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On a differential operator for multivalent
functions
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Abstract. In this article we define a differential operator for multiva-
lent functions in the unit disk. Further, we introduce some classes of
functions defined by this operator. Partial sums are also considered.
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1. Introduction

Let T'(p) denote the class of functions f of the form
f(z) =2+ Zanz”ﬂ’, (peN, z €l). (1.1)
n=1

which are analytic and p-valent (multivalent) in the open unit disk
U={z:2€Cand |z < 1}.
Let be given two functions f,g € T(p),

oo
— P n+p
- n
flz)=2"+ ZQ z
n=1

and

(o)
g(z) = 2P + Z bp2".
n=p+1
Then their convolution or Hadamard product f(z) * g(z) is defined by

f(z)xg(z) =2 + ianbnz”ﬂ’, (z €U).
n=1
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Define a function ¢,(a,c; z) as follows
QD(CLCZ _ZP+Z "7l+p7 07&07_1)_27

where (a), is the Pochhammer symbol defined by

_Tla+n) [ 1, n=0
(a)n = W - { ala+1)...(a+n—-1), n={12,..}.

Assume that a = k+p > 0 and ¢ = 1 where £ = 0,1,2, ... in ¢,(a, c; z) so we
obtain the function

op(k +p,1;2) :z”+z(k(41_)p)nz"“’. (1.2)

Next we define the following differential operator Df\}p : T(p) — T(p) by

n=1

DOF(2) = f(2) = 7+ 3 an
n=1

Dy pf(2) = 1+ M) f(2) = Az f'(2) = Z (1= An)a,z"*P
= (1.3)

Dipf(z) =P+ Z(l —M)*a, 2", (2 € U),

n=1
where
1
(p eEN, £k eNp, 0 <A< —, neN).
n

Again by applying convolution product on (1.2) and (1.3) we have the fol-
lowing operator

DY f(2) =

= P4 Z M(l — An)Fa, 2" P (1.4)

=22+ > Cn,k)(1 - In)Fa,z"*P, (2 €U),

n=1

where C(n, k) := (k('f)p)".
Remark 1.1. The symbol D’)\“,pf(z), when A = 0, p = 1, was introduced by
Ruscheweyh [1] and when A = 0 by Goel and Sohi [2].

A function f € T(p) is said to be p-valent starlike of order u,0 < p < p if

3?{ ZJ{;S)} >p, (2€U).
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The class of p-valent starlike functions of order y is denoted by S (u). A
function f € T'(p) is said to be p-valent convex of order p,0 < p < p if

21"(2)
f'(z)
The class of p-valent convex functions of order y is denoted by Cp, ().

A function f € T(p) is said to be in the class S;(u1,\) of order p, where
0<u<pif

§R{1+ }>u, (z €U).

NELHC
DX ,f(2)
A function f € T(p) is said to be in the class Cp(p, A) of order p, where
0<pu<pif

}>u, (z€U).

2[Df,,f(2)]"

For 0 < a <pand 8 >0, let S;(a,3, ) be the subclass of T'(p) consisting
of functions of the form (1.1) satisfying the analytic criterion
§R{Z[Dﬁ,pf(Z)]’ B a} - 2[Df (=)
D}, () DX, f(2)

Also, for 0 < a < p and § > 0, let Cp(e,3,A) be the subclass of T'(p)
satisfying the analytic criterion

pl, (z€U). (1.5)

2[DY f(2)]" z[D
%{IJF [ g,pf( )], } ﬂ‘ )\pf )]/ w1l
(DX (2)] f(2)]
The main goal of this work is to determlne sufficient conditions for the ana-
lytic functions to belong to these general classes. Sharp results involving par-

tial sums fy,4,(2) of functions f(z) in the classes Sy (a, 3, ) and Cp(a, 8, A)
are obtained.

