
2hn−1(

√
2x)e

x2
2 , (2.13)

where hn(x) = (−1)ne
x2
2 dn

dxn

(
e
−x2

2

)
form a basis of L2(IR1, IR1). Define

ηn(x) = M−1
h ξn(x); n = 1, 2... (2.14)

Then it follows from [4]

(f(x), en) =
∞∑

j=1

cjnηj(x) (2.15)

that ηj is an orthonormal basis of L2
h(IR1, IR1). Consequently ηj(x)en, (j =

1, 2, ..., n = 1, 2...) defines an orthonormal basis of L2
h(IR1,K).

Let Hr, r = 1, 2, ..., be the Hermite polynomials of order r. Evidently
we have

H1(
〈
Bh, ηjen

〉
) =

1
2
〈
Bh, ηjen

〉
=

1
2
〈
Bh

n, ηj

〉
=

1
2
〈√

λnβ
h
n, ηj

〉
.

Furthermore we define

Hα

(
Bh

n

)
:= Hα1

(
Bh

n (η1)
)
· ... · Hαj

(
Bh

n (ηj)
)
,

and α is a multi-index, that is, α = (α1, ..., αj) , αi ∈ N. In particular ε(n)

denotes the multi-index with 1 at the place n and 0 else.

Remark 2.4. In view of the representation Theorem 2.3, Eq. (2.4) for Q-
fractional Brownian motions, we have for a deterministic function F with
values in L2[0, T ]∫ T

0

F (s) dBh(s) =
∞∑

n=1

∫ T

0

√
λnF (s)en dβ

h
n(s) (2.16)

in mean square in H.
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We can write the expansion of Bh(t) as

Bh(t) =
∞∑

n=1

√
λnβ

h
n(t)en =

∞∑
j=1

∞∑
n=1

∫ t

0

ηj(s) dsHε(j)(Bh
n)en. (2.17)

We introduce the notation

Bh(ηjen) :=
〈
Bh, ηjen

〉
en =

∫
IR1

ηj(x) dBh
n(x)en. (2.18)

Furthermore
∫ T

0
ηj(t) dBh

n(t)en is defined by
∫
IR1 I[0,T ](t)ηj(t) dBh

n(t)en.
Therefore we have

E
(
Bh(ηjen)

)2
=

∫
IR1

λn|Mh (ηj(t)) |2 dt = λn. (2.19)

Remark 2.5. (i) Let F (s) be a deterministic operator function. Then we
get∫ T

0

(F (s)en, hk)K dBh
n(s) =

∞∑
j=1

cknj

√
λnH(βh

n(I[0,T ]ηj)). (2.20)

(ii) Especially, if H = IR1 and F (s) = γ(s) ∈ L2
h([0, T ],K) and ‖γ(s)‖ ≤ C

∀ s ∈ [0, T ]. Then∫ T

0

(
γ(s), dBh(s)

)
K

=
∞∑

n=1

∞∑
j=1

cnjH1(Bh
n(I[0,T ]ηj)). (2.21)

(iii) Using the properties of Hermite polynomials the expansion of Exp{bjηj}
(bj ∈ IR1) is given by

Exp {bjηj} = exp

{
bj

∫
IR1

√
λnηj(t) dβh

n(t)−
b2jλn

2
‖Mhηj‖2L2(IR)

}

=
∞∑

l=1

blj
l!
Hl(Bh

n(ηj)) =
∞∑

l=1

blj
l!
Hl(Bh

n(ηj))), (2.22)

(see [7], [8] or [10]).

Example 2.6. Now let us consider the expansion of Exp{γ} for γ ∈
LQ

(
R1,K

)
with respect to enηj(t), j = 1, 2..., n = 1, 2, ... see (2.21). We

can write the exponential of γ as

Exp {γ} = exp
{∫

IR1

(
γ(t), dBh(t)

)
− 1

2
‖Mhγ‖2L2

Q(IR1,K)

}

= exp


∞∑

n=1

∞∑
j=1

√
λncnjH1(βh

n(ηj))−
1
2

∞∑
n=1

∞∑
j=1

λnc
2
nj‖Mhηj‖2L2(IR)


=:

∑
α∈I

∞∏
n,j=1

cαnjHα

(
Bh

n(ηj)
)
, (2.23)
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where Hα(Bh
n) := Hα1(B

h
n(ηj)) · ... · Hαj

(Bh
n(ηj)) and

cαnj :=
∞∏

l=1

(cnj)
αl

αl!
, α = (α1, ..., αj) .

