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Abstract. Let My be the class of meromorphic functions in U of the form

1 .
g(z) = ;—&—ao—l—alz—&—- --,z€U.For @ o€ H[1,1], (2)p(z) #0, z € U,
a,B,v,6 € C with 8 # 0 and g € My, we consider the integral operator

JE¢ K C My — My defined by

o,B,7,6
Tal5(9)(2) = ng(f) /OZ ga(t)so(t)t‘;*ldt}

The first result of this paper gives us the conditions for which JS,’EJ, 6 Will

5 .
,z2€eU.

be well-defined. Furthermore, we study the properties of a function G =
1

5,4~ When g € Mg (a,0). For the second result

we consider 8 < 0, y—f > 0, a € [, 1), where ap = max{ﬁ—;iz;l, %
and we find the order of starlikeness of the class Jg,, (Mg (c)). For the third
result we consider 0 < a < 1, 0 < 8 < v and we find some conditions for
a, B, v and § = d(«, B,7) such that

Jp~[Mg (@) N Kp,5] C Mg (6).

Js,~(g), where Jg , = Jé’

1. Introduction and preliminaries

Let U = {z € C : |z| < 1} be the unit disc in the complex plane, U = U \ {0}
and H({U) ={f:U — C: f is holomorphic in U}.

We will also use the following notations:
Hla,n]={f € HU): f(2) = a+ apnz" + an 12" +...} fora € C, n € N*,
Ay ={fcHU): f(2) =24 an12" +ap122""2 + ...}, n € N*,
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and for n = 1 we denote A; by A and this set is called the class of analytic functions
normalized at the origin.
Let S* be the class of normalized starlike functions on U, i.e.

2f'(2)
f(2)

We denote by My the class of meromorphic functions in U of the form

S*{fEA:Re >0,Z€U}.

1 .
g(z)=;+a0+ozlz+---,z€U.

Let

MJz{gEMbJ@[—fé?}>&zeU}

be called the class of meromorphic starlike functions in U.

We note that if f is a normalized starlike function in U, then the function g = %
belongs to the class M.

For o <1, > 1 let

Mi(a) = {g € My : Re {Zgl(z)] >a,z € U},

M (a,d) = {g € My:a<Re [—Zig)} <d,z€ U}.

Definition 1.1. [3, p.4], [4, p.45] Let f,g € H(U). We say that the function f is
subordinate to the function g, and we denote this by f(z) < g(z), if there is a function

w € H(U), with w(0) = 0 and |w(z)| < 1, z € U, such that

f(z) = glw(2)], z € U.

Remark 1.2. If f(z) < g(z), then f(0) = ¢g(0) and f(U) C g(U).

Theorem 1.3. [3, p.4|, [4, p.46] Let f,g € H(U) and let g be a univalent function
inU. Then f(z) < g(z) if and only if f(0) = g(0) and f(U) C g(U).
Definition 1.4. [3, p. 46], [4, p.228] Let ¢ € C with Rec > 0 and n € N*. We

consider

2Rec

C,, = Cy(c) -

le]v/1+ +Ime|.

n
Rec
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20, .
If the univalent function R : U — C is given by R(z) = 1722, then we will
—z
denote by R., the "Open Door” function, defined as

Ren(2) = R( Sl ) _ 90, _(ZH DA +D2)

1+ bz "(14b2)2 — (2 +b)2
where b = R71(c).
Theorem 1.5. [3, Theorem 2.5c.] Let ®,¢ € H[1,n] with ®(z) # 0,¢(z) # 0, for

z€U. Let a,3,7,0 € C with 8 #0,a+ 3§ = B+ and Re(a + 0) > 0. Let the
function f(2) = 2+ ap412" Tt + - € A, and suppose that

), ()

1) atsn(2).
) el O Heron(l)
IfF =18 5(f) is defined by
P = 128,,006) = | 225 [ rewetr-a L)

then F € A, with @ #0,z€U, and
z

2F'(z)  29'(2)
FG) 90

All powers in (1.1) are principal ones.

