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A REMARK ON PERTURBED ELLIPTIC NEUMANN PROBLEMS

GABRIELE BONANNO AND GIOVANNI MOLICA BISCI

Abstract. The aim of this paper is to establish the existence of infin-
itely many solutions for perturbed eigenvalue elliptic Neumann problems
involving the p—Laplacian. To be precise, we show that an appropriate os-
cillating behaviour of the nonlinear term, even under small perturbations,
ensures again the existence of infinitely many solutions.

1. Introduction

Very recently in [6], presenting a version of the infinitely many critical points
theorem of B. Ricceri (see [12, Theorem 2.5]), the existence of an unbounded sequence
of weak solutions for a Sturm-Liouville problem, having discontinuous nonlinearities,
has been established. In a such approach, an appropriate oscillating behavior of the
nonlinear term either at infinity or at zero is required. This type of methodology has
been used then in several works in order to obtain existence results for different kinds
of problems (see, for instance, [2, 3, 5, 7, 8, 9, 10, 11]).

In particular, in [3, Theorem 3], by following this approach, it was proved the
existence of infinitely many solutions for the following elliptic Neumann problem

—Apu+ q(x)|ulP~2u = An(z,u) in Q
(Pr)
Ou/ov =0 on 01,

where © C R”Y be a bounded open set with smooth boundary 99, v is the outer
unit normal to 9Q, A, = div(|Vu|P~2Vu) is the p-Laplacian, p > N, ¢ € L>=(Q)
with essinfg ¢ > 0, h : © x R — R is a continuous function and A is a positive real

parameter. For reader’s convenience, Theorem 3 of [3] is here recalled.
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Theorem 1.1. Let h: Q x R — R be an L'~Carathéodory function. Put H(x,§) :=
3
/ h(z,t) dt for all (z,£) € Q x R and assume that
0

max H(x,t)dx /H (z,8)d

<
lim inf 22 kS limsup =*———
§—+oo & Cp||¢1||1 g—-+oo

where

sup..-o |(ulx
S Pyca lu(a)| | )

u Lr(Q %
eWbr()\{0} (/ \V“(“T)'pder/ q($)|u(x)|pdx)
Q Q

and lalh = [ a(o)d.
Then, for each

N ol 1
H (x,8)d max H (z,t)dx
Q t1<¢
plimsup =——— pcP hm inf
P € b0 & i

problem (Py) possesses an unbounded sequence of weak solutions in W1P(£2).

In recent years, multiplicity results for Neumann problems have widely been
investigated (see [13] and [14]) as well as the existence of three solutions for perturbed
Neumann problems has been obtained (see [15] and [4]). The aim of this note is
to point out, as a consequence of Theorem 1.1, existence results of infinitely many
solutions for perturbed Neumann problems. To be precise, we prove the existence of

infinitely many weak solutions for the following perturbed Neumann problem

—Apu+ q(@)|ulP~2u = Mf(x,u) + pg(z,u) in Q
(N3
Ou/ov =0 on 09,
where f,g:Q x R — R are two L'-Carathéodory functions and ), it are real param-
eters.
Precisely, requiring that the nonlinear term f has a suitable oscillating be-
havior at infinity, in Theorem 2.1, we establish the existence of a precise interval A
such that for every A € A and every L'-Carathéodory function g which satisfies a
certain growth at infinity, choosing u sufficiently small, the perturbed problem (N ){z)
admits an unbounded sequence of weak solutions in WP (Q).

As an example, we present here a special case of our main result.
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Theorem 1.2. Let f : R — R be a continuous nonnegative function. Put F(§) :=
3

/ f(t) dt for all £ € R, and assume that
0

lim inf Fg(f) =0, and limsup £e)

§—+o0 £—+o0 52

:+oo

Then, for every nonnegative continuous function g : 0 x R — R such that

1 3
P /0 </0 g(x,t)dt) dx

[e%e] £ Yoo 52

< 400,

and for every u € [ {, the following problem

1
0, ——
4G*%,
—u”" +u=f(u z,u) in 10,1
w'(0) = /(1) =0,
admits a sequence of pairwise distinct positive classical solutions.
An analogous result (see Theorem 2.6) can be obtained if we replace the
oscillating behavior condition at infinity, by a similar one at zero. In this setting, a
sequence of pairwise distinct non-zero solutions which converges to zero is achieved.

The note is arranged as follows. In Section 2 we show our abstract results,

while in Section 3 a concrete example of application is given.

