Stud. Univ. Babeg-Bolyai Math.
Volume LVI, Number 1
March 2011, pp. 109-115

The Salagean integral operator and strongly
starlike functions
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Abstract. Let A denote the class of analytic functions f(z)defined
in the unit disc U = {z : |z| < 1}and satisfying the conditions
F(0) = f'(0) — 1 = 0. We introduce some new subclasses of strongly
starlike functions defined by the Sdlagean integral operator and study
their properties.
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1. Introduction

Let A denote the class of functions of the form:
f(2) :Z+Z apz” (1.1)
k=2

which are analytic in the open unit disc U = {z : |z| < 1}. A function
f(z) € A issaid to be starlike of order ~ if it satisfies

2f (2)
Re{ ) } >y (z€U) (1.2)

for some v (0 <~ < 1). We denote by S*(7) the subclass of A consisting of
functions which are starlike of order v in U. Also, a function f(z) € A is
said to be convex of order + if it satisfies

2 (2)
Red 1+ —; >v (z€eU 1.3
{ e } (zeU) (13)
for some v (0 <y < 1). We denote by C(v) the subclass of A consisting of
all functions which are convex of order «y in U.
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It follows from (1.2) and (1.3) that
f(z) € C(v) <= 2f'(z) € "(7), (1.4)

the classes S*(y) and C(vy) were introduced by Robertcen [8].
If f(z) € Asatisfies

RS

for some v (0 <y < 1) and B(0 < B < 1), then f(z) is said to be strongly
starlike of order 8 and type v in U. We denote this by f(z) € S*(5,7) .

If f(z) € A satisfies

- 7)’ < gﬁ (2 € U) (1.5)

"

)
RO

for some v(0 <y < 1)and [(0 < 8 < 1),then we say that f(z) is strongly
convex of order § and type « in U. We denote by C(3,7) the class of all
such functions (see also Liu [3] and Nurokawa et al. [7]). In particular, the
classes S*(3,0) and C(3,0) have been extensively studied by Mocanu [5] and
Nunokawa [6].

It follows from (1.5) and (1.6) that

f(z) € C(B,7) <= 2f'(2) € S7(B,7). (1.7)

Also, we note that S*(1,v) = S*(v) and C(1,v) = C(y).
For a function f(z) € A, we define the integral operator I" f(z), n €
No = N U {0}, where N = {1,2,....}, by

arg(l + < gﬂ (zeU) (1.6)

1°f(2) = f(2), (1.8)
') = 156) = [ foe . (1.9)
0
and (in general)
I"f(z) = I(I"7' f(2)). (1.10)
It is easy to see that:
(9) Irfz) ==+ Z%zk (n € Np), (1.11)
k=2
and
(i) AIMf(2)) = I f(2). (1.12)

The integral operator I" f(z) (f € A) was introduced by Séldgean [9] and
studied by Aouf et al. [1]. We call the operator I"™ by Salagean integral oper-
ator. The relation (1.12) plays an important and significant role in obtaining
our results.
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Using the Salagean integral operator, we introduce and study the prop-
erties of some new classes of analytic functions, defined as follows:

smav>={ﬂ@eA:fmﬂaes%@w,“ﬂﬁj’¢vﬂwwzev}
and
Co(B,7) = {f(z) € A: I"f(2) € C(B,7), 1 + m £ for all 2 € U}.
Clearly,

7(2) € Calfn) = 21'(2) € S35, (1.13)

We note that:
(1) SH(B,y) = S*(B,y) and Cg(B,v) = C(B,7);

and

(1) S5(1,7)

5*(y) and Cg(1,7) = C(7).

2. Main Results

In order to give our results, we need the following lemma, which is due to
Nunokawa, [6].

Lemma 2.1. Let a function p(z) = 1+ c1z +c222 + ... be analytic in U and
p(2) #0 (2 €U). If there exists a point zg € U such that

larg £(2)] < gﬁ, (2] < |20]) and |arg p(z0)| = gﬁ 0 <B<1),

then we have 2Po(?) = ikf3, where

p(20)

k> % (a + é) (when  arg p(zg) = gﬁ),

k< %1 (a + é) (when  arg p(zog) = %ﬂ-ﬁ),
and (p(zo))% = =ia (a > 0).
Theorem 2.2. S} (3,v) C Sy 1(8,7) for each n € Ny.
Proof. Let f(z) € S%(8,7).Then we put
In+1 /
Lk = v+ 1= (2.)

where p(2) = 1+c12+c222+ ... is analytic in U and p(z) # 0 for all z € U.
Using (1.12) and (2.1), we have

;ﬂﬁ;::v+u—wma. (2.2)
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Differentiating (2.2) with respect to z logarithmically, we obtain
Z(IMf(2) _ zI"Hf(2) L (= 9)=p'(2)

Inf(z)  I"tlf(z) v+ (1—=7)p(z)

_ (s (I —7)2p'(2)
= v+ A =)p(2)+ Pogy o)

)

or
2(I" f(2)) (I —7)zp'(2)
——— — y=1—-9)plr)+ ————————.
e R e
Suppose that there exists a point zg € U such that
7r s
larg f(2)] < 56 (l2] <lz0l) and larg p(z0)| = 55.
Then, applying Lemma 2.1, we can write that
zop (20)
p(20)

Therefore, if arg p(zg) = fgﬂ, then

n / zp’(20)
ZO(I f(ZO)) — 5= (1 —’Y)p(Zo) [1 + P(20) ]

= ikf and (p(zo))flj == ia (a > 0).