Here, I denotes the set of all multi-indices α, I = {(α1, ..., αn) : α1, ..., αn ∈
IN0, n ∈ IN}.

We obtain for Exp{γ(t)}

Exp {γ(t)} =
∑
α∈I

∞∏
n,j=1

cαnjHα

(
Bh

n(I[0,T ]ηj)
)
. (2.24)

Now we want to develop a fractional white noise integration theory for
h ∈ (0, 1). Grecksch, Roth and Anh [1] define the Q-fractional version of
the Hida test function space and the Hida distribution space for h ∈ ( 1

2 , 1).
Inspired by (2.23) we make the definitions as follows:

Let V be a separable Hilbert space with a complete orthonormal system
(vk) ⊆ V .

Definition 2.7. The Q-fractional test function space Sh
Q(V ) is the space of all

V -valued random functions with expansion

Ψ(ω) =
∞∑

k=1

∑
α∈I

∞∏
n,j=1

c
(k)
αnjHα(Bh

n)

 vk,

for which

‖Ψ‖h,r :=
∞∑

k=1

∑
α∈I

∞∏
n,j=1

α!(c(j)αnj)
2(2IN)rα <∞, ∀r ∈ IN,

and (2IN)α :=
∏∞

j=1(2j)
αj if α = (α1, ..., αm).

Definition 2.8. The Q-fractional distribution space (Sh
Q(V ))∗ is the space of

all V -valued random functions with expansion

G(ω) =
∞∑

k=1

∑
β∈I

∞∏
n,j=1

b
(k)
βnjHβ(Bh

n)

 vk,

for which

‖G‖h,−q :=
∞∑

k=1

∑
β∈I

∞∏
n,j=1

β!(b(k)
βnj)

2(2IN)−qβ <∞ for some q ∈ IN.

Remark 2.9. If V = IR1, then Ψ(ω) ∈ Sh
Q(V ) (or Ψ(ω) ∈ (Sh

Q(V ))∗) has the
following representation

Ψ(ω) =
∑
α∈I

∞∏
n,j=1

cαnjHα(Bh
n).
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Furthermore if the fractional noise is only one-dimensional, we find the well-
known representation

Ψ(ω) =
∑
α∈I

cαHα(Bh).

Consider the following duality relation between Sh
Q(V ) and (Sh

Q(V ))∗.
For G ∈ (Sh

Q(V ))∗ and ψ ∈ Sh
Q(V ) ⊂ L2

V (Ω) we define

〈〈
G,ψ

〉〉
:=

∞∑
k=1

∑
α∈I

∞∏
n,j=1

α!c(k)
αnjb

(k)
αnj . (2.25)

Example 2.10. If G ∈ L2
V (Ω) and ψ ∈ Sh

Q(V ) ⊂ L2
V (Ω), then we have〈〈

G,ψ
〉〉

= E(G,ψ)V = (G,ψ)L2
V (Ω). (2.26)

Definition 2.11. Let Z : [0, T ] → (Sh
Q(V ))∗ with∫ T

0

|
〈〈
Z(t), ψ

〉〉
| dt <∞, ∀ψ ∈ Sh

Q(V ).

Then
∫ T

0
Z(t) dt ∈ (Sh

Q(V ))∗ is uniquely determined by the relation

〈〈 ∫ T

0

Z(t) dt, ψ
〉〉

=
∫ T

0

〈〈
Z(t), ψ

〉〉
dt.

We say that Z is (Sh
Q(V ))∗-integrable.

Definition 2.12. (Wick scalar product)
Let F, G ∈ (Sh

Q(K))∗ with

F (ω) = F (Bh) =
∞∑

k=1

∑
α∈I

∞∏
n,j=1

a
(k)
αnjHα(Bh

n)

 vk,

G(ω) = G(Bh) =
∞∑

k=1

∑
β∈I

∞∏
l,m=1

b
(k)
βlmHβ(Bh

l )

 vk, .