(zeU). (16)

2. The classes S;(, 3, ) and Cy(a, 3, )

In this section we obtain sufficient conditions for functions f(z) to be in the
classes Sy (a, 3,A) and Cp(a, 3, ).
Theorem 2.1. A sufficient condition for a function f(z) of the form (1.1) to
be in Sy (a, 3,A) is
Z[(l +8)n+ (p — a)|C(n, k)1 — An)¥|a,| <p—a, (z€U), (2.1)
n=1
f0r0§a<p,ﬂ20and0§)\<%, n € N.
Proof. 1t suffices to show that

e e B ot V)
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We have
D3, ) D3, ) D3, )
W —p’ _%{m —p} < (1+ﬁ)‘m -D

(1+8) Y02, nC(n, k) (1 = An)¥|a,[| 2|7
1= Cny k) (1 = dn)F|ay ||z tP

n=1
(L+8) > ey nC(n k)1 — An)*|ay|

1 - Z;.zo:p+1 C(n7 k)(l - )‘n)k‘an‘ .

This last expression is bounded above by (p — «) if

<

(oo}
Z[(l + B+ (p — a)]C(n, k) (1 — An)kla,| < p— a,
n=1
and the proof is complete.
By setting § = A = 0 (Goel-Sohi operator [2]) in Theorem 2.1, we obtain the
following result:
Corollary 2.2. Let f be given by (1.1) and satisfying
(oo}
St p—a)ClRlan <p-a. (0<a<pzel)
n=2
then f € Sy (a) (p-valent starlike).
By letting 5 = A = 0 and p = 1 (Ruscheweyh operator [1]) in Theorem 2.1,
we obtain the following result:
Corollary 2.3. Let f be given by (1.1) and satisfying
d (n+1-a)C(nk)an| <1-a, (0<a<lzel)
n=2
then f € S*(«) (starlike).
In the same manner we can obtain the next result.
Theorem 2.4. A sufficient condition for a function f of the form (1.1) to be
in Cp(a, B, N) is
> (n+p)[n(1+8)+ (p—a)|C(n, k)1 = n)¥|an| < p(p—a), (PN, z€U),
n=1
(2.2)
for 0 <a<pand g >0.
Proof. Tt suffices to show that

’ 2[D5,f(2)]”
(D, f(2))

2[D ,f(2)]"
D}, ()
(peN, 0<a<p, >0, z€U).

- (- 1)|-»{ ~p-1}<p-a,

Then we have
ﬂ’ 2[DY , f(2))"

ADE )
D} F)) -1}

- =0 - {2y
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(D, f(2)]"
D, f(2))

(L+ ) 3oney n(n + p)C(n, k) (1 — An)*ay |27~
= plalPTt = 3000 (4 p)Cn, B) (1A An)Flan] |2t
- B Y2 n(n+p)Cn, k) (1 + An)*lan|
T p= s (A p)Cn, k)(1 = An)*an]
This last expression is bounded above by (p — «) if

<(1+8) —(p-1)

o0

> (n+p)n(l+8) + (p — @)]C(n, k) (1 = In)¥lan| < plp —a), (peN).

n=1

This completes the proof.

3. Partial sums

In this section, applying methods used by Silverman [3] and Silvia [4], we will
investigate the ratio of a function f(z) of the form (1.1) to its sequence of
partial sums

fnap(z) =22 + Z a, 2" (2 €U) (3.1)
n=1

when the coefficients are small enough in order to satisfy either condition
(2.1) or (2.2). More precisely, we will determine sharp lower bounds for

2 (2 (2 Frntp(2)
%{fffp@}»“{fﬁzi o) e w{Te )

m+p
In the sequel, we will make use of the fact that

(ERTCIN
M) >0 D)

if and only if w(z) = Y 7 | ¢,2" satisfies the inequality |w(z)| < |z|.

n=1

Theorem 3.1. Let f given by (1.1) and satisfies (2.1). Then

f(2) _ p—o
{fm+p(Z)} > 1~ O DT s TR A e e (3:2)

1
(z elU, p>am=0,1,2,..., 0<A< 7)
m+p+1
The result is sharp for every m with the extremal function

o — m—+p+1
F(2) = 2"+ T el T A - (3:3)