I" f (o) v+ (1 =7)p(20)

ilB

=(1—-7)ale 2 |1+

g

7+ (1= y)afe s

ikp ]
This implies that
ZQ(Inf(Zo)), } s ’Lk/B
arg § —— -~ — Y =~ 5 B+arg ¢1+ i
{ 1" f(20) 2 v+ (1= y)afe=3"

—T
e

- BBy + (1= 7)a cos (26)
72 +27(1 = 7)af cos (58) + (1 = 7)%a® — kB(1 — v)a? sin(55)
< %ﬂﬁ (where k < %(a—i— %) < -1),

which contradicts the condition f(z) € S;(5,7).
Similarly, if arg p(zg) = %ﬁ, then we obtain that

zo(I" f(z0)) T
— > —
arg { 7} (o) Yol 2 2@
which also contradicts the hypothesis that f(z) € SX(3,7).

Thus the function p(z) has to satisfy |arg p(z)| < 4 8 (z € U). This shows

e (1)
z (I z
w0
or f(z) € S;1(B,7)- This completes the proof of Theorem 2.2.

s
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Theorem 2.3. C,,(8,v) C Cny1(8,7v) for eachn € Ny.

Proof. f(2) € Cy(B,7) <= I" () € C(5,7) <= =(I"(2))' € §°(5,7)
= I"(=f (2)) € 5 (p,7) = =f () € 53(8,7)
— 2'(2) € Sp41(B,7) == I (=f (2)) € §*(5,)
= A(I(R) € §°(B.7) <= I (2) € O (5,7)

= f(2) € Cpya(B,7).
This completes the proof of Theorem 2.3.

For ¢ > —1 and f(z) € A, we define the integral operator L.(f) as

1 z
L.f(z) = % / e F()dt. (2.4)
0
The operator L.(f) when ¢ € N was studied by Bernardi [2]. For ¢ = 1,

Ly (f) was introduced by Libera [4].
Theorem 2.4. Let ¢ > —y and0 < v < 1.1If f(z) € Si(B8,7) with

W #~ for allz € U, then we have L.(f) € Sk(3,7).

Proof. Set

W =7+ (1 =) n(2), 29

where p(z) is analytic in U, p(0) =1, and p(z) # 0(z € U). From (2.4), we
have

2(I"Lof(2)) = (c+ 1) I"f(z) — eI" Lo f(2). (2.6)
Using (2.5) and (2.6), we have
e+ Dl et (1= 2)nle) (2.7)

Differentiating both sides of (2.7) with respect to z logarithmically, we obtain

) SRR ke ) A )
Dy = (1 —)p( )+c+7+(1—7)p(2)'

I"f(z)

Suppose that there exists a point zy € U such that

jarg p(=)| < 28 (2] < |z0l) and [axg p(z0)| = 3 5.

Then, applying Lemma 2.1, we can write that

2op (20) 3 o (a
) tkB and (p(z0))? = %ia (a > 0).
If arg p(20) = %6, then
/ zop (20)
U f(0) s p(20)
ifleg) 0 TP Ge0)
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ik
1+ b — | -
ct+vy+(1—7)aPe=

= (1-7)a’e?

This shows that

o [ ) s

ik
c+ v+ (1 —ate s

1+

IT
5B

+tan™

. { kBlc+y + (1 — 7)a” cos(')] }
(c+7)2 + 2(c+7)(1 — 7)a? cos(X2) + (1 — 7)2a28 + kB(1 — v)aP sin(2)

™ 1 1
> — h > — —)>1
26 (w erek_z(a+a)_ ),

which contradicts the condition f(z) € S*(3,7).
Similarly, we can prove the case arg p(zg) = —%ﬂ. Thus we conclude
that the function p(z) has to satisfy |arg p(z)| < 48 forall = € U. This

gives that
Z(I"Lef(2))
s (e
or L.f(z) € S;:(6,7). This completes the proof of Theorem 2.4.

< gﬁ (z€U),

Theorem 2.5. Let ¢ > —y and 0 <~y < 1. If f(z) € Cr(B,7v) and

2(I"Lef(2))"
T Lof () 7

for all z € U, then we have L.f(z) € Cpn(B,7).

Proof. f(z) € Cn(f, 7) — zf'(z) € SiB,y) = Lczf'(2) €
Sn(B,7) <= 2(Lef(2)) € 55(8,7) <= Lef(2) € Cu(B,7)-

This completes the proof of Theorem 2.5.
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