We define

(F,G)�V :=
∞∑

k=1

∑
α,β∈I

∞∏
n,j=1

a
(k)
αnjb

(k)
βnjHα+β(Bh

n)

=
∞∑

k=1

∑
γ∈I

∑
α+β=γ

∞∏
n,j=1

a
(k)
αnjb

(k)
βnjHα+β(Bh

n)

 . (2.27)

Remark 2.13. If V = R1 then (·, ·)�V is the usual Wick product.

Now we introduce a fractional stochastic integral with stochastic inte-
grands.
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Definition 2.14. Y : [0, T ] → (Sh
Q(V ))∗ is (dBh−)integrable if

(Y (t),Wh(t))�V =
∞∑

n=1

√
λn (Y (t), en)V �Wh

n (t)

is integrable with respect to t in the sense of Definition 2.11. We define∫ T

0

(
Y (t), dBh(t)

)
:=
∫ T

0

(Y (t),Wh(t))�V dt.

3. A Q-fractional version of Itô’s formula

In this section we prove aQ-fractional version of Itô’s formula the way Biagini,
Øksendal and al. presented it for a usual fractional Brownian motion, see [2].

C1,2([0, T ]×K, IR1) denotes the space of all functions f : [0, T ]×K →
IR1, such that the first Fréchet derivative ∇sf(s, x) with respect to s ∈ [0, T ]
and the first and second Fréchet derivatives ∇xf(s, x) and ∇xxf(s, x) exist
continuously.

Theorem 3.1. Let f(s, x) : [0, T ] × K → IR belong to C1,2([0, T ] × K, IR1).
Furthermore assume that there are constants C ≥ 0 and 0 < λ < 1

4T 2h such
that for all (t, x) ∈ [0, T ]×K

max
{
|f(t, x)|, |∇tf(t, x)|, ‖∇xf(t, x)‖K ,

‖∇xxf(t, x)‖L(K,K)

}
≤ Ceλx2

. (3.1)

Then

f(t, Bh(t)) = f(0, 0) +
∫ t

0

∇sf(s,Bh(s)) ds

+
∫ t

0

(
∇xf(s,Bh(s)), dBh(s)

)
K

+h
∞∑

i=1

∫ t

0

(
∇xxf(s,Bh(s))ei, ei

)
K
λis

2h−1 ds, (3.2)

whereby

∇sf(s,Bh(s)) = ∇uf(u,Bh(s))
∣∣
u=s

,

∇xf(s, x) = ∇xf(s, x)
∣∣
x=Bh(s)

,

∇xxf(s, x) = ∇xxf(s, x)
∣∣
x=Bh(s)

.

Proof. Define

g(t, x) = exp {(a, x)K + β(t)} , (3.3)

whereby a ∈ K is a constant, β ∈ C1([0, T ], IR1) is a deterministic function,
and put

Y (t) = g(t, Bh(t)), i.e. x = Bh(t). (3.4)
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With

(a,Bh(s))K =
∞∑

i=1

√
λi(a, ei)βh

i (t)

we can rewrite

Y (t) = exp

{ ∞∑
i=1

√
λi(a, ei)Kβ

h
i (t)

}
exp {β(t)}

= exp�
{ ∞∑

i=1

√
λi(a, ei)Kβ

h
i (t) +

1
2

∞∑
i=1

λi(a, ei)2Kt
2h

}
exp {β(t)} . (3.5)

Therefore, by applying Wick calculus, we have

d

dt
Y (t)

= exp�
{ ∞∑

i=1

√
λi(a, ei)Kβ

h
i (t) +

1
2

∞∑
i=1

λi(a, ei)2Kt
2h

}
exp {β(t)}

�

[
(a,Wh(t))K + h

∞∑
i=1

λi(a, ei)2Kt
2h−1

]

+exp�
{ ∞∑

i=1

√
λi(a, ei)Kβ

h
i (t) +

1
2

∞∑
i=1

λi(a, ei)2Kt
2h

}
exp {β(t)}β′(t)

= Y (t) · β′(t) + Y (t) � (a,Wh(t))K + Y (t) · h
∞∑

i=1

λi(a, ei)2Kt
2h−1. (3.6)