Re {ﬁ +’y}>0,z€U.

Lemma 1.6. [3, Theorem 2.3i.], [4, p.209] Let ¢ : C2 x U — C be a function that
satisfies the condition
Re(pi,o;2) <0, (1.2)
when p,oc € R, o < —g(l—i—pQ), zeU,n>1.
Ifpe H[1,n] and

Ret(p(2),2p'(2);2) >0, z¢€U,
then
Rep(z) >0, 2€U.

Theorem 1.7. [3, Theorem 3.2a.], [4, p.247] Let 8,7 € C, 8 # 0 and let h be a
convex function on U such that Re [Bh(z) +~] >0, z € U. If p € H[h(0),n] and
zp'(2)
p(2) + =——=—— < h(2),
® Bp(z) + ®
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then p(z) < h(z).
Theorem 1.8. [5], [4, p.299](the order of starlikeness of the class Iz ,(5*(a)))
Let 3> 0, v+ B > 0 and consider the integral operator Ig -~ defined by

IsA(f)(z) = [C;ﬁ /O ﬂlfﬁ(t)dt] ’ .

—v—1
If o € [ag, 1) where ap = max{ﬁég,—;}, then the order of starlikeness of

the class Ig (S* () is given by

. _l v+ 5 _
8 B,7) = 3 LFl(ng(la),7+1+ﬂ;§) V}’

where o I represents the hypergeometric function.

2. Main results

Let @, € H[1,1] with ®(z)p(2) #0, z € U and let o, 58,7, 6 € C with 8 # 0.
The first result of this section is a corollary of Theorem 1.5 and gives us the conditions

for which the integral operator J:f"[fﬂY s K C My — Mo,

Jaf s @) = [J@(f) A (O ae|

is well-defined.

Theorem 2.1. Let @, € H[1,1] with ®(2)p(z) #0, z € U. Let o, 3,7, € C with
B#0, a+v=pF+06 and Re(y— ) >0. If g € My and

2q(2) 2 (2)
& el

+0 < Rs_an(2), (2.1)

then

6 = 185,00 = | 2555 [ o Oetor-tar] " € b

with zG(z) #0, z € U, and

2G'(z)  29'(z)
GG " aG)

Re [ﬁ +’y}>0,z€U.

All powers are chosen as principal ones.
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Proof. We denote oy = —a, $1 = —f3, so we have y+ 31 = d+ay, and Re (y+31) > 0
We remark that from (2.1) we have zg(z) # 0, z € U.
1
We know that g € My with zg(z) # 0, z € U, if and only if f = — € A; with
g

! !
#0, z € U. It is also easy to see that 29'(2) = 2 (Z), zeU.

9(2) f(2)

Using these new notations we obtain

f(2) | 20 (2)
“FE T e

and applying Theorem 1.5 we have

)

+ 0 < Rstar,1(2), z €U,

Bty o 2
P = 185, o) = [252 [ poiaton ] ™ ey

thF();«éO z e U, and

[ 52 | 22()

+'y] >0,zeU.

FG) 90
1
Therefore, we have G(z) = 70 € My with zG(z) # 0 and, because
2G'(z)  2F'(2)
GG ~Fe T

we also have

2G'(z) n 2@ (z)

Re |8 +4]>0, 2€U.

G(z)  2(2)
O
We next consider a special case of Theorem 2.1. If we let & = ¢ = 1,
a = (3,7 =0 and if we use the notation Jg - instead of Jé:llimv’ we obtain:
Corollary 2.2. Let 3,7 € C with 8 #0 and Re(y—3) > 0. If g € My and
29'(2)
16 +7v<Ry_p1(2),
g(z) Y Y 61( )
then .
B
G(2) = Js(g)(z P b / t”"ldt} e Mo, (2.2)
with zG(z) #0, z € U, and
2G'(2)
R 0 U
e [ﬁ Gl2) —l—v} >0,z¢€
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Remark 2.3. 1. Let us define the classes Kz as

/
Kg, = {g € My :v +ﬁZ§(S) <R, 31(2), z € U} .
From Corollary 2.2, we have Jg, : Kg, — My with 2J54(g)(2) # 0, z € U, and
2J5.,(9)(2)
Re {’Wrﬁﬁ"y} >0,z¢cU.
J5.(9)(2)

2. We denote

f{ﬁﬁ: {geMo:Re {’yntﬂzgg(g)} > 0, zeU}.

