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of certain general integral operators
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Abstract. In this paper, we generalize certain integral operators given
by Pescar [8] and determine conditions for univalence of these general
integral operators.
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1. Introduction

Let A denote the class of functions of the form
o0
f) =2+ a",
k=2

which are analytic in the open unit disk
U={ze€C:|z| <1}
and satisfy the following usual normalization condition

f(0) = f'(0) = 1=0.
We denote by S the subclass of A consisting of functions which are also
univalent in U.
In [6] and [7], Pescar gave the following univalence conditions for the
functions f € A.

Theorem 1.1. [6] Let « be a complex number, i («) > 0, and ¢ be a complex
number, |c| <1, ¢# —1 and f(z) =z+ -+ a regular function in U. If

clef® + (1= o) 222

<1,
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for all z € U, then the function

Folz) = (a/o to‘_lf’(t)dt>; a4

1s reqular and univalent in U.

Theorem 1.2. [7] Let o be a complex number, R («) > 0, and ¢ be a complex
number, |c| <1, ¢# —1 and f € A. If

L= oM | 24" (2)
R (a) f'(2)
for all z € U, then for any complex number 3, R () > R («), the function

Fy(z) = (ﬂ / ) tﬂlf’(t)dt)}’

On the other hand, for the functions f € A, Ozaki and Nunokawa [5]
proved another univalence condition asserted by Theorem 1.3.

S1_|C|;

is in the class S.

Theorem 1.3. [5] Let f € A satisfy the condition

2 f'(2)
(f(2))*

Then f is univalent in U.

-1

<1 (zeD). (1.1)

Furthermore in [8], Pescar determined necessary conditions for univa-
lence of some integral operators.

Theorem 1.4. [8] Let the function g € A satisfy (1.1), M be a positive real
number fized and ¢ be a complex number. If

2M+1 2M +1

2M +2° 2M ’

-1
le] <1-— a

’(2M+1), c# -1

and
lg(z)| < M

for all z € U, then the function

Q=

Gate) = (o [ a0y ) (12)

s in the class S.
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Theorem 1.5. [8] Let g € A, « be a real number, a > 1, and ¢ be a complex
number, |c| < L, c# —1. If

9"(z)
9'(2)

<1 (z€0U),

then the function

Ho(z) = (a/o (tg’(t))aldt> : (1.3)
s in the class S.

Theorem 1.6. [8] Let g € A satisfies (1.1), « be a complex number, M > 1
fized, R () > 0 and ¢ be a complex number, |c| < 1. If

lg(z)| < M
for all z € U, then for any complex number 3
2M +1
R(B) >R >
Br= R = oy

the function 1
Hi(z) = (5 /O -1 (9?)> : dt) ’ (1.4)

Finally, Breaz and Breaz [1] considered the following family of integral
operators and proved that the function G,, o defined by

is in the class S.

1
n(a—1)+1

Gral2) = [ In(a = 1) / H(gju))a‘ldt (91,190 € A)

(1.5)
is univalent in U. For some recent investigations of the integral operator Gy, 4,
see the works by Breaz et al. [2] and [3].
Now we introduce two new general integral operators as follows:

n e
Hpo(z) = [n(a—1)+1}/0 ‘H(tg;(t))afldt (g1,---,9n €A,
. (1.6)

n % G
e T (G (01, nEA).
. (1.7)

Remark 1.7. Forn =1, the integral operators in (1.5), (1.6) and (1.7) would
reduce to the integral operators in (1.2), (1.3) and (1.4), respectively.
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In this paper, we investigate univalence conditions involving the general
family of integral operators defined by (1.5), (1.6) and (1.7). For this purpose,
we need the following result.

General Schwarz Lemma. [4] Let the function f be reqular in the disk
Ur = {2 € C: |z| < R}, with |f(2)| < M for fized M. If f has one zero
with multiplicity order bigger than m for z = 0, then

FE < o™ (2 € Up).

The equality can hold only if

where 0 is constant.