(z €U, m>0, p>a).
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Proof. Assume that f € T(p) satisfies (2.1). By setting

w(z) = [(1+,3)(M+p+1)+(pfa)]C(_m+p+1’k)(1*A(m+P+1))k{ f(2)
p—«o fmtp(2)
_ _ P~
(1 [(1+8) (m+p+1)+(p—)]C(m+p+1,k) (1-A(m+p+1))* ) }
=1+ Hinp1 2z i1 @n2"
. 14300 an2” ’
where
H . [4+8) (mAp+1)+(p—a)]C(mAp+1,k) (1= A(m+p+1))*
m+p+1 - P—a .
Thus we find that
‘w(z) - 1‘ < Higpta fo:mﬂ |an|
w(z)+ 117 2~ 22?:1 lan| = Hitpt1 fo’:mﬂ |an|
<1, (z€U)
if and only if
2Hmp1 Z |an] <2 -2 Z |an]
n=m-+1 n=1
which is equivalent to
S an] + Hugppr Y. an] < 1. (3.4)
n=1 n=m-+1
In order to see that
Zm+p+1
fe)=2"+———, (2€U)
Hipgpta

gives a sharp result, we observe that for
2 =remis, (z€U)

that
m-+p 1
&:1_‘_27_)1_7 as z—17.
fmp(2) Hipgpta Hypipia
This completes the proof.

Theorem 3.2. Let f given by (1.1) satisfying (2.1). Then

%{ fm+p(z)} > [(14+8) (m+p+1)+(p—a)]C (m+p+1,k) 1 —=A(m+p+1))* (3.5)
f(2) (p—a)+[(1+8) (m+p+1)+(p—a)]C(m+p+1,k) (1-A(m-+p+1))*> ’

(z ceU, p>a, m=0,1,2,..., O§/\<7).
m-+p+1

The result is sharp for every m with an extremal function given by (3.3).
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Proof. Assume that f € T(p) and satisfies (2.1). Write

w(z) = (1+ [(1+8) (m+p+1)+(p— a)]f}'(?Zer«H k) (A=X(m+p+1))* ){fmf+(§§z)

_ [(148) (m+p+1)+(p—)]C (m+p+1,k) 1—A(m+p+1))*
(p—a)F[(A+B) (m+pF1)+(p—)]C(m+p+1,k)(I—A(m+p+1))F

(1 + Hm+p+1) Z':O:m-i,-l anzn
L+ apz”
where H,, 11 is defined in Theorem 3.1. This yields that

”w -1 < (1+ Hygp1) Znoozm.H |an|
() +11 7 2~ 2221:;;4.1 lan| — (1 + Himgpy1) fo:mﬂ |an|

=1-

<1, (z€U)
if and only if
2[(1 + Hm+p+1> Z lan|] <2 -2 Z |an|
n=m-+1 n=2
or
S anl+ (14 Hpgp) Y lan] <1, (3.6)
n=p+1 n=m-+1

which gives (3.5). The bound in (3.5) is sharp for all m € N with the extremal
function given by (3.3). This completes the proof.
Theorem 3.3. Let f given by (1.1) satisfies (2.1). Then

I'(z) (m+p+1)(p—a)
%{ mﬂ(z)} 2 1 ~ (B e DTl C it p LR AR (3:7)

1
(z elU, p>a, m:0,1,2,...,0§)\<7).
m-+p+1

Proof. Assume that f € T'(p) satisfies (2.1). Write

[(1+ﬁ)(m+p+1)+(p7a)}C(m+p+1’k)(1*A(m+P+1))k{ f'(2)
p—o

w(z) = e

_ (1 _ (mtp+1)(p—a) )}
[(1+5) (m+p+ D)+ (p—a)]Clm-+p+ 1R T=A(mFpF1))F

Hopm, (o9} [oe]
1 + tel Zn:m-i-l n;*panzn + Z — Lﬂ)anz”

(m+p+1)
1+3m L‘H’anzn

wl+p+1 n+p
(m+p+1) > 1 p dnZ

I+5m, ";p A 2™

n
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where H,, 11 is defined in Theorem 3.1. This implies
Hpypt1 g0 n+p|a |
) 1 m+p+1 n=m+1 n

— H,
(2) +1 2_2221:1 %ﬂlanl—%Zimﬂ nTTp|an|

’ U)

