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1. Introduction

The problem of viscous incompressible fluid flow through porous media has
various chemical, biotechnology, and geological applications, concerning: the
treatment of transport and chemical reaction within catalyst particles in fixed
and fluidized beds, the modeling of polymer molecules as porous particles,
immobilization of cells or enzymes and perfusion chromatography for purify-
ing proteins and other bio-molecules, the flow of various kinds of fluids past
porous rocks embedded in porous soil. In [2] Kohr and Sekhar have used
the potential theory, as well as the Brinkman model, in order to obtain the
existence and uniqueness result of the classical solution to a boundary value
problem which describes the flow of an unbounded viscous incompressible
fluid in the presence of a porous body embedded in another porous medium.
Also, in [3] the authors obtained an indirect boundary integral formulation
for the three-dimensional viscous flow problem in a granular material with
one void. The method of matched asymptotic expansions and the method
of boundary integral equations have been used in [4] in order to study the
two-dimensional steady flow of a viscous incompressible fluid at low Reynolds
number past a porous body of arbitrary shape. In this paper we show the
existence and uniqueness result for the classical solution of a boundary value
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problem that describes the two-dimensional flow of an incompressible New-
tonian fluid in a porous medium and in the presence of N > 2 voids by using
the Brinkman model for the external flow, as well as the Stokes model for
the internal flow. We use a boundary integral method that reduces the flow
problem to a system of Fredholm integral equations of the second kind that
has a unique solution in some Banach spaces.

2. The mathematical formulation of the problem

Let us consider an otherwise unbounded homogeneous granular material in
which N > 2 fluid obstacles (voids) are given. The k-th void occupies the
bounded domain Dj;, C R? whose boundary I';, is a closed Lypaunov curve
in the class CY®, o € (0,1], k = 1,...,N. Let us denote by Dy the set
given by Dy = U,Icvlek. We denote by D, the unbounded domain with the
boundary I'' = Ui\[:ll“k, and assume that at great distances, i.e., far from the
voids, the fluid flow is uniform with velocity and pressure fields U, and peo,
respectively.

Let us now assume that the flow in the unbounded domain D, is de-
scribed by the Brinkman model, i.e., the Brinkman and continuity equations.
Thus, the non-dimensional volume averaged velocity and pressure fields v®
and p€ satisfy in D, the following equations:

~Vp° + (V2 = x*)v® =0 in D,, (2.1)

V-v¢®=0 in D,, (2.2)

where x > 0 is the constant having the expression xy = ﬁ M‘:—;f, ais a
characteristic length (connected to the sizes of the curves I'y, k =1,...,N)

and k is the permeability of the porous medium. Note that if uf = peys, then
X becomes x = a/+/k.

The flow inside each void is assumed to be described by the Stokes
system, i.e., by the Stokes and continuity equations:

~Vp' +V2vi =0 in Dy, (2.3)

V-vi=0 in Dy. (2.4)

Also, we assume that the velocity and boundary traction fields are con-
tinuous across each curve I'y, k =1,..., N, i.e.,

vi=ve t'=tonTy. (2.5)

Note that t¢ is the boundary traction corresponding to the external fields v®
and p°, and t* is the boundary traction due to the internal fields v and p'.

At large distances, the fields vP = v¢ — U* and pP = p® — P vanish
such that

(IVPIIVVP)(x) = o(lx| 1), (IVPlIpP)(x) = o(|x|7") as [x] — o0, (26)

where U* and P*° are the non-dimensional undisturbed velocity and pres-
sure fields.
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Therefore, the considered flow problem reduces to the boundary value
problem consisting of the system of equations (2.1)-(2.4) subject to the trans-
mission and far field conditions (2.5)-(2.6) and having as unknowns the fields
v¢, p®, v® and p’. We show that this problem has a unique classical solution
((v,p%), (v!,p)) € ((C2(D.) N COD,)) x CL(D.)) x ((C2(Do) N C(Dy))
Cl (D(])), where DO = Uivlek.

