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VORONOVSKAYA TYPE THEOREMS FOR SMOOTH PICARD
AND GAUSS-WEIERSTRASS SINGULAR OPERATORS

GEORGE A. ANASTASSIOU AND RAZVAN A. MEZEI

Abstract. In this article we continue with the study of approximation
properties of smooth Picard singular integral operators and smooth Gauss-
Weierstrass singular integral operators over the real line. We produce some
Voronovskaya type theorems and give some quantitative results regarding
the rate of convergence of the above mentioned singular integral operators.

1. Introduction

We are motivated by the approximation properties of Picard and Gauss-
Weierstrass singular integrals of a function f defined by the following

Pe(fiz) = 2*15/7 fla+y)e™W/edy, (1.1)
We(fiz) = % / f(@ + e ey, (1.2)

for all z € R, £ > 0, see [5], chp. 16, 17, and [4], chp. 21, and [6].

Next we mention the smooth Picard singular integral operators P ¢(f;x) and
the smooth Gauss-Weierstrass singular integral operators W, ¢(f;z) defined next,
basic approximation properties of them were studied in [1], [2], [3], [7], [8] and [9].

For r € N and n € Z; we set

(_1)T_J(;).7_n? .] = 15"'ara
RIS (r)j—", j=0, (13)
i=1 J

.
that is > o = 1.
=0
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Let f : R — R be such that f(™ exists and it is bounded and Lebesgue
measurable. We define for x € R, £ > 0 the Lebesgue singular integrals

Pr,g(f;x):zlg/oo > ajf(x+jt) | e et (1.4)
o \ 5
and

Wre(f:2) r/ Z%f 2+ jt) | et at. (1.5)

Note 1.1. The operators P, ¢ and W, ¢ are not, in general, positive, see [1] and [7]
respectively.
Note 1.2. In particular we have P ¢ = Pr and Wy ¢ = We.

In Section 2 we will give some elementary properties of the integrals defined in
(1.4) and (1.5). Then, in Section 3, we will prove some Voronovskaya type asymptotic
theorems, see also [11].

2. Auxiliary result

From (1.4) and (1.5) we also obtain

Pe(f;x) Z%aj/ fla+ jt)e1Veat, (2.1)
and

Wie(f; ) Z\ﬁ / Fx+ jt)e " /edt. (2.2)

By means of elementary calculations, we obtain
Lemma 2.1. For every n € Ny, and £ > 0, we have

I, ::/ e tEdt = nlent, (2.3)
0
and
"3 .1 (noly) n — odd
I —/ ne /gy S 3/;( : >’n. (2.4)
o g VI L (a7 even
Proof. Easy. O
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3. Results

We present first our main result.
Theorem 3.1. Let f : R — R be such that f(™exists, n € N, and is bounded and
Lebesgue measurable on R, and let £ — 0+, 0 < o < 1. Then

n lJ
Pre(f;) Z F (@ Za 77| €M 4 0(€77), (3.1)

and

%J f2m) o
Z%J " +o(¢7). (3.2)

|
Wr,f(f;x) _f(x) = Z

m'22m

Proof. We notice by i 75 e t/8dt =1 and ﬁ 1= e=t*/8dt = 1, that P ¢(c,z) =
¢, Wy ¢e(e,x) = ¢, for any c constant, and therefore (see also [7] and [2], formula (3.3)

there) we have

Prefin) = 50 = 3¢ [ Lo | trin - sy @y
j=0 oo
and
Wye(f:) — Z% / flotit) — f@)e ] . (3.4)

Using Taylor’s formula for f, we have
n—1

(k: (n)
flx+jt) = Z f f ( ) (", (3.5)

with v between z and x + jt.
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‘We obtain

n!

55 N =N )
Pr,5<f;x>—f<x>‘=)21§(zaj / sz @) oy 4 L200 <jt>"]

1 r oo | p(k) ) (n) ) B
= 5 ( a; [m [Z f k!(ff)jktk+ f n!(W’)Jntnl . |t/§dt)

3"y ym—lil/e
26! /Wf (7)t"e dt|,

and

(n)

!

4 " o0 ) (g
Woelfio) - fl0) 2 (Zaj | w(LZ_Of ) (o g

r oo [n—1 n
- ;ﬁ( a / [Z f(k,ifx) ut)’u—f(;f” (jt)"] et%dt)

k=1

T n—1
1 FB@) 4 ([ ¢
B wf( jlz i J(/ re /dt)
j=1 k=1 o

Q
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T

5]
(24 1 FCM(2) gy 2mir /T
“m(zw{z e

j=1 m=1

3% )yt
+F f (’Y)t e dt

r LanlJ -2m ¢m
— ZO[A Z f(zm)(x)]Q 5 f(n) tn —t /édt
Jj=1 ’ m=1 m'22m v TL'

Therefore we have obtained

I_nglj .

m=1

R PN L A B Y
f;aj%n! /ﬂof (y)t"e dt, (3.6)

and

Wt X 10 (S ) o
j=1

_ gt (1) (g7 =t /€
=) « f (7)t"e dt. (3.7)
Hence
A& . :é ( rg(f’ Z £2mf2m )(ZQJJQm)]
m=1 j=1