<1, (z€U)
if and only if

Hm+p+1 -

n:m+1 n= p+1
i.e.
m+p n )28 [e’e) n
+p+1
D Slanl+ S Y Clan| <1
n=1 p p n=m-+1 p

We therefore obtain (3.7). The result is sharp with functions given by (3.3).
The proof of the Theorem 3.3 is completed.
Theorem 3.4. Let f given by (1.1) satisfying (2.1). Then

%{ 1 (2) } [(148) (mAp+1)+(p—a)]C(m+p+1,k) (1=A(m+p+1)"
') f = (mAp+1)(p—a)+[(1+8) (m+p+1)+(p—a)]C(m+p+1,k) (1-A(m+p+1))*”
(3.8)
1
(z €U, p>a, m=0,1,2,..., 0<A< 7)
m+p+1

Proof. Assume that f € T(p) satisfies (2.1). Consider

_ [(A+8) (mA+p+1)+(p—a)]C(m+p+1,k) A=A(m+p+1)* \ [ f7,(2)
w(z) =((m+p+1)+ o W55

_ [(14+8) (m+p+1)+(p—a)]C(m+p+1,k) 1=A(m+p+1))* }
(m+p+1)(p—a)+[(1+8) (m+p+1)+(p—a)]C(m+p+1,k) (1-A(m+p+1))*

(1 4 Lmtpsrygooo ntpg on

—1_ m+p+1 n=m+1 p
= T
1 + Zn 2 ppanzn

This implies that

’w(z)fl < (1+ﬁﬁf)2f m+1 nTTp|an|
w(z) #1172 -2 | P, | - (14 JuE) Yo L B2 g,
<1, (z€U)

if and only if

H = n+p " n+p
2[(1 4 —tptl an|] <2-2 an |,
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i.e.

1+ p Hpypa — n+p
anl+ (14— an| < 1.
> " Py 4 Hmirny 55 Ry,

n=1 n=m-+1

We therefore obtain (3.8). The result is sharp with functions given by (3.3).
The proof of Theorem 3.4 is complete.
In the same manner as the proof of Theorems 3.1-3.4, we can show the fol-
lowing results:
Theorem 3.5. Let f given by (1.1) satisfying (2.2). Then
{ f(z) } >1— p(p—a) )
fntp(2) (m+p+1)[(1+ﬂ)(m+p+1)+(p*a)]C(m+P+1’k)(1*/\(ererl)z; )

The result is sharp for every m with the extremal function
ﬂoJrl7

(3.10)

_ p(p—a) m
F(2) = 2 + DA e T T ) O T s TR AT o FI)F 2

1
(z elU, p>a, m=0,1,2, ..., O§A<7).
m-+p+1

Theorem 3.6. Let f given by (1.1) satisfies (2.2). Then

%{f'm,+p(2)}> ( (mAp+ D[(148) (mtpt 1) +(p=)]C (m+p+1,k) (1= A(m-+p+1))*
p

f(z) p—a)+(m+p+1)[(1+8) (m+p+1)+(p—a)]C(m+p+1,k) (1-A(m+p+1))*>
(3.11)
1
(z elU, p>a, m=0,1,2,..., 0<)A< 7)
m-+p+1

The result is sharp for every m with the extremal function given by (3.10).
Theorem 3.7. Let f given by (1.1) satisfies (2.2). Then

§R{ £(2) } >1_ p(m+p+1)(p—a)
map(2) [ = (m4p+1)[(1+8) (m+p+1)+(p—a)]C(m+p+1,k) (1-A(m+p+1))k >
(3.12)
1
(zEMp>aﬂn:QLZM 0§A<————ﬂ.
m+p+1

Theorem 3.8. Let f given by (1.1) satisfies (2.2). Then

/

5 { fnj(Z)}
f'(2)

> (m+p+1)[(148) (mp+ 1) +(p=a)]C (mtp+1,k) 1 =A(mtp+1))*
= p(m+p+1)(pfa)+(m+p+1)[(1+6)(m+p+1)+(pfa)]0(m+p+1,k)(17/\(m+p+12)3’“ 3)
1

where

1
(z elU, p>a, m=0,1,2, ..., 0§A<7).
m-+p+1
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