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BLENDING SURFACES ON CIRCULAR DOMAINS GENERATED
BY HERMITE INTERPOLATION

MARIUS BIROU

Abstract. In this article we use the univariate Hermite interpolation to
construct the surfaces on circular domains. The surfaces match given cir-
cles. We study the parabolical points of these surfaces. Some examples
and graphs are given. These surfaces can be used in civil engineering or in
Computer Aided Geometric Design (CAGD).

1. Introduction

The blending surfaces have been created by Coons S.A. [7]. These surfaces
match a given curve. They can be used in civil engineering (roof-surfaces for large
halls) or in Computer Aided Geometric Design (CAGD).

In some previous papers there were constructed the blending surfaces on the
rectangular or triangular domains (see [2]-[6]). In [1] we constructed the blending sur-
faces on circular domain using Lagrange interpolation. In this paper we use Hermite
interpolation to get the surfaces which match the given circles. We give the explicit
and the parametrical representations for these surfaces. We study the position of the

parabolical points because the maximal stress holds in these points (see [3], [5], [6],

[9])-

2. Comnstruction of the surfaces

Let 0=y <y <..<y—1<yr=a,s; €N, j=0,1, ajy €R, 5=0,[,
g=1,s; and f:[0,a] — R a function with the properties

f(0)=h>0,f(a) =0,
fly) =h; > 0,5 =1,1-1, (2.1)
FO(y;) = ajg.j = 0,1, =T,s;.
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Let the univariate Hermite function
Z 5 b))
7=0 ¢=0
with n =1+ sp + ... + s;. The cardinal functions are given by (see [10])

_ 2.\ Si—4 . \o (o) .
ww-wvﬂwzw[ ! } J=0lq=03

¢ = v W) ]y,

where
vi(y) = v(y)/(y —y;)> ™

with
l

TORS | (TREhs

3=0
Taking into account (2.1) we obtain

l Sj
- Zzhjq( Y)jq +Zhgo Yhj + hoo(y)h. (2.2)

§=0 q=1
The function (2.2) has the properties
(Hn f)(0) = h, (Hyf)(a) =
(Hnf)(y;) = hj» = 1,1—1
( ) ( )_aqu —O,l,q—l,S
Let D = {(X,Y) e R} X?*+Y? < a?}and C; = {(X,Y) € R?|X?+Y?2 = ¢?},
j=1,n—1in the XOY plane.
If we make the substitution
y=VX2+Y2 (2.3)
n (2.2), we obtain the surfaces

-1
ZZhM X2+ Y2+ Y hjo(VX2+Y2)hi+  (24)

Jj=0g¢=1 j=1
Fhoo(VX2+Y2)h, X24+V2<a2
The surfaces (2.4) have the properties
Flop =0,
Fle, =hj,j=Tn—1,
F(0,0) = h.
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It follows that the surfaces F' match the circle X2 +Y2 = a2, Z =0 (the surfaces are
staying on the border of domain D), the circles X2 +Y?2 = yJQ-, Z=hjforj=1,n-1

and the height of the surfaces in the center of domain D is h.

We can give a parametrical representation for the surfaces

X = ucosv

Y = usinwv

l Sj -1
Z =3 > hjg(w)ajq + > hjo(u)h; + hoo(u)h
j=04=1 i=1

3. Parabolical points
If we take ago = h, 50 = h7, j=1,1—1,0 = 0 we obtain
Z Z hia(V X2+ Y?)ay,.
§=0 ¢=0
The parabolical points of the surfaces F satisfy the condition
Fxx(X,Y)Fyy(X,Y) - (Fxy(X,Y))? =0
The second partial derivatives of the function F can be expressed by

Fxx(X,Y) X2+Y2 ZZh” VX2 +Y2)aj+
7=0 q=0

Y?
ey S S (VR Vo

7=0 q=0
Fxy(X,Y) = X2+Y222h VX2 +Y2)a -
7=0 ¢=0
2 2
X2+Y2 ZZh VX2 £ Y2)ay,
7=0 ¢=0

Fyy(X,Y) X2—|—Y2 ZZh” VX2 +Y2)a .+
=0 gq=0

X2
+722h VX2 +Y?)ay,
(X24+Y?)2 o

if (X,Y) # (0,0). From (3.1) and (3.2)-(3.4) we obtain

€ [0,a],v €

[0, 27].

