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STRONG DIFFERENTIAL SUBORