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INFINITELY MANY SOLUTION FOR A NONLINEAR NAVIER
BOUNDARY VALUE PROBLEM INVOLVING THE p-BIHARMONIC

PASQUALE CANDITO AND ROBERTO LIVREA

Abstract. The existence of infinitely many solutions is established for a
class of nonlinear elliptic equations involving the p-biharmonic operator
and under Navier boundary value conditions. The approach adopted is
fully based on critical point theory.

1. Introduction

In this paper, we are interested in studying the existence of infinitely many
solutions for the following nonlinear elliptic Navier boundary value problem involving

the p-biharmonic

{ A(lAuf~?Au) = Af(2,u)  in € (1.1)

u=Au=0 OnaQ,

where (2 is an open bounded subset of R" with a smooth enough boundary 052,
(N >1), p>max{1, N/2}, A is the usual Laplace operator, ) is a positive parameter
and f € C°(Q x R).

In these latest years, many authors looked for multiple solutions of boundary
value problems involving biharmonic and p-biharmonic type operators, see for instance
[5], [11], [12], [14] and the references cited therein.

More precisely, in [10], assuming that f(x,-) is odd and by using the Sym-
metric Mountain Pass Theorem of Ambrosetti-Rabinowitz, the existence of infinitely
many solutions for nonlinear elliptic equations with a general p-biharmonic type op-
erator and under either Navier or Dirichlet boundary conditions has been obtained.
In [9], see also [13], requiring that the nonlinearity f is the sum of an odd term
and a non-odd perturbation, via perturbation theory, the existence of infinitely many
sign-changing solutions for problem (1.1) for p = 2 and N > 5 has been established.
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Moreover, in such frameworks, some additional suitable growth conditions, for exam-
ple that f is p-sublinear at zero and p-superlinear at infinity, are supposed.

Here, we achieve our goal under different assumptions on f which turn out
to be mutually independent with respect to those adopted on the above mentioned
papers, see Examples 3.3 and 3.7. In particular, we obtain well precise intervals of
parameters such that problem (1.1) admits either an unbounded sequence of solutions
(Theorem 3.1) provided that f has a suitable behaviour at infinity or a sequence of
non-zero solutions (Theorem 3.8) strongly converging to zero if a similar behaviour
occurs at zero. Moreover, we explicitly observe that in the autonomous case (Theorem
3.4) our conclusions are sharped (Remark 3.5).

On the other hand, it is worth noticing that the results contained in [4], where
the authors required that the nonlinearity changes sign in a suitable way, are included
in the case & = 0 and 8 = oo treated here (Remark 3.2), where the nonlinearity can
also be nonnegative (Corollary 3.6). This is due to the fact that we use a more precise
version of Ricceri’s variational principle [7], given by Bonanno and Molica Bisci in [1].
Very recently, the same approach adopted here has also been followed in [3] to look
for infinitely many solutions for a fourth order equation in the one dimensional case
which, as particular case, contains problem (1.1) with p = 2.

For general references and for a complete and exhaustive overview on varia-

tional methods we refer the reader to the excellent monographs [6] and [8].

2. Preliminaries

Here and in the sequel {2 is an open bounded subset of RY (N > 1), p >
max{1, N/2}, while X denotes the space W2?(Q2) N W, *(2) endowed with the norm

ul| = (/Q|Au(x)|pdx)l/p Vu € X, (2.1)

The Rellich Kondrachov Theorem assures that X is compactly imbedded in C°((),
being

HUHCO(Q)

k:= sup < 400. (2.2)

wex\{oy  |ull
Let f € C°(Q2 x R) and let us put

Fla,1) ::/O F@,6)de Y(z,t) € A x R.

For our approach we will use the functionals ®, ¥ : X — R defined by putting

B(u) ::]1)||u||p, W (u) ::/QF(x,u(x))dx
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for every u € X. It is simple to verify that ® and ¥ are well defined, as well as Gateaux
differentiable. Moreover, in view of the fact that ® is continuous and convex, it turns
out sequentially weakly lower semicontinuous, while, since ¥ has compact derivative,

it results sequentially weakly continuous. In particular, one has

&' (u)(v) = Q|Au(a:)|p_2Au(x)Av(x)dx, \I"(u)(v)z/ﬂf(a:,u(x))v(m)dx

for every u,v € X.