(3.1)

(3.2)

(3.3)

(3.4)

\/ﬁ Zzh VX Yy, Zzh VX2 +Y2)ay, | =0.

j=0q=0 j=0q¢=0
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We consider the following two polynomial equations with unknown y

l Sj
DO W ()aj, =0, (3.5)

=0 q=0

I 55
33 was, = 0. (3.6)
j=0 q=0

If the equations have no roots in [0, a] then the surfaces generated by function F have
no parabolical points. If y =7 € (0, a] is a solution for one of the equations (3.5) or
(3.6), the surfaces have parabolical points of which projections on XQOY plane are the
circle X2 + Y2 =32 If § = 0 then the point (0,0, h) is the parabolical point of the
surfaces if

lim h X2+Y2)a b (VX2 4+Y?)a
e zz VAT )ay, zz VAT )ay,

(3.7)
is zero. It is important to study the position of the parabolical points. The maximal
stress holds in these points. The surfaces are more resistent if the projection of
parabolical points are situated as closed as possible to the border, if possible just on
the border or outside of domain (see [6], [9]). We can give conditions on parameters

oy to control the position of the parabolical points.

4. Examples

We study the parabolical points in two particular cases.
First, we take [ = 1, sg = 1, s3 = 0. We have
2 2
hoo(y) = =% + 1, hor(y) = == + .
a a
From (2.4), it follows that the surface is given by
X?+v?
—+
a

X2 4+v?

ﬁ(X,Y>—<— X2+Y2) O‘°1+<‘T“> h, X2 +Y? <a?

It has the properties
Filop =0, F1(0,0) = h.
The equations (3.5) and (3.6) become
2 2
<—ﬁh—50401>y+0401 =0 (4.1)
2 2

_Eh — ~an = 0 (4.2)
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Let y = ﬁ We have the following cases:

i) If gy = —2 then the relation (4.2) holds. It follows that all the points of the
surface are parabolical points.

il) If apy < —% or ag; > 0 the equation (4.1) has the solution y = 7 in interval
(0,a). It follows that the surface has parabolical points of which projections are
situated on a circle, inside of domain D.

iil) If apr = —% then y = a is the solution of the equation (4.1). The parabolical
points are on the border of domain D.

iv) If apr € (=22, —2) then the equation (4.1) has the solution y = 7 > a. The
surface has no parabolical points.

v) If a1 € (—2,0) the equation (4.1) has the solution y = § < 0. The surface has
no parabolical points.

vi) If ap; = 0 then y = 0 is the solution of the equation (4.1). The limit (3.7) is

different to zero. It follows that the surface has no parabolical points.

In Figure 1 we plot the surface Fvl for a =3, h = 5 and some values of ag;.

In second case, we take [ =1, sg =0, s; = 1. We have

2 2
Yy Yy Yy
hoo(y) = P 25 +1,hu(y) = oY

From (2.4) we get the surface

~ X24+Y? X24+Y? VX24Y2
FQ(X,Y)—(;_\/X2+Y2>Q11+< + -2 + +1> h,

a a? a

X?+Y?<a®
The surface has the properties
Fylop = 0, F3(0,0) = h.
The equations (3.5) and (3.6) become

2 2 2
(—2h+—a11)y——h—a11 =0 (4.3)
a a a

2 2
;h + Eall =0 (4.4)
Let y = % We have the following cases:
i) If a1 = —2 then the relation (4.4) holds. It follows that all the points of the

surface are parabolical points.
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FIGURE 1. The surface F} for a = 3 and h
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ii)

iii)

iv)

vi)
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If a; < —% or ap1 > 0 the equation (4.3) has the solution y = 7 in interval
(0,a). The surface has parabolical points of which projections are situated on a
circle, inside of domain D.

If ay; = —22 then y = 0 is solution of the equation (4.3). The limit (3.7) is
different to zero. It follows that the surface has no parabolical points.

If a1 € (—22,—2) then the equation (4.3) has the solution y = 7 < 0. It
follows that the surface has no parabolical points.

If ai; € (—2,0) the equation (4.3) has the solution y = > a. The surface has
no parabolical points.

If aq; = 0 then y = a is the solution of the equation (4.3). The parabolical
points of the surface are on the border of domain D.

In Figure 2 we plot the surface FVQ for a = 3, h = 5 and some values of aq;.
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