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Abstract. In this paper, the space AZ}; (G) consisting of all complex
valued functions f € lip(«,1) whose Fourier transform f belongs to
L (p,q) (@) is investigated.
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1. Introduction

Let G denote a locally compact Abelian group, with dual group G and Haar
measure p and [, respectlvely The Fourier transform of a function f € L! (G)
will be denoted by f which is continuous on G vanishes at infinity and

satisfies the inequality HJ?H < || fll;- It is known that the space
o0

A, (G) = {fe LY@): ferr (é)}
is a Banach algebra for 1 < p < 0o and for 1 < p < 0o, 1 < ¢ < 00, the space

Apg) (@ ={ferl'(@):FeLpa)(C) |
is a Segal Algebra with respect to the usual convolution product and the

norms defined by [1f| = £l + |F|| 171 = 171 + |7 respectively

These spaces are examined by Larsen-Liu-Wang [15], Lai [11-13], Martin-
Yap [16], Yap [23,24] and others.

For the convenience of the reader, we briefly review what we need from
the theory of L (p,q) (G) spaces. Let (G,X, 1) be a positive measure space
and let f be a complex-valued, measurable function on G. For each y > 0 let

Ar(y)=plzeG: |f(2)]>y}.
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The function Ay is called the distribution function of f. The rearrangement
of f on (0,00) is defined by

) =inf{y>0:Ap(y) <t }=sup{y>0:Af(y)>t}, t>0,

where inf ¢ = co. Also, the average function of f is defined by

¢
1

f@t)== 1 f(s)ds, t>0.
!

For p,q € (0,00) we define

Q=

1£115.4 [F* (1)]7¢7 tat

£ 15, =

hSAES

£l 1fllp.g. = [f* () to "t

ESAES

Q=

Also, if 0 < p,q = co we define
Lo L sk
1£1l5,00 = supt® f* (t) and [[f|l, ., = supt® ™ (t).
>0 >0

For 0 < p < oo and 0 < ¢ < oo, Lorentz spaces are denoted by
L (p,q) (G,%, u) (orshortly L (p, q) (G)) is defined to be the vector space of all
(equivalence classes of) measurable functions f on G such that || f ||; g < 0.
We know that, for 1 < p < oo, ||f]l;, = [If[l, and so L, (G) = L (p,p) (G)
where L, (G) is the usual Lebesgue space. It is also known that if 1 < p < oo
and 1 < ¢ < oo then

" p "
1 g = WF g < 57 [1/1lp.q

for each f € L (p,q) () and (L (p.q) (G). |11,

In [4], Chen and Lai showed that there is an approximate identity
{aa}er of Ly (G) such that [las|[; = 1 for each a € I and f * a, — f for
every f € L(p,q) (G), whenever 1 < p < oo, 1 < ¢ < oo. It can be derived
from [2],[3] and [20] that L (p, q) (G) is an essential Banach L; (G) —module
with the usual convolution and the norm ||-[|, ,. Also, in [4], Chen and Lai
showed that (L1 (G), L (p,q) (G)) is isometrically isomorphic to L(p, q) (G)
for 1 < p,q < oo. One can also review [2-5,10,17,20,22] for more properties
of L (p,q) (G) Lorentz spaces.

Throughout the paper G will denote a metrizable locally compact
Abelian group with a translation invariant metric d such that for any y € G,
ly| = d(0,y) and Haar measure p.We assume that there is a decreasing
countable (open) basis {V,},y of the identity e of G such that

p((y+Va) AVL) /Iyl — 0 asy — 0,

) is a Banach space [10].
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where A denotes the symmetric difference, a € (0,1) and y € G. Quek
and Yap showed that the above condition is not unduly restrictive. Example
of groups that have these properties are R*, T* (k > 1), the 0-dimensional
groups, etc.[19]. While x denotes the characteristic function, it is easy to
see that {en},cy is an approximate identity for L' (G) which is defined by

en =l (Vn)_1 xv, - For any f € L' (G) and § > 0, define
wi (f30) =sup {||ryf — fll, : |yl <6},
where 7, f(z) = f(z — y). Following Zygmund [25],Bloom [1] and Quek-Yap
[19], we define
Lip(ey1) = {feL'(G):wi(f;0)=0(8) }
liple, 1) = {f € Lip(e, 1) : w1 (f;0) = 0(6%) }.