2. Main results

We recall here some basic definitions and notations. A function h : Q X
R — R is called an L!'—Carathéodory function if x +— h(z,t) is measurable for
all t € R, t — h(x,t) is continuous for almost every x € Q and for all M > 0
one has supy, <, |h(z,t)| € L*(Q). Clearly, if h is continuous in Q x R, then it is
L'—Carathéodory.
Let W1P(£2) be the usual Sobolev space endowed with the norm

foll = ([ wu@par+ [ awlutoras)”

that is equivalent to the usual one.
A weak solution of the problem (N;i) is any u € W1P(Q), such that

/ |Vu(z) P2 Vu(z) - Vv(;z:)dx—!—/ q(z)|u(z) [P~ 2u(x)v(x)dz+
Q Q

—)\/Qf(m,u(x))v(x)dm - M/Qg(x,u(m))v(x)dac =0, YveWh(Q).
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€
Set F(z,§) := / f(z,t)dt for every (z,£) € Q x R, and
0

1
Ap = lall A= . (2.1)

/ F(z,&)dx max F'(z,t)dx
Q

. . Q <€
plimsup =—— cP lim inf
§—+oo 134 P 3

Our result reads as follows

Theorem 2.1. Assume that

max F'(z,t)dz 1 / F(z,§&)dx
Q

o [t|<¢ .
lim inf 22 limsup =—F——,
§—foo 3 gl oo 134

Then, for each X €]A1, \2|, for every L' — Carathédory function g : QxR — R
3

(2.2)

whose potential G(z,§) := / g(x,t) dt, ¥V (z,€) € Q x R, is a nonnegative function
0

satisfying
max G(z,t)dz

. [t]<¢
Go = 1 Q
9oa) Goo 5_1)1_‘{100 ¢p

and for every p € [0, pg [, where

< 400,

max F'(z,t)dx

<
1 — Apc? lim inf =% [H=4 ,
£—+o0 é-p

Hgx = PG s

the problem (N){Z) admits a sequence of weak solutions which is unbounded in
Whr(Q).

Proof. Our aim is to apply Theorem 1.1. To this end, fix X €]\;, \o[ and let g be a
function satisfies hypothesis g~ ). In the non-perturbed case, i.e. u = 0, the thesis is
trivial. Owing to A < \o, one has

max F'(z,t)dz

1 o lti<e

e _ N p . .
Ly X = T 1 - Apc lgr_r}lig & > 0.
Take 0 < 1 < Py X and put
q 1
N = )\1 _ H ”1 -

F(x,€&)dx lﬂi)éF(x, t)dx _

: Q . O ltI< 1
plimsup =+—F—— ¢P lim inf + pc? =G

£—+oo 3 P 3 "3
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If Go = 0 clearly one has 177 = A1, 72 = A2 and
X S A* Z:]’Ih,T]Q[.

If Goo # 0, from @ < Iy o 1t follows that

max F(z,t)dx

- .. Q 1tILE » _
Apc? ?Tﬁ?f & + pPGoop < 1,
that means .
A < = 12.
ﬁg}g F(z,t)dx _
. t|< ]
P lim inf 2 +pcP =G s

U s &p P

On the other hand, by our hypothesis, A > 7.
Hence, one has
A€ A =]ny,nal.
Now, put _
H(z,£) = F(r.€) + £0(2.9).

for every z € (2 and £ € R.

Then
max H(x,t)dx max F(z,t)de _ | maxG(z,t)dz
Q lt1=¢ < Ja =g 4 B Jq lt<g
&P B 3 A 3 7
and taking into account hypothesis ¢, ), it follows that
lrrﬁch(x,t)dm Inﬁ}g F(z,t)de _
lim inf 2211= < lim inf 2205 +Ea.. 2.3
S A 29

Moreover, taking into account that the potential G is a nonnegative function, we

obtain
/ H(z,&)dx / F(z,€&)dx
limsup 22— > limsup 2%————. 2.4
§—+o0 &p §—+o0 &p ( )
Conditions (2.3) and (2.4) yield
~ 1
Ne A C lall , (2.5)
/ H(z,¢)dx Hi}gH(x,t)dx
. Q . Q 1<
e T
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So the conclusion follows at once from Theorem 1.1 observing that, from (2.5), con-

dition (1.1) is clearly verified. The proof is complete. a

Remark 2.2. If Q is convex, an explicit upper bound for the constant c is
1 d 1 =
— f— p
¢ < 2" max , ( P meas(Q)) lallo.