3. Uniqueness of the solution
First, we show the following uniqueness result:

Theorem 3.1. The boundary value problem (2.1)-(2.6) has at most one classi-
cal solution ((v¢,p°), (v*,p")) € ((C*(D.)NC?(D.)) x C*(D.)) x ((C*(Dg) N
C°(Dy)) x C'(Dy)).
Proof. Let us assume that the boundary value problem (2.1)-(2.6) has two
classical solutions and let ((v§,p§), (v, ph)) be their difference. Therefore,
the pairs (v§, p§) and (vi, p) satisfy the following equations, boundary and
far field conditions:
—~Vph +V?vi =0 and V-vj =0 in Dy,
~Vpi+ (V2= x*)vE =0 and V-v§i=0 in D,
vi=vi and t) =t§ onTy, k=1,...,N,
(Iv6lIVviD () = o(lx7h),  (IVllp§)(x) = o(x|™!) as [x| — oco.
In addition, the fields v§ and p§ satisfy the energy identity (see e.g. [1],
p.24)

(3.
(3.
(3.
(3.

N
9 / By (vE) By (vi)dx = — 3 / VE Ty, (3.5)
D. = Jry

. 1 /0v5, Ov§.,
Ey;(vg) = 5 <6x7» + 8;5,;])
J

and t§ = (2§ 1,15 2) is the boundary traction due to the fields v§ = (v 1, v§ o)
and pg, i.e.,

where

t6,; = Tin(vo)ne = (=pgdjn + 2E;1(v())n.- (3.6)
In the relations (3.5) and (3.6) and in what follows we use Einstein’s
repeated-index summation convention. Also we denote by n = (ni,n2) the
outward unit normal to I'.
Now, making use of the fact that the fields v{ and pj satisfy the equa-
tions (3.2), we get the identity (see e.g. [1], p.15):

| 0PN+ 2B (6D B vix = [ ¥ tdl k=1 N, (3D
Dy Tk

, 1 [(ov:. Ou
E(vo) = 5 ( T a;k>
J

where
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and t{ = (t{ 1,t{ ) is the boundary traction due to the fields v = (v{ 1, v o)
and p)), defined as in (3.6).

Taking into account the boundary conditions (3.3), as well as the iden-
tities (3.5) and (3.7), we obtain the equality

2 [ (v = - Z [, I+ 2B Bt (83)
Dy,

where the left-hand side is non-negative and the right-hand side is less than
or equal to zero. Thus, we obtain that

| EathEatix =0,
D.

/D OCIVE? + 2Bk (VH) Ejr(v))dx =0, k=1,...,N.
Therefore, we kﬁnd that
vi=0 inDy, k=1,...,N (3.9)
and, due to (3.4),
v =0 in D,. (3.10)

In view of (3.1) and (3.10) it follows that p§ = c. € R in D,. The decay
condition of p§ at infinity yields that ¢, = 0, i.e., p§f = 0 in D.. Hence we
have

v =0 and pj=0in D,. (3.11)
Using similar arguments, we obtain
vi=0 and p,=cx €R in Dy, k=1,...,N. (3.12)
On the other hand, the properties (3.11) yield that
te=0onTy, k=1,...,N, (3.13)
and, in view of the second of the conditions (3.3), it follows that t} = —cxn =

Oon Ty, k=1,...,N. Therefore, we get ¢, =0, k =1,..., N. Consequently,
we have

vp =0, ph=0in Dy. (3.14)
The relations (3.11) and (3.14) yield the desired uniqueness result. This
completes the proof of Theorem 3.1. O

4. Potential theory for the Brinkman and Stokes equations

In this section we will present the fundemental solution for the Brimkman
and Stokes equations and the main properties of the potential theory for
the Brinkman system of equations (2.1)-(2.2) and respectively for the Stokes
system (2.3)-(2.4).
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4.1. The fundamental solutions of the Brinkman and Stokes equations

The components of the fundamental Brinkman tensor GX* and those of its
associated pressure vector HX2, which determine the fundamental solution
(QX2, HXQ) of the Brinkman system in R?, are given by (see e.g. [1, p. 81]):

n (zj —yj) @k — yk)A2

Y (x —y) = S A (xIx — y]) ‘ (xIx—y]) and

x—yl?
T (x=y) Yy
(4.1)
where
Ai(2) = 2{Ko(z) + 27 ' Ki(2) — 272}, (4.2)

Ag(2) = 2{—Ko(z) — 227 Ky (2) + 2272},

and and K, is the modified Bessel function of the second kind and order v.