We explicitly observe that, in view of (2.2), one has that, for every r > 0
P —oo,r))i={ue X: ®u)<r}C{uecC®Q): |julc < k(pr)l/p}. (2.3)

Finally, if we recall that a weak solution of problem (1.1) is a function u € X such
that

/Q |Au(z) P2 Au(z) Av(x)dr — )\/Qf(m,u(a:))v(x)dx =0 YvelX,

it is obvious that our goal is to find critical points of the functional ® — A\W. For this
aim, our main tool is a general critical points theorem due to Bonanno and Molica
Bisci (see [1]) that is a generalization of a previous result of Ricceri [7] and that here

we state in a smooth version for the reader’s convenience.

Theorem 2.1. Let X be a reflexive real Banach space, let &, ¥ : X — R be two
Gateaux differentiable functionals such that ® is sequentially weakly lower semicon-
tinuous and coercive and WV is sequentially weakly upper semicontinuous. For every
r > infx ®, let us put

( ) f (Supve'ibfl(]—oo,r[) \II(U)) - \IJ(U)
r)i= m

v u€P—1(]—o0,r) r— (I)(’LL)

and

v :=liminf p(r), d:= liminf (7).

r—+o00 r—(infx ®)+
Then, one has

(a) for every r > infx ® and every X € }0, ﬁ [, the restriction of the func-
tional Iy = ® — AU to ®~1(] — co,7[) admits a global minimum, which is
a critical point (local minimum) of Iy in X.

(b) If v < 400 then, for each A € }0, % [, the following alternative holds:
either
(b1) I possesses a global minimum,
or
(ba) there is a sequence {u,} of critical points (local minima) of I such
that lim,— 4 oo P(u,) = 4o00.
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(¢c) If 6 < 400 then, for each A € ]O, % [, the following alternative holds:
either
(c1) there is a global minimum of ® which is a local minimum of Iy,
or
(co) there is a sequence of pairwise distinct critical points (local minima)

of I which weakly converges to a global minimum of ®.

3. Main results

Fixed 20 € Q, let us pick 0 < s; < s such that B(x?,s5) C © and put

. r+3) (s%—s%)p L 3.1)

mN/2 2Nk s — sV’

where I" denotes the Gamma function and k is defined in (2.2).
Theorem 3.1. Assume that

(i1) F(x,t) >0 for every (z,t) € Q x [0, +00];
(iz) There exist z° € X, 0 < 51 < so as considered in (3.1) such that, if we

put
F ) d 205 F(fE, t)dﬁC
« := lim inf fQ maxjg|<t (,¢) I7 3 := lim sup fB( Y,51) 7
t—-+o0 tpP oo tp
one has
a < LS. (3.2)

1 1 1
Then, for every A € A := pk?’} L—ﬂ, > [ problem (1.1) admits an unbounded sequence
of weak solutions.
Proof.  With the purpose of applying Theorem 2.1, we begin observing that, for
every r > 0, taking in mind (2.3), one has

SUPg—1(—cor) ¥ _ Jo MAX|g<hpryire F(@, )do

p(r) < ; < . (3.3)

At this point, we consider a sequence {t,} of positive numbers such that ¢, — +oo

and

i Jo B ez P dz_ (3.4)

n—-—4o0o tﬁ

(%)". Putting together (3.3), (3.4) and (3.2)

For every n € N let us consider r, = %

one has

v < hmmfcp(rn) Spkp lim fQ max‘f‘ftn F(I,f)dl‘

n—-+oo n—-+oo th

< +o0. (3.5)
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Moreover, we can also observe that, owing to (3.4) and (3.5),
1
aclol].
v

® — AU is unbounded from below. (3.6)

Fix A € A and claim that

Indeed, since % < pkPLf, we can consider a sequence {7,} of positive numbers and
1 > 0 such that 7, — +o00 and