= 2 :a] 2£n+1 |/ f(n ( )t"e—“‘/&dt

1
- - in (n) n,—[t|/€
- ingnﬂ/ (E :04 iJ" f )t e dt

Jj=1
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and
) [=2*]
Ap = g Wi @) = 30 €@ oo Za;a
_ (n) n _—t /{
Z \ﬁg n'/ FO (et /eat
_ 1 n,—t?/¢
— \/75 / (Za]j )t e dt
_ v S i () s n—t?/€
s [ (o Oy ecea .
Call
Do, 1) = (1) () 7). (3.10)
=1 :
Thus
Ae = 271'%“ V_Oo @n(x,t)t”e_“/fdt} , (3.11)
and
o1 = ne—t2/¢ }
A¢ N {/w D, (x,t)t"e dt| . (3.12)

Using Holder’s inequality we obtain

1 o0
| A It [/Oo

IN

1

< 2nén+1 (/OO (@l ltl/<2€>)2dt) </OO( /29)) dt)

N 2n!§1n+1 (/O:C @7 (2,1) lt/gdlﬁ)é (2(2m)1g2 1)

= (Tin)‘ (215 /_O; 2 (x t)e"”“dt)é

N R
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and
\Az < % [/m <I>n(:c,t)tne—tz/(zs)e—tz/(zf)‘dt]
VrE€z nl -
1 > 2 2 3 o0 5 2 3
< e ([ (mtmoe o) ) ([ (e re9) )
w&& 2 n! —0 —c0
L (eennt g :
n): 2
= o P2 (z,t)e ™" /4dt
g%n' <22n (n)|> < /7Tf ‘/_OO n(l.v )6
1 1
1\ 2 S 2
_ \/E (271) 1 @2 (x,t)eiﬁ/gdt . (314)
wer ) \VRe L
So far we have obtained
1
2 1 [ 2
2= () (5 [ wdene ) (3.15)
and ) 1
* \/E (271)' 2 1 > 42 2
|Af| < o | o \/7?5/ 2 (x,t)et/5dt) . (3.16)
! ! e
Since we assumed that f(™) exists and it is bounded and it is Lebesgue measurable,
we obtain
Hf(") < M, for some M > 0.
Therefore
" (r
o t)] < (20) M
— \J
J
= 2'-1)M. (3.17)
Hence
1 [ 3 3
(25 / @i(x,we—t'/fdt) < (2 -1)M ( / e—twdt)
= 2" -1)M, (3.18)
and
1 o0 3 1 1
— | e tat) < @ -D)M(— [ e Vfa
\/ﬂ-f /—oo " ’ T —oo
= 2'-1)M. (3.19)
Therefore
, 2n
|Agl < (2"—-1)M (n) =: )\, (3.20)
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and
) 2
A < (27 - 1)Mn\§n <(2n') > = \ENE. (3.21)
Consequently we get (0 < a < 1)
7t r
o (Prclfia) = f@) = 3 €7 @) (Y ai || <a¢m =0, (32)
m=1 j=1

as & — 04, and

n—1
1 LT n f(Qm) 2 * %
e (Wre(fsz) = fla) = Y ¢ m,22m Z%J ml<AteE =0, (3.23)
2
m=1
as & — 0+ .
Notice that n — 1 — 2m > 0 and also ”7’1777120.
From the last we conclude the claims of the theorem. O

Corollary 3.2. (n =1 case) Let f such that f’exists and it is bounded and Lebesgue
measurable on R. Let £ — 04, 0 < a < 1. Then

Pre(fiz)— f(z) =0 (), (3.24)
and

Wre(fiz) — f(z) =0 (fl_Ta) : (3.25)
Proof. In Theorem 3.1, we place n = 1. ]

Corollary 3.3. (n = 2 case) Let f such that f”exists and it is bounded and
Lebesgue measurable on R. Let £ — 04, 0 < o < 1. Then

Pre(f;x) = f(z) =0 (£279), (3.26)
and

We(f;x) = fx) =0 (%), (3.27)
Proof. In Theorem 3.1, we place n = 2. O

Corollary 3.4. (n = 3 case) Let f such that f®) exists and it is bounded and
Lebesgue measurable on R. Let £ — 04, 0 < a < 1. Then

Pre(fix) = flo) = Ef" (@ Z%J o(€37), (3.28)
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and

Woelfia) - £o) = L0 (a2 ) o), (3.29)

Proof. In Theorem 3.1, we place n = 3. ]

Corollary 3.5. (n = 4 case) Let f such that f(!) exists and it is bounded and
Lebesgue measurable on R. Let £ — 04, 0 < a < 1. Then

Pre(fix) = f(a) = €f"(@) ilajf +ol¢h) (3.30)
and J

Weethia) = 5() = L (S0t ) +ote9). (3.31)
Proof. Tn Theorem 3.1, we place n — 4. "~ 0
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