The corresponding stress and pressure tensors S¥* and AX* have the
following components (see e.g. [1, p. 82, 196]):

9GY (x —y) L 995 (x=y)

2

Sixjk(x -y)= —H;( (x —y)dir +

Ti —Yj Ti — Yi Tk — Yk
-2 {&k I—LDi(xIx —yl) + (5kj Y[ + 0ij )Dz(X|X—Y|)

x -yl Ix —y|?
T — Yi)(Tj — Y )\ Tp —
im0 = vy yk>D3(X|X_y|)}, (4.3)
lx -yl
’ 51 i Yi — Yk
A (- y) =22 (2 y R - y| - 2) + g U )

x -yl
(4.4)
where
Di(2) = 2Ka(2) +1 — 4272,
Do(2) = 2K5(2) + 2K (2) — 4272, (4.5)
D3(z) = —8Ks(z) — 22K1(2) + 16272
The components of the fundamental tensor G and those of its associated
pressure vector II, which determine the fundamental solution (G,II) of the
Stokes system in R?, are given by (see e.g. [1, p. 38])

(zj — )Tk — yr) T~y

Gir(x—y)=—bpIn|x—y|+ , ILix—y)=2 ,
J( ) J ‘ | |X—y‘2 ]( ) |x—y\2
(4.6)

and the stress and pressure tensors S and A have the components (see e.g.

[1, p. 39, 132])

(@i —yi) (@5 — y;) @k — yx)
x —yl|*

_ 0w (i) (@ — k)
x =yl x—yl* '

Sijk(x—y) =—4

9

(4.7)

Aie(x—y) 24(
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4.2. Boundary potentials for the Brinkman and Stokes equations

Let C € R? be a closed Lypaunov curve in the class C%, « € (0,1]. The
single- and double-layer potentials, V,2(-,g) and W,z (-, h), associated with
the Brinkman system and having the densities g and h, respectively, are
given by

Vf@@»=£;ﬁg”w—ng@maw for xeR2\C  (4.8)

2

(sz)k(x,h) = % /c SNy = x)ne(y)h;(y)dC(y) for x € R?\ C, (4.9)

and the corresponding pressure functions P?,(-,g) and P;2(~,h) have the
expressions

PP (x,8) = L /HX (x —y)g;(y)dC(y) for x e R*\C (4.10)

An

P;lz (x,h) = 4i / A?; (x —y)n(y)h;(y)dC(y) for x e R*\C. (4.11)
T Je

The pairs (V,2(-,8), P{=(+,g)) and (sz(-,h),P)‘?Q(-,h)) satisfy the

Brinkman system in both domains Dy and D., respectively.
The single- and double-layer potentials, V(-,g) and W (-, h), for the
Stokes system and with the densities g and h, respectively, can be obtained

as in (4.8) and (4.9), but with G and S;x, instead of GX* and S;‘l;. Similarly,
the pressure terms P*(-,g) and P%(-,h) can be obtained as in (4.10) and
(4.11), but with II; and Aj, instead of HjX2 and A;Cj.

Let us denote by H,2(-,g) the normal stress due to the single-layer
potential V2 (-, g) and defined in a neighborhood U C R? of C by the relation

(H,2), (x,8) = Te(Vy2(g)) (x)ne(X), x€U\C,

where x is the orthogonal projection of x € U onto C. On the components,
we have

(), (08 = - [ S x - Yini(igs(0)dcy), x€U\C b=1.2

(4.12)
The stress field due to the single-layer potential V (-, g) is defined in U by
the relation:

t;(V(g)(x) = T;e(V(g)) (x)ne(x), xe€U\C, j=1,2. (4.13)

Let KX (y,x) be the kernel of the double-layer potential W, (-, h),

whose components are given by K (y7 X) = S;.‘,:Z(y —x)ne(y). Similarly, the
components of the kernel of the double layer potential W (-, h) are denoted
by K;i(y,x), and are given by the relation K;x(y,x) = Sjre(y — x)ne(y).
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Let us now consider the following decomposition of the tensors ¥ and
2