Using the above corollary we have Jjs . (Ks,) C Ka, 50 Js~(Kgr) C
f(ﬁm where 3, v € C with 8 # 0 and Re (y — 8) > 0.
3. Let 8 < 0,7 € C with Rey > 3 and % < a < 1. Then, from
Revy

Js~(Kp) C Kpy, we deduce Jg (Mg (o)) € Mg (

g
It’s easy to see that from
_ z 5 .
G(z2) = {M t”lgﬁ(t)dt] ,z€U,
27 Jo
we obtain
zp'(2) zg'(2) 2G'(2)
p(z) + =— ,  where p(z)=— ,z€eU. 2.3
B+ @ T T ) =" 23

Next we will study the properties of the image of a function g € M{(a,d)
through the integral operator Jg , defined by (2.2).
Re~

Theorem 2.4. Let 3>0,7€Cand 0<a<1<di< 3

If g € M(a,0), then G = Jg4(g9) € Mg (e, 9).
Proof. 'We know that g € M («,0) is equivalent to

zg'(2)
9(2)

a<Re{— }<5726U,

’ 29/ (2)
9(2)

Revy — (6 < Re ['y—l—ﬁ }<Re’y—ﬁa,z€U, when > 0.

zg'(2)
g 9(2)
obtain that G = Jg ,(9) € Moy, 2G(z) #0, z € U, and Re {’y +0

Because § < Rey

we get Re {’y + 6 } > 0, z € U, and using Corollary 2.2, we

2G'(z)
G(z)

]>0,Z€U.
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From (2.3) we know that

S ) )
T e R e
Since G € My with 2G(z) # 0, z € U, we have p(z) = _2E) € H[1,1].

G(z)
It’s not difficult to see that there is a convex function g on U such that ¢(U) = {z €

C:a<Rez<d} and ¢(0) =1, so

. 29’ (2)
g € Mj(a,d) = — < q(z
Now we have
2p'(2) ]
z)+ ———— < ¢q(z),with ¢ convex on U, ¢(0) = 1.
p(z) T Br(?) q(z) q q(0)

We want to apply Theorem 1.7 to the above differential subordination, so we need to
see that Re[y — Bq(2)] >0,z € U.
Since 8 > 0, we obtain from o < Req(z) < §, z € U, that

Revy— 36 < Re[y — Bq(2)] < Rey — PBa, z € U.

R
Because § < 27 we have Re [v = Bq(2)] > 0, z € U, and using Theorem 1.7 we

obtain p(z) < ¢(z), which is equivalent to

2G'(2)
G0 <q(z), zeU. (2.4)
Since G € My, we get from (2.4) that G € M («,0). O

Taking § =1 in the above theorem we obtain:

Corollary 2.5. Let y € C and 0 < o <1< 0 <Ren. If g € M§(a,9), then

I
G=Ji,(g9) = fYZW /0 " g(t)dt € Mg (o, 6).

R
Theorem 2.6. Let 3 <0,v € C and %§a<1<5.
If g € M§(a,6), then G = Jg, € Mi(a,9).

Proof.  From Remark 2.3 item 3., we have Jg (M (a)) C Mg (Rew) hence

B
. Re~
). Since G € Mg (/B)’ we have G € My and 2G(z) #

Re~
B
€ H[1,1].