1 I} oy Flx,m)dx

F << pkP L B(20,51) 5 (3.7)

Tn

for every n € N large enough. Let {w,} be a sequence in X defined by putting

Tn if z € B(2Y, s1)
wa(@) = Flsd - Ul (i —al)?]  ifw € B s2)\Bas1)  (38)
0 if 2 € Q\ B(2°,s2).
Fixed n € N, a simple computation shows that
1/ 2N7, \* aN/2 TP
d(wy,) = ~ = N—sy= -1, :
(wn) D (3% - s%) I'(1+N/2) (s2 — 1) pkPL (3:9)

On the other hand, thanks to assumption (i), one has

\Il(wn):/QF(x,wn(x))dxz/ F(z,1,)dz. (3.10)

B(z%,s1)

According to (3.9), (3.10) and (3.7) we achieve

s T
d(w,) — A\ (w,) < —2— — )\ F(x,1,)d n_(1—-X
(wa) = A (wn) < /B() (2, 7o) < i (1= )

for every n € N large enough. Hence, (3.6) holds.

The alternative of Theorem 2.1 (case (b)) assures the existence of an unbounded
sequence {uy} of critical points of the functional ® — A¥ and the proof is complete
in view of the considerations made in the previous section. O
Remark 3.2. We explicitly observe that it is easier to verify assumption (3.2) pro-
vided that o = 0 and 8 = +oo and of course in this case the interval A becomes
10, 4+o00[. This situations occurs, for instance, in [4].

Example 3.3. Let © be an open, bounded subset of R? and g € C°(Q) \ {0} a
nonnegative function. Put

ay = e™, by i=e™ +n, en = (an +b,)/2, dp = (bn + any1)/2
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for every n € N* := N\ {0} and define the following function

b t—cp .
Z’I’LGN* 1[an7bn[ Cn —na,” (1 - Ln 7Ca7ll ) lf t € UTLEN* [a”l’H b’I’L [7
— —b* —d,, .
h(t) := ZnEN* 1[bn,an+1[dn—nbn (1 - J;ltn—bn‘) if t € Unens[bn; anta,
0 otherwise ,

where the symbol 1(,. , denotes the characteristic function of the interval [r,s[. A

qualitative graph of h is shown in the figure below.

7000 ! R
6000 - N
5000 - N
4000 N
3000 - N
2000 - N

1000 - k_// \ .
0 pb———— o
~1000 | \//’/ s

Moreover, let us put

f(z,t) :== g(x)h(t), (3.11)

for every (z,t) € Q x R. Hence, one has that
t
Fa.t) = [ f@.0d = g()H ()
0
for every (z,t) € Q x R, where
t
H(t) = / h(r)dr vVt € R.
0
It is easy to verify that, for every n € N*,

by Qn 41
/ h(t)dr = b2 and / h(r)dr = —b?.
an bn,
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From this, a simple computation gives

Ha) =0, [ max Fa§)ds = H(bw) [ gado =} [ gla)d.

Hence,

b4
ag/g(x)dac lim —*— =0.
Q

n—-+oo a‘n+1

Moreover, let z° € Q such that g(z°) > 0, fix s; > 0 such that B(z% s;) C Q and
g(z) > 0 for every x € B(z?,s1), one has

52/ g(z)dx lim H(bn)
B(z%,s1)

3
n—-+4oo n

= +o00.

Applying Theorem 3.1, we can conclude that, for every A > 0 the following problem

A(|AulAu) = Ag(x)h(u) in Q
u=Au=0 on 012,

admits an unbounded sequence of weak solutions.