Sx:

GY (x —y) = Gry(x —y) + G, (x — y),

2 (4.14)
S;(ké(y = x)ne(y) = Sjre(y — x)ne(y) + Sjc'kf(y —x)ne(y),

where the matrix kernel G¢ with the components Gj; ¢ and the matrix kernel
S°n with the components S5, ,n; are continuous. Thus, one obtains the fol-
lowing result which shows the continuity behaviour and the jump formulas
for the single- and double-layer potentials associated to the Brinkman system
(for e.g. [4]):

Theorem 4.1. a) Let C be a closed Lyapunov curve in R?, ie., C € CH,
a € (0,1], and let densities g € C°(C) and h € C°(C) be given. Also let
V,2(-,8), Wy2(-,h) and H,2(-,g) be the boundary potentials given by (4.8),
(4.9) and (4.12). Then on C we have:

(VX2)+("g) = (VXQ)i('ag) = VXQ('vg)v (415)
(W 2)+("h) - (WXQ)*('vh) = %h = (WX2)*('7h) - (sz)i('vh)a (4'16)

*

(Hye) (hg) — (He) (g) = —%gZ (Hy2) (g) — (Hye) (hg). (4.17)

In addition, if h € CYA(C), B € (0,a), then there exist the limiting
values of the boundary traction due to the double-layer potential W,z (-, h)
on both sides of C, TT(W,2(h)) and T~ (W,2(h)), and they are equal, i.e.,

T (W ,2(h)) = T~ (W,2(h)) = T(W,2(h)) onC. (4.18)

The superscript + (—) is used for the limiting value of a field evaluated
from the external side (the internal side) of C, and the symbol * refers to
the principal value of a double-layer integral on C. The relations (4.15)-(4.18)
also hold for the boundary potentials associated with the Stokes system.

The functions V2 (-, g), W,2(-, h), P;Q(-7 g), P)‘(iQ(-7 h) satisfy the rela-
tions

V,2(x,8) = O(|x|72), W,:2(x,h) = O(x|™Y) as |x| — oo, (4.19)

P2 (x,g) = O(]x|™"), Pg(x,h) =O(n[x|) as [x| — oo, (4.20)
and in the case y = 0, we have:

V(x,g) =0(In|x|), P’(x,h)= O(\x|_1) as |x| — oo, (4.21)

W(x,h) =O(|x|™), P%x,h)=0(x|"?) as|x| — occ. (4.22)
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4.3. Complementary integral operators

For A € (0,a), let V2 : C*(C) — C**(C) and K, : C1*(C) — C1(C) be

the single- and double-layer integral operators for the Brinkman system, i.e.,
Veg=V,(,g), Kpeh=W:(,h), VgeC*C), hel"(C),

Similarly, V : C*(C) — C**(C) and K : C**(C) — C**(C) are the corre-
sponding integral operators for the Stokes system.
Also, let D2 : C1A(C) — C*(C) be the operator given in (4.18), i.e.,

(Dy2h) ,(x) = p.f. /c DY, (x, y)he(y)dC(y), (4.23)

where , )
DY, (x,y) = —AR, (x — y)ru(y)n; (x)

o o |
+<871‘j5hk(y - X) + %ngk(y - X))nl(x)nk(y).

i
The corresponding operator for the Stokes system is denoted by Dg. The
operators D,» and Dg belong to the class of hypersingular operators.
Let us introduce the notations

2 2
Ajp(x—y) = A (x—y) —An(x—y), Kj(y.x) = Kj (v, %) — Kjx(y,x),
(4.24)
in view of which we are now able to define the complementary integral oper-
ators for the Stokes-Brinkman-coupled system.