2. Main Results

Theorem 2.1. Let M > 0 and the functions g; € A (j € {1,...,n}) satisfies
the inequality (1.1). Also let

aek (O‘E{(25\24]\1;17311’(25\24%;27—11D and e € C.

If
a—1

<1 |2
el < nla—1)+1

‘(2M+1)n, c# -1 (2.1)

and
l9;(2)| <M (z€U; je{l,....n}),
then the function Gy, o defined by (1.5) is in the class S.

()

Jj=1

Proof. Define a function

Then we obtain

_ ﬁ (9](2

j=1

Also, a simple computation yields

o e LG )
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which readily shows that

2[n(a—1)+1] _ |, 2la-n+1 zh'(2)
C|Z| * +(1 ‘ | * ) [n(afl)Jrl]h’(Z)
< ld+ 1 zh'"(2)
- [n(a—1)+1] | A'(z)
< Icl+’ ) Z0,C) | 19:()] |y
nla—1)+1 =~ (gj(z))2 2 .

Since
lg;(2)| <M (€ U; je{l1,...,n}),
by using the inequality (1.1) and the general Schwarz lemma, we obtain

2fn(a—1)+1] | (1 _ |, 2ln(a—1)+1] zh'"(2)
el +(1-1e ) (e —1) + 10 (2)
o —
< — 1 (2M +1
<+ oy | @M+ D
which, by (2.1), yields
2n(a—1)+1] | (1 _1,2n(a—1)+1] zh'"(2) <1
cl2] + ( 12 ) ma—D+une| St ¢l

Applying Theorem 1.1, we conclude that the function Gy, defined by (1.5)
is in the class S. O

Remark 2.2. Setting n =1 in Theorem 2.1, we have Theorem 1.4.

Theorem 2.3. Let g; € A (j € {1,...,n}), a be a real number, o > 1, and ¢
be a complex number with

1
e < na—D+1’ c# —1. (2.2)
If
e - )
g;(z) <1 (z€U; je{l,...,n}), (2.3)

then the function H, , defined by (1.6) is in the class S.

Proof. Define a function

Then we obtain

Also, a simple computation yields

zh"(z) " 29} (2)
v — @A
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which readily shows that

2n(a-1)+1] | (] _ |, 2n(a—1D+1] zh"(2)
+(1-1 ) (e —1) + 1 (2)
< ld+ 1 zh/'(2)
- nla—1)4+1]| b (z)
a—1 | 297 (2)
< - @@
< o+ (zam71) 2|50
By (2.2) and (2.3), we obtain
2[n(a—1)+1] 1 — [52In(e=D+1] zh' (2) <1 U
+< 12 ) (o —1)+ 1] ' (2)| — (z€ ).

Applying Theorem 1.1, we conclude that the function H, , defined by (1.6)
is in the class S. O

Remark 2.4. Setting n = 1 in Theorem 2.3, we have Theorem 1.5.

Theorem 2.5. Let M > 0 and the functions g; € A (j € {1,...,n}) satisfies
the inequality (1.1). Also let « be a complex number, R (a) > 0, and ¢ be a
complex number, |c| < 1. If

l9; ()| < M (2 €U; je{L,...,n}),
then for any complex number 3 with
(2M +1)n
[ (1 =e])’
the function H, g defined by (1.7) is in the class S.

R(n(B—1)+1) > R(a) > (2.4)

Proof. Define a function

Then we obtain

Also, a simple computation yields
h 1 n z / z
z (Z):*Z g]()_l ’
h(z)  «a 9;(2)
which readily shows that

2R () Zh”(z)
W (z)

1 -2

R (a)

Since
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by using the inequality (1.1) and the general Schwarz lemma, we obtain
2R(a)

1—|z| zh" (2) 1
2M + 1
Ria) | WG | = el GO
which, by (2.4), yields
1— 2?2 207 (2)
<1- 0).
Rl | Wi | St EED)
Applying Theorem 1.2, we conclude that the function H,, g defined by (1.7)
is in the class S. U

Remark 2.6. Setting n =1 in Theorem 2.5, we have Theorem 1.6.
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