In order to give the best formulation of the previous Theorem 3.1 in the
autonomous case, let us observe that the function s : Q — RS‘ defined by

s(x) = d(x,00) Vr € Q
is Lipschitz continuous. Hence, there exists 3" € Q such that

5= s(y") = maxs(@),
that is 5 is the biggest possible radius among all the balls contained in €.
Moreover, let i €]0,1[ be the point where the function % attains its
maximum in |0, 1[.
Theorem 3.4. Let h: R — R be a continuous function such that:

(iy) H(t) = fot h(§)dxz > 0 for every t € [0, +00];

(ig)l Put
max H(t H(t
o ::liminfL(), 8 = 1imsupﬁ,
t—+o00 tP t——+oo tP
one has
o < L'F
where

R G e

L=
@NRPI] 1N

(3.12)
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Then, for every A €

1 1 1
Y ] L/—ﬂ,, a’[ the following problem

(3.13)

A(|Au|P~2Au) = Mh(u) in Q
u = Au = O on 697

admits an unbounded sequence of weak solutions.

Proof. Put 2° = 4% sy = 5, s1 = ji5 and f(x,t) = h(t) for every (t,z) € Q x R.
Obviously (i)’ implies (i;). Moreover,

N/2 QIT(1+ N/2

=0\ NV 3/ —
1+ y2) T2 (is) ¥
Hence, in view of (i), one has
a<|QL'F = LB,

that is (iz) holds and the conclusion follows directly from Theorem 3.1. g

Remark 3.5. It is worth noticing that in our framework, whenever 3’ < 400, taking

in mind the properties of 5 and fi, the choice of such a L’ is the best possible.
An immediate consequence of Theorem 3.4 is the following

Corollary 3.6. Let h: R — R be a continuous and nonnegative function such that

H(t Hi(t
lim inf ti) < L'limsup i) (3.14)

t—+o0 totoo P
being L' defined in (3.12). Then, for every

1 1

. ? . . ?
L'limsup,_, , % liminf; 4o %

1
pkP[Q|

Ae N =

problem (3.13) admits an unbounded sequence of weak solutions.

Proof. 1t follows from Theorem 3.4 observing that, in view of the nonnegativity of

h, (i1)’ holds and o’ = liminf;_, Ht,(f). O

Example 3.7. Let Q =]0,4[, p=2 and h: R — R be a function defined by putting

W) = 2t (1 + 2sin®(Int) + 2sin(Int) cos(Int))  if ¢ €]0, +o0],
1o if t €] — 00,0].

Obviously, h is continuous and nonnegative. Moreover,

[ | (1 +2sin’(lnt))  if ¢ €]0, 400,
HE) = /0 hle)dt = { 0 if t €] — 00,0).

48



p-BIHARMONIC

Hence, putted a,, = ™" and b,, = e for every n € N, one has that

liminf@< lim H{an)

minf =5 < lim =5 =1 (3.15)
and
liril_'s—gop ipt) > n_'>+oo H{Egn) =3. (3.16)
In view of Proposition 2.1 of [2], one has that
k<2 (3.17)
2m
Hence, from (3.12), (3.17) and the definition of f, it follows that
U= La0-pa+p2s 2 (3.18)
k2 4

Putting together (3.15), (3.16) and the definition of L', it is simple to verify that
condition (3.14) holds, as well as
2 72
P A
}27’ 2 {C

Finally, applying Corollary 3.6, one has that for every A € }2—27, %2[ the following
problem

u® = \h(u) in 10, 4],

u(0) = u(4) =0,

u’(0) =u"(4) =0,
admits an unbounded sequence of weak solutions.

Similar reasonings assure the existence of infinitely many weak solutions to
problem (1.1) converging at zero. More precisely, the following result holds.

Theorem 3.8. Assume that (i1) is satisfied. Suppose that
(j2) There exist 2° € X, 0 < s1 < sz as considered in (3.1) such that, if we
put

Jo maxe|<; F(z,&)dx fB(mo,sl) F(z,t)dz

a¥ := lim inf (% := limsup

t—0+ tP ’ 0t tr ’
one has
a® < Lp°. (3.19)
Then, for every A € p%hlﬁo,ﬁ[ problem (1.1) admits a sequence {u,} of weak

solutions such that u,, — 0.
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Proof.  Once observed that miny ® = ®(0) = 0, let {¢,} be a sequence of positive

numbers such that ¢, — 01 and

i Jomax¢| <, F(z,&)dx

=a’ < +o0. (3.20)