The complementary single- and double-layer operators V,z g : crNC) —

CPA(C) and K2 o : C*(C) — C1*(C) are given by
Vizo=Vy2 =V, Ky2g=K,2 -K, (4.25)

and the adjoint of the complementary double-layer operator K;(z 0" CAMNC) —
C*(C) has the expression K;(Z 0= K;(z - K', where K;(z is the adjoint oper-
ators of K,z.
In addition, the complementary hypersingular operator
D2 : CHC) — C*(C)

is given by D,2 ¢ = D,2 — Dy.
We have following compactness result whose proof can be consulted in
[4]:

Theorem 4.2. IfC is a closed Lyapunov curve in R?, i.e., C € C*, o € (0, 1],
and X € (0,a), then the complementary boundary integral operators
V2 : CHC) — CPMC), K,yz:CHNC) — CHA(0),
K/, : C}C) = CMC), Dyzo:CMC) — CHC)
are compact.

In addition, if h € CYA(C), then TH(W,z2(h)) and T~ (W,2o(h))
exist everywhere on C and they are equal.
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5. The boundary integral formulation of the problem

In order to prove that the boundary value problem (2.1)-(2.6) has a unique
classical solution, we consider the following boundary integral representa-
tions:

1 & 2
000 = U + 13 [ K5 5 x)6,0)dn)
=1 l

o3 [ oy (h)
=1 L
1
i hj(z)dFl(z)>dFl(y), x € D, (5.1)
1 Y >
Pr) = PX(x)+ = > | A= Y (3)05 ()T ()
=1 l
1 N 2
+47m_21/n 11 (e~ y) (1 ()
1
w7 - hj(z)dl"l(z))dl"l(y), x € D,, (5.2)

and

_ 1 &
0= = [ Kalyxo @)
1=1 711

o >, Gutx=»(hts)
1
) hj(z)dI‘l(z))dFl(y)
— /F hi(y)dT'w(y), x€D,,m=1,...,N (5.3)

, 1 X
P = 130 [ A= ¥me()6;(5)dn )
=1 l

+ ;Té/rl Hj(xfy)(hj(Y)

1

5, @) )dr(y). X € D, (5.4)

where ® = (¢1,¢2) € CYMNT) and h = (hy,hy) € C*(I) are unknown
densities, A € (1, ), and || = ka dl'y, is the length of Ty, k =1,..., N.
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Let us observe that the boundary integral representations (5.1)-(5.4)
satisfy the system of equations (2.1)-(2.4), as well as far field conditions
(2.5)-(2.6).

Now, imposing the transmission condition (2.5), we obtain the equations

1 N
outxo) + 323 [ Kty o) (9)0)

+ ﬁ > Giixo—y) (hj (y) - |F—1|/ h; (y)drm(y)) dT(y)
=1 I m T
+/ hi(y)dlm(y) = —Ug®, xo € Ty, m=1,...,N. (5.5)

m

Taking into account the second of the boundary conditions (2.5), we
obtain the boundary integral equations

1 & 1
~hi(x0) + =D /F K,gj(xo,y)(hj(y) -7 hj(z)dFl(z))dFl(y)
=1 ! i

+ T3 (WE(P))(x0)n;(x0) = —t7°(%0), X0 €'y, m=1,...,N,
(5.6)

where t7° are the components of the stress field associated to the velocity
field U™ | i.e.,

ti (%) = p=nk(x).

We mention that the integrals on I',, who appears in (5.5) and (5.6) are
understood in the sense of principal value.

Therefore, the boundary value problem (2.1)-(2.6) reduces to the system
of boundary integral equations (5.5) and (5.6). In view of Theorem 4.2 it
follows that all operators that appear in the boundary integral equations
(5.5) and (5.6) are compact, as mappings into one of the spaces C1*(T),
CA(T). Thus, these equations are Fredholm integral equations of the second
kind with the unknowns (®,h) € C**(T) x C*(T).