||q||1% N3 \p—N llall:

where “meas(€2)” denotes the Lebesgue measure of the set 2, d := diam(Q2) and

llg]lco := max |u(z)|. See, for instance, [1, Remark 1].
€

Remark 2.3. If

t|<
lim inf o lf= =0, and limsup
P
E—~+o0 5 E—+o0

max F'(z,t)dx /F(x,f)dz
QT ~ too,

clearly, hypothesis (2.2) is verified and Theorem 2.1 guarantees the existence of infin-

itely many weak solutions for problem (N { ’i), for every pair (A, u) € D, where

D :=]0, +00[x {0, prTem {

Moreover, under the assumption G, = 0, the main result ensures the existence of

infinitely many weak solutions for the problem (N {Z), for every p > 0.

Remark 2.4. Assuming that, in Theorem 2.1, the L'-Carathéodory function f is

nonnegative, hypothesis (2.2) can be written as follows

/QF(m,f)dx /QF(ac,{)da:

lim inf lim sup ,
£—+oo &p llqll1 e—too &p
as well as
F(x,€&)dx
= 1 — Apc® lim inf ££2
/-Lg,k pCpGOO Y4 E—too é-p

Moreover if in addition, we consider the autonomous case, condition (2.2) assumes

the following form

lim inf F() < 1 lim sup F(e) .
Eotoo & Pl emvoe EP
Further, in this setting, one has
llallx 1

A1 = , Ag = )

. F(§) R ¢3)
meas(§2) lim sup —= cP meas(2) lim inf
pmeas(@) limsup = per meas(€) im nf ~2

22



A REMARK ON PERTURBED ELLIPTIC NEUMANN PROBLEMS

and

1 ()
= 1—A NPl f .
T ( pmeas(2)c iminf =
Remark 2.5. We point out that Theorem 1.2 in Introduction is a particular case of
Theorem 2.1 taking into account Remarks 2.3 and 2.4.

Replacing the conditions at infinity of the potential by a similar at zero,
the same result holds and, in addition, the sequence of pairwise distinct solutions

uniformly converges to zero. Precisely, set

1
lalh LN = . (2.6)

/ F(z,&)dx max F(z,t)dz
Q

. . [t|<€
lim sup =—=——+—— P lim inf 2
fpy &r P &p

Al =

From Theorem 4 of [3], arguing as in the proof of Theorem 2.1, we obtain the following

result.

Theorem 2.6. Assume that

max F(z,t)dz 1 /QF(ac,f)d:c

.. [t]<¢ .
lim inf 2 lim sup
€0t 13 llgll e—o+ &r

(2.7)

Then, for each X €]\, X[, for every L' — Carathédory function g : QxR — R
3

whose potential G(x,§) := / g(x,t) dt, ¥V (z,§) € Q x R, is a nonnegative function
0
satisfying

max G(z,t)dx

. [t]<¢
Go:= lim 22
gO) 0 £—0+ gp

< 400,

and for every p € [0, pg [, where

/ max F(z,t)dx
Q

o [t|<¢
=——— | 1— Apc? liminf ,
pcPGo P £50+ &p

Mg *

the problem (N{Z) possesses a sequence of nmon-zero weak solutions which strongly

converges to 0 in WHP(Q).
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3. Application

Let g : 2 x R — R be a continuous and nonnegative function such that

- /01 ( /jg@,t)dt) "

< +00.

Consider the following Neumann problem

—UH—|—U: )‘f(u) +:U/g($7u) in ]Oal[ 1,9
’ o _ (N)\,p,)
w'(0) =/(1) =0,
where f: R — R is defined as follows
tcos?(In(t)) if t >0
ft) =
0 if t<0.
A direct computation ensures that
F 2—+v2
lim inf (©) = 7\[,
E—too &2 8
and
. F(§) 242
limsup —+= = .
§—+o0 3 8
Moreover,
F 1 F
lim inf (5) < = limsup (25)
From Theorem 2.1, for each A € A } 1 2 [ and for ever
r -4, = ’ ) very
242" (2-v2)
1 13
g(z,t)dt | dz
1 (2—2) . /o </o
< - (1-A— 1
0“<4< 2 ) oo 2 ’
problem (N /{z) possesses a sequence of pairwise distinct classical solutions.
For instance, for every (A, u) € A x [0, +00[, the problem
Vul
—u" +u=Af(u) + VAU in ]0,1
fo) + i 10,1] (N{9)

u'(0) = /(1) =0,
possesses a sequence of pairwise distinct classical solutions.
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