G = J[gﬁ(g) S MS‘ (

2G'(2)

0,z€U, so— Gl)
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Because g € M («, ) and

~2G'(2)

zp'(2) 29'(2)
p(Z) + - G(Z) ’

) T el e Pl =

we will use the same idea as at the proof of Theorem 2.4. So, we have to see that

Re[y — Bq(z)] > 0, z € U, where ¢ is convex on U, ¢(0) = 1, qU) ={z € C: a <
Rez < 4} .
From Req(z) > a, z € U, we obtain Rey— Req(z) > Rey—af >0,z € U,
Re~
when o > ——, 3 < 0.

Applying Theorem 1.7 to the differential subordination

zp'(2)

’}/—Tp(z) '<q(Z), ZGU,

p(z) +

we obtain p(z) < ¢(z), which is equivalent to

2G'(z)
G <q(z), z€U. (2.5)
Since G € My, we get from (2.5) that G € M («,0). O

Remark 2.7. If we consider § — oo in the above theorem, we obtain that for § <

R
0,veC, 8 <Revyand %§a<1,

g € Mj(a) =G =Jg,(9) € My(a).

R
Definition 2.8. For a given number « € e

,1 ], where 6 < 0,v € C, 3 < Ren~,
we define the order of starlikeness of the class Js (Mg (a)) as the biggest number

p = p(a; B,7) such that Jg (Mg (a)) C Mg (p).

Theorem 2.9. (the order of starlikeness of the class Jg,(Mj(a))) Let

B < 0,y—p >0 and let Jg be given by (2.2). If o € [ag,1), where oy =
1

max {W, ;} , then the order of starlikeness of the class Jg (Mg () is given

by

1{ v-B .,

plo; B,7) = ——
) =5 R 2a - Do+ -5 D)
where o ' represents the hypergeometric function.
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1
Proof. We know that if g € My with zg(z) # 0, z € U, then — € A.
g
It’s not difficult to see that
1

Js4(9) = m(1>

g

, 8<0, g€ Mj(a).

Using the fact that g € M{(«) is equivalent to ; € S*(a), we obtain from Theorem
1.8 that

I_34(5%(a)) € 5%(6(a; =5, 7)),
S0

I (Mg () C Mg (6(a; =5,7))-
It’s easy to prove that 0(c; —f3,7) is the largest number p such that Jg (Mg () C
Mg (p), so the order of starlikeness of the class Jg(Mg())) is u(a;B,7)

5(0{; 753 FY) O
Further we will find some conditions for «, 8, v and é = §(«, 3, ) such that

I [Mg (@) N Kp o] C Mg (0).

Theorem 2.10. Let 0 < a <1 and 0 < 8 <. Let’s denote
2y/2v9(a—124+a—-—a-1

Bl(Oé?’Y) = 2(0[71)2 ?
51 (a0, o) = 208 +2y+1—+/(1 Z;aﬂ—27)2+8(7—6)’
_ _ 2 _

5a(c, B.y) = 203 +26+1 \/(14;5045 2/3)%2 + 8(8 y).

If v > é and < Bi(a,7), then Jg . [Mg(a) N Kg ] C Mg (01(c, 5,7))-
1
If vy < é ord ! ” 8 , then Jg o[ Mg (a) N Kg ] C M§(8(e, 8,7)), where
6 Z 61(04’7)
5(0{,ﬁ,’}/) = min{él(aaﬁa 7)762(0476’7)} (26)

The operator Jg - is defined by (2.2).

Proof. We remark that (;(a,7y) is a real number and it is the greatest root for the
equation
Ay = (1+2a8—-28)>+8(8—7) =4(a—1)*82 +4B(a+1)+1—8y =0,
237



ALINA TOTOI

hence Ag > 0, when 5 > 51(a, 7).
It’s not difficult to see that

Bi(a,7) >0 B8y —1)(a—1)2>0e~v>

ool —

We next verify that the number d; (o, 3,7) is less than 1. It’s obvious that
01(a, B,7) is a real number since v — 3 > 0. Further we will use the notation d; instead

of 81 (v, B8,7)-
We have 4; < 1 if and only if

208+ 2y +1—48 < /(1+2a8 - 27)2 +8(y - ). (2.7)