We have the following existence and uniqueness result (see also [2]):

Theorem 5.1. Let T, be closed Lyapunov curves of class CH* in R?, o € (0, 1],
k=1,...,N ,T=UN_ T\, and let A € (0,c). Then the system of Fredholm
integral equations of the second kind (5.5) and (5.6) has a unique solution
(®,h) € CYMT) x CNT). In addition, the boundary integral representations
(5.1)-(5.4), obtained with the densities ® and h, determine the unique classi-
cal solution ((v¢,p°), (v¢,p*)) € ((C%*(D.)NCY(D,)) x (C*(D.)NC°(D,))) x
((C%(Do)NCY(Dy)) x (CY(Do)NC°(Dy))) to the boundary value problem con-
sisting of the equations (2.1)-(2.4) and the boundary and far field conditions
(2.5)-(2.6).
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Proof. Let us consider the following homogeneous system of integral equa-
tions

m+—2/Kym 0(y)dT(y)

1 . 1
» ; | Gt =) (1560 - i [ ibemaria) i)

+/ h)(y)dlpm(y) =0, xg € Ty m=1,...,N, (5.7)
T
1
(o) + /MMmh% -1 [ E@ar@) )
Tl Jr,
+Tk3(w (®°))(x0)n;(x0) =0, x9 €Ty, m=1,...,N. (5.8)

Also let (®° h%) € CYMT) x CM(I') be an arbitrary solution to this system,
and let (u® ¢°) and (u’,q¢') be the fields given by the following boundary
integral representations:

ug,(x) 47T / y)dli(y) + 72 gkj Y)(h(;(}’)
W hO( )dTy(z ))dn(y), xR\ Tym=1,....,N (5.9)
1 & o
=33 [ Bl mdmany)
1 & 2
+ = ¥ (x —y) (h(y)
47 ;/n y ( y
ﬁ Fh‘;(z)dfl(z)>dFl(y), xR\ Tp,m=1,...,N (5.10)

B (2)dT (2) )T (y)

0 2 _
—/F hi(y)dlm(y), x€R*\Ip,m=1,...,N (5.11)
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_ 1 &
000 = 13 [ il y)m ) )dr(y)
1=1"/T
N
+ ﬁ l—zl/rl I (x — y) (RS(y)
L ho-(z)dl“l(z))dl“l(y), x €R?\Tp,m=1,...,N. (5.12)
Tl e,

Because the pairs (V,2(-, g), P2 (-, 8)) and (WX2(~,h),P;l2(-,h)) satisfy the
Brinkman system in both domains Dy and D., respectively, and the pairs
(V(-,g), P5(-,g)) and (W(-,h), P4(-,h)) satisfy the Stokes system in both
domains Dy and D., respectively, we obtain that:

V-u=0, —V¢+(V?—xHu®=0inR?\T, (5.13)
V-u' =0, —-V¢+V?u®=0inR?\T. (5.14)
Taking into account the relations (4.21) we have that:
(lu[Vuc])(x) = of|x|7"),  (lullg*))(x) = o(|x| ") as x| — co.  (5.15)
Therefore, the fields u® and ¢° satisfy the identity

/D () () Z / u®) () (x),

(5.16)
where ¢ (u®) = Tkij(ue)nj, and

1 /0us  Qus
Tij(u®) = —q°0k; + 2Ex;(u’), Ej(u) = 2 <<9x2 + 8xk) '
J

Similarly, the fields u’ and ¢’ satisfy the identity (see e.g. [1], p. 15)

2 [ BB dx—Z/uk Xt (W)X (x), (5.17)

where 7 (u’) = T,fj(u )n;, and

Tioj (') = =¢"0j + 2B5(0’),  Ejpe(u’) = 5 <8x;]€ + 6xk> .
J

Now, taking into account the formulas (4.15)-(4.17), we obtain the properties
uit =l tH(u) =t (u)onTl=1...,N (5.18)
which yield the equality

Z/F x)dl; = Z/ ul” (%)t (u')(x)dly. (5.19)

From the properties (5.16), (5.17) and (5.19) we deduce that

/ (2Bj(u®) Eji (u®) + x*|uc] )dx——Q/ Ej(u')Ej(u')dx,  (5.20)
D.
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and hence
u®=0in D,, (5.21)
Ej(u")=0in Dy, 5,k =1,2, m=1,...,N. (5.22)
Using Killing’s theorem, we deduce that there exists some real constants a’g
and bf such that
u' =af' +b' xxin D,,, m=1,...,N. (5.23)
But,
0=ut =u"
thus we obtain that

ag' =by' =
Then , we have:
uw=0in D,,m=1,...,N. (5.24)