Hence we have found the following representation

Y (t) = Y (0) +
∫ t

0

Y (s) · β′(s) ds+ h

∫ t

0

Y (s) ·
∞∑

i=1

λi(a, ei)2Ks
2h−1 ds

+
∫ t

0

Y (s) � (a,Wh(s))K ds. (3.7)

Remembering (3.3) this can be written as

g(t, Bh(t)) = g(0, 0) +
∫ t

0

∇sg(s,Bh(s)) ds+
∫ t

0

(
∇xg(s,Bh(s)), dBh(s)

)
K

+ h
∞∑

i=1

∫ t

0

(
∇xxg(s,Bh(s))ei, ei

)
K
λis

2h−1 ds, (3.8)

which is (3.2).
Now let f(t, x) be as demanded above. Every function

f ∈ C1,2
(
[0, T ]×K, IR1

)
can be approximated by a sequence of linear com-

binations of type (3.3), hence we can find a sequence of linear combinations
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fn(t, x) of functions g(t, x) of the form (3.3) such that

fn(t, x) → f(t, x), ∇tfn(t, x) → ∇tf(t, x), ∇xfn(t, x) → ∇xf(t, x),
∇xxfn(t, x) → ∇xxf(t, x)

pointwise dominatedly as n→∞. By (3.8) we have for all n

fn(t, Bh(t)) = fn(0, 0) +
∫ t

0

(
∇xfn(s,Bh(s)), dBh(s)

)
K

+h
∞∑

i=1

∫ t

0

(
∇xxfn(s,Bh(s))ei, ei

)
k
λis

2h−1 ds+
∫ t

0

∇sfn(s,Bh(s)) ds (3.9)

Taking the limit of (3.9) in L2
Q(K, IR1) (and therefore also in (Sh

Q(IR1))∗) we
get

f(t, Bh(t)) = f(0, 0) + lim
n→∞

∫ t

0

(
∇xfn(s,Bh(s)), dBh(s)

)
K

+h
∞∑

i=1

∫ t

0

(
∇xxf(s,Bh(s))ei, ei

)
K
λis

2h−1 ds+
∫ t

0

∇sf(s,Bh(s)) ds.(3.10)

Since the mapping s→ ∇xf(s,Bh(s)) is continuous in (Sh
Q(IR1))∗ we get

∫ t

0

(
∇xfn(s,Bh(s)), dBh(s)

)
K

=
∫ t

0

(
∇xfn(s,Bh(s)),Wh(s)

)
K
ds

→
∫ t

0

(
∇xf(s,Bh(s)),Wh(s)

)
K
ds

for n→∞ in (Sh
Q(IR1)∗). The last relation and (3.10) show (3.2). �

Example 3.2. Now let f(s, x) : [0, T ]×K → IR be defined as follows:

f(t, x) := exp (t+ x) ,

then we have

∇tf(t, x) = ∇xf(t, x) = ∇xxf(t, x) = exp (t+ x) ,
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and therefore we have by (3.2)

f(t, Bh(t)) = 1 +
∫ t

0

exp(s+Bh(s)) ds

+
∫ t

0

(
exp(s+Bh(s)), dBh(s)

)
K

+h
∞∑

i=1

∫ t

0

(
exp(s+Bh(s))ei, ei

)
K
λis

2h−1 ds

= 1 +
∫ t

0

exp(s+Bh(s)) ds

+
∫ t

0

(
exp(s+Bh(s)),Wh(s)

)
�K ds

+h
∞∑

i=1

∫ t

0

(
exp(s+Bh(s))ei, ei

)
K
λis

2h−1 ds.

Example 3.3. Now let f(s, x) : [0, T ]×K → IR be defined as follows:

f(t, x) := ln
(
1 + x2

)
,

then we have

∇tf(t, x) = 0, ∇xf(t, x) =
2x

1 + x2
and ∇xxf(t, x) =

2− 2x2

(1 + x2)2
,

and therefore we have by (3.2)

f(t, Bh(t)) = 0 +
∫ t

0

(
2Bh(s)

1 + (Bh(s))2
,Wh(s)

)
�K

ds

+h
∞∑

i=1

∫ t

0

 2− 2
(
Bh(s)

)2(
1 + (Bh(s))2

)2 ei, ei


K

λis
2h−1 ds.
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