Putting r,, = % (%)p for every n € N and working as in the proof of Theorem 3.1, it

follows that § < +oo.
1

Fix now A € 5] 750, 5ol and claim that

® — AU has not a local minimum at zero. (3.21)

Let {7,} be a sequence of positive numbers and 5 > 0 such that 7, — 07 and

1 I 0.5, F(z,7,)dx
L <n<pRL ( )75 (3.22)

for every n € N large enough. Let {w,} be the sequence in X defined in (3.8).
Putting together (3.9), (3.10) and (3.22) we achieve

h
pkP L
for every n € N large enough, that implies claim (3.21) in view of the fact that

B(wp) — ANV (wy) < (1-Ay) < 0= ®(0) — AT(0)

[[wn]| — 0.
The alternative of Theorem 2.1 (case (c¢)) completes the proof. O

Remark 3.9. In the same spirit of the previous Theorem 3.8, it could be possible to
obtain suitable versions of Theorem 3.4, as well as Corollary 3.6, when the ‘lim inf” and
the ‘lim sup’ are considered for ¢ — 0T, in order to assure the existence of arbitrarily

small weak solutions of problem (3.13).

References

[1] Bonanno, G., Molica Bisci, G., Infinitely many solutions for a boundary value problem
with discontinuous nonlinearities, Bound. Value Probl., 2009 (2009), 1-20.

[2] Bonanno, G., Di Bella, B., A boundary value problem for a fourth-order elastic beam
equation, J. Math. Anal. Appl., 343 (2008), 1166-1176.

[3] Bonanno, G., Di Bella, B., Infinitely many solutions for a fourth-order elastic beam
equation, submitted.

[4] Guo, H. M., Geng, D., Infinitely many solutions for the Dirichlet problem involving the
p- biharmonic-like equation, J. South China Normal Univ. Natur. Sci. Ed., 28 (2009),
18-21.

[5] Micheletti, A. M., Pistoia, A., Multiplicity results for a fourth-order semilinear elliptic
problems, Nonlinear Anal. 60, (1998), 895-908.

[6] Rabinowitz, P. H., Minimax methods in critical Point Theory with Applications to Dif-
ferential Equations, CBMS Reg. Conferences in Math., vol.65 , Amer. Math. Soc. Prov-
idence, RI, 1985.

50



p-BIHARMONIC

Ricceri, B., A general variational principle and some of its applications, J. Comput.
Appl. Math., 133 (2000), 401-410.

Struwe, M., Variational Methods, Springer, Berlin, 1996.

Wang, Y., Shen, Y., Infinitely many sign-changing solutions for a class of biarmonic
equations without symmetry, Nonlinear Anal., 71 (2009), 967-977.

Wang, W., Zhao, P., Nonuniformly nonlinear elliptic equations of p-biarmonic type, J.
Math. Anal. Appl. 348 (2008), 730-738.

Li, C., Tang, C. L., Three solutions for a Navier boundary value problem involving the
p-biharmonic, Nonlinear Anal., 72 (2010) 1339-1347.

Yang, Z., Geng, D., Yan, H., Ezistence of multiple solutions for a semilinear biharmonic
equations with critical exponent, Acta Math. Sci. Ser. A, 27 (1) (2006), 129-142.
Tehrani, H. T., Infinitely many solutions for indefinite semilinear elliptic equations
without symmetry, Comm. Partial Differential Equations, 21 (1996), 541-557.

Zhang, J., Li, S., Multiple non trivial solutions for some fourth-order semilinear elliptic
problems, Nonlinear Anal., 60 (2005), 221-230.

DIMET

FACOLTA DI INGEGNERIA, UNIVERSITA DI REGGIO CALABRIA
LocaLiTA FEO DI VITO, 89100 REGGIO CALABRIA, ITALY
E-mail address: pasquale.candito@unirc.it

DIPARTIMENTO DI PATRIMONIO ARCHITETTONICO E URBANISTICO
FACOLTA DI ARCHITETTURA, UNIVERSITA DI REGGIO CALABRIA
SALITA MELISSARI, 89100 REGGIO CALABRIA, ITALY

E-mail address: roberto.livrea@unirc.it

51