If 208 + 2y + 1 — 48 < 0 then the inequality (2.7) is fulfilled.
If 2a8 + 2y +1— 40 > 0, we use the square of the inequality (2.7) and after a simple
computation, we obtain that (2.7) is equivalent to (6 — )(1 — o) < 0 which is true
for § <~y and « € [0,1). Thus, we have d; < 1.
Since g € K, with 8 < 7, we have from Corollary 2.2 that 2G(z) = 2J3~(g)(2) #
0, z € U. Now let us put

_2G'(2)

G(2)

where p € H(U) with p(0) = 1 and § < 1. We remark that the function p also depends

=(1—08)p(z)+6, z€ U, (2.8)

on 9.

Using (2.8) and the logarithmic differential for (2.2), we obtain

WO s A-0w()
o) L =0p(E) 0= ot T )~ SV
Let us denote
bp(2), 29 ()i 2) = (1— O)p(e) 46—t — L= DFCE) 1y

v — B0 —(1-6)6p(2)

zg'(2)
9(z)
Rev(p(2),2p'(2);2) >0, z € U.

Since g € M («), we have Re {— } > q, 80

To be able to use Lemma 1.6 we need to verify the condition (1.2) for n = 1.

1
For peR, z€ U and o < —5(1 + p?), we have

Re(ip,0;2) =0 —a+ (1 —§)oRe == (2.9)
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(v = B0)(1 =)o
(= B0) + (1= 0B

1
Because (7 — £0)(1 —3d) > 0 and 0 < 75(1 + p?), we obtain from (2.9) that

(v — BO)(1—9)
(v = B6)* + (1= 0)28%p°]

=d—a+

Rev(ip,0;2) <d—a— 5

Thus,
Re ) (ip, 0; 2) < *%(A +Bp®), p R,
where
A = (y=p80)[268 — (14 2y +2a8)d + 2ay + 1],
B = (1-9)[28%*% - B(1+ 28+ 2aB)6 + 2a8% + 7],

D = 2[(y—B0)*+(1—6)26%% > 0.

If~ > % and 0 < 8 < B1(a,7), then Ay < 0, so B > 0 for every § € R. Moreover,
since 8 > 0, we have A > 0 when ¢ < 6;(a, 8,7). Hence, the condition (1.2) is satisfied
for 6 < d61(a, 8,7) < 1 and applying Lemma 1.6 we obtain Rep(z) > 0, z € U, when
6 <61, B,7).

From (2.8) and Rep(lz) >0, z € U, when 6 < 01(av, 3,7), we get G € M§(01(e, 5,7)).
If v < % or 1= 8 and 6 < 0(a, B3,7), where 6(a, 3,7) is given by (2.6),

ﬂ Z ﬂl (O[, FY)
then A > 0 and B > 0, therefore the condition (1.2) is satisfied. Applying Lemma

1.6 we obtain Rep(z) > 0, z € U, for all 6 < d(a, B8,7), so G € M (6(e, 8,7)).

We see that if we consider, in the above theorem, the condition zG(z) =
zJa,5(9)(2) #0, z € U, we get:
Theorem 2.11. Let0<a <1,0< <7, g € Mj() and G(z) = Ja,5(g)(2), where
the operator Jga ., is defined by (2.2). Suppose that zG(z) # 0, z € U. Let’s denote

2y2v(a—-124+a—-a—-1

ol = 2(a—1)2 )
d1(a, B,7) = 2O‘ﬂ+27+1—\/(126204&—27)2+8(7—ﬁ)7
R Z;O‘ﬂ —20P +8(6-1)
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If v > % and B < Bi(a, ), then G € M (61(w, B,7)).-

1
T3

1
Ifv < i 8 , then G € Mg (v, B,7)), where

ﬂ Z ﬂl(aafy)
5(@,/6,’}/) = min{él(avﬂa 7)752(0‘7677)}'

The properties of the integral operator Ji -, were studied by many authors

in different papers, from which we remember [1], [2], [6], [7], [8].
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