These spaces are called as Lipschitz spaces and the function ||-[|, ;) defined
by
Iy f — flly

[ flo.1y = [IF1ly +sup a
(1) ! y#0 |yl

is a norm in both Lipschitz spaces. Quek and Yap in [19],Feichtinger in [6,7]
proved a series of results concerning Lipschitz spaces.

2. The space Al” (G)

Let G be a metrizable locally compact Abelian group, @ € (0,1) and 1 < p <
00, 1 < g < oo. We define the vector space Aiff] (G) by

A (@) = {f elin(a,)(@): FeLpa)(C)}
If one endows it with the norm
lip
1715 = 1wy + ||

where f € Al (G), then it is easy to see that AP (G) = lip (a,1)(G) N
A (p,q) (G) becomes a normed space.

Theorem 2.1. The space (Aifz (@), ||||Z’;) is a Banach space for p = q =

I, p=qgq=0orl<p<ool<qg< 0.

Proof. Assume that {f,},.y is a Cauchy sequence in Ai}fl (G). Clearly,

{fu}pen and {ﬁ} o are also Cauchy sequences in lip(a, 1) (G) and
ne

L(p,q) (@>7 respectively. Since lip (o, 1) (G) and L (p,q) (@) are Banach
spaces, there exist f € lip(a,1)(G) and g € L(p,q) (@) such that
1Fn = Fllazy = 0. llfo = fIl; = 0 and ]

ﬁ -9 — 0. Using Lemma 2.2 in
P.q
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[24], there exists a subsequence {ﬁ;} of {ﬁ} which converges to g
neN neN

almost everywhere. It follows from the inequality
|7 = 7 < 050 = 71 1= oy

;"; — ]?H — 0. Hence it is easly showed that ’

that ‘

f; - ﬂ‘oo — 0. There-

fore f = g, | fu — 2 — 0 and f € AP (G). Thus (Ag;‘}; (@), ||-H§jf;) is a
O

Banach space.

By using the propositions and lemmas proved in [19], one can easly
prove the following propositions.

Proposition 2.2. The space lip (o, 1) (G) is a Banach algebra with usual con-
volution product.

Proposition 2.3. The space lip (a, 1) (G) is strongly translation and character
1mvariant.

Proof. Tt is known that L' (G) is strongly translation invariant, i.e., 7,f €
LY (G) and ||, f|l, = |Ifll, for all z € G, f € L'(G). Let us take any
f €lip(a,1) (G) and = € G. Then for any £ > 0, there exits a . > 0 such
that

o
sup Imyf = £l _
yl<s 0%

whenever 0 < § < §.. For the same ¢ > 0, we have
D = Dl _ i =1
ly|<s o yl<s 0%
whenever 0 < § < d.. Therefore wy (75 f;9) = 0(6%), 7o f € lip (o, 1) (G) and

172 fll a1y = 11l a,):
Strongly character invariance of lip (a, 1) (G) can be seen in a similar
way. (Il

Proposition 2.4. The function © — 7T,f is continuous from G into
lip (o, 1) (G) for every f € lip (a, 1) (G).

Proposition 2.5. The space lip (a, 1) (G) has an approzimate identity {e,}
defined by e, = 1 (Vi) ™" xv, -

Proposition 2.6. The space lip (a, 1) (G) is a homogeneous Banach space.

neN

Proposition 2.7. The space lip (o, 1) (G) is an essential L' (G) —module.