In addition, in view of the second of equations (5.13) and from the fact that
the pressure field ¢ vanishes at infinity, we obtain

¢“=01in D.. (5.25)

Similarly, we deduce that ¢* = 2 € R in D,,. On the other hand, from the
relations (5.18), (5.21) and (5.25) we get

ty(u)=tf(u)=0o0n I, m=1,....N (5.26)
and hence the constant ¢?, must be equal to zero, i.e.,
u'=0, ¢ =0in Dy. (5.27)

Now, using the jump formula
ut—u"=®onrl,,, m=1,...,N

(see the properties (4.15) and (4.16)) as well as the result (5.21), we deduce
that

w =-®"onl,,, m=1,...,N. (5.28)
Similarly, from the jump formula
ut—uw=®"onl,,, m=1,...,N
as well as the result (5.27), we find that
ut=®"onl,,, m=1,...,N. (5.29)

On the other hand, from the relations (4.17) we deduce that the bound-
ary traction due to the fields u® and ¢¢ has a jump across every curve 'y
given by the formula

1
t+H(u) -t~ (u°) = —(ho - hOdFm) only,, m=1,...N.
|Fm| T
(5.30)
But t*(u®) = 0 on 'y and hence
1
t~(u®) = h° h%r,, onT,,, m=1,...,N. (5.31)

Tl Jr,,
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With similar kind of arguments as before, we get the relation
t+(u) = —(hO — / hodFm) onT,,, m=1,...N. (5.32)
L
In addition, the fields (u®, ¢°) satisfy the identity
N
[ BBty Plx = Y [ a0t (w) (00 (5.33)
Do =171

and, in view of the properties (5.28) and (5 31), this identity takes the form

2F 1 (u®) B (u®) +x?|u® / hof— hOdr; )dr;.
/Do<j<>1<> 2 ZF ) [ o)
(5.34)
Since )
/ (ho—— hOdFl)dFl:O, (5.35)
Iy} Iy Iy
we deduce that
1
V(x n' - hOdFl) = O(x|™1) as x| — oo, (5.36)
IT4| Jr,

the fields u’ and ¢* behave at infinity as follows (see also the relations (4.21)):
Viu'(x) = O(Ix|71 %), ¢'(x) = O(]x|™") as [x| — 00, s =0,1,  (5.37)

and hence they satisfy the far field conditions (2.6). Consequently, we get the
following identity:

/ By (u)dx = — Z / W) (Al (x),  (5.38)

which, in view of the properties (5.29) and (5.32), becomes

N
2/ Ej(u')Ej(u)dx =) /F<1>0. ho—lr—l| hOdFl>dFl. (5.39)
=1 i

e

Therefore, from the identities (5.34) and (5.39) we obtain that
u®=0in D(] (540)
and '
u' =0 in D,. (5.41)
The property (5.41), the equation —V¢' + (V2 — x*)u’ = 0 in D,, and
the fact that the pressure field ¢* vanishes at infinity lead to the additional
result 4
¢ =0 in D,. (5.42)
From the relation (5.40), we get that
uw =0on Iy, I=1,...,N.
Using the above relation and (5.28), we obtain that:
®=0on Iy, I=1,...,N. (5.43)
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In addition, according to the relations (5.32), (5.41) and (5.42) we find that

tT(u')=0 on Iy, I=1,...,N, (5.44)
ie.,
1
h=— [ hdl,:=c,eR?> on I}, I=1,...,N. (5.45)
T4 Jr,
So, we obtain that
0=u'= —/ hdl'yinD;, 1=1,...,N (5.46)
r,
and hence
/ hdl', =0, [=1,...,N. (5.47)
Iy

Finally, from the relations(5.45) and (5.46) we find that
h*=0 on Iy, I=1,...,N. (5.48)

The relations (5.43) and (5.48) shows that the homogeneous system of
equations (5.7) and (5.8) has only the trivial solution in the space C'*(T) x
CM(T). Consequently, in view of Fedholm’s alternative [5] we deduce that the
non-homogeneous system of Fredholm integral equations of the second kind
(5.5) and (5.6) has a unique solution(®, h) € CYMT) x CNT), as desired. [0
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