Theorem 2.8. The space (Aiffl (@), ||||;”;) is a Banach module over L' (G)

and lip (o, 1) (G). Hence it is a Banach algebra with respect to the usual
convolution.
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Proof. Let f,g € Al (G) be given. Since the space lip (a,1) (G) is a Ba-
nach algebra under convolution, then f * g € lip(«a, 1) (G). Since f,’g\ €
L(p,q) (@), we have

o) = w{zel: [F@g@] >y}

= wl{re@: KG@I>yf =),
if sup f (z) = K. Therefore we get
reG
(Fa) w=mt{y>0: 00 <t} <K@ ®),
(78) =7 [ (78) @as<x@"
and so i
|F3) < Kl <swP@lal,, < || _ 8,
<

11l M1gll.q -

Thus, we obtain m € L(p,q) (@) and f*g € Agﬁ’] (G). Also, we have

l', —_—
1 #ally = % aliany + [T23]

IN

1711y Nl oy + 73]

11y 19y + 11 11,
li li li

1wy Nl < 7155 Nl

for any f,g € AZZ (G). d

IA

IN

By Proposition 2.3 in [19], Proposition 2.2 and Proposition 2.3, the
following can be easily proved.

Proposition 2.9. The space (Agﬁ’z (@), ||||;”;) is strongly translation invariant

and the function x — T1,f is continuous from G into Aiff; (G) for every
fe Aiff(’l (G).

Proposition 2.10. The space (Aiff(’l (G),HHSZ) is a homogeneous Banach
space.

Proposition 2.11. The space (Agf,’] (@), ||||;ff]) is strongly character invari-

ant.
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Proposition 2.12. The space (Aiff; (G), H||;”;> is a semi-simple Banach al-

gebra.

Proof. Let f € Afjf] (@) be given. It will be sufficient to show that f = 0

whenever H]?H = 0. Since A?f] (G) is a commutative Banach algebra by
Theorem 2.8, it is known that

1
i (1715%)" = 7.,
Moreover, we have
1 1 PN
L IE < 00 < (17 055)
and

% . nlip %
i <tim (1) "

lim || f"

If we set

tim 71 = 7],

71 <Al

!/
Since Hf” =0, then Hf‘ = 0. Also, since L!(G) is semi-simple [14], then
f=0. = 0

then we have the inequality

Theorem 2.13. The space AL? (G) is an essential Banach L'(G)—module.

Proof. In view of Lemma 4.1 in [8], it will be sufficient to show that any
bounded approximate identity {eq},c; of L'(G) which belongs to

AE = {f € LY (G) : supp ]?compact}

is also an approximate identity for AL? (G). Let f € A2 (G) C lip (o, 1) C
L'(G). By the same Lemma, the bounded approximate identity {es},c; C
A¥ is also an approximate identity for L!(G), and so, for any given £ > 0,
we have |leq * f — f||; < e for sufficiently large . For each o € I, [[eq||; =1
implies that sup ||é5 ||, < 1. Hence, for any g € L*(G), the inequality

[e%

9l11 —eal < l7—geallx < llg —g*eall; =0

implies uniformly convergence of {€4},; to 1 over compact sets. Since fe

L(p,q) (@) , we can choose a compact set K C G such that

= rfxg

HA ~

_€
pg 8
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and the local convergence to 1 implies that one can find an agy with

HaXf( - Xf?Hm < _ for all o > «ag.
)7

P.q
Altogether,
£ =], = 7=l 21
P.q P.q
<|[F-TFxe|| [P - Pea| +|Pees - Fea
P.q P.q P.q
<@l |F-Peg| |7 s - Xzl
P.q P.q
<€ n € €
4 4 2
for all a > «g. Also it is known that
€
If = f*ea”(ag) < 5 (2.2)

for any f € lip («, 1) by Proposition 2.4. Finally, by using (2.1) and (2.2), we
obtain

17 =T weallly = 17 =F*eallun + |7 Zeaxt|

€ €
< 5 + 5 =€
for all & > . Therefore it follows that ||f — f * eaHZ’;
Al (@). Consequently, AL? (G) is an essential Banach module by Module

Factorization Theorem in [9]. This means (AL? (G))e = Alir (@). O

— 0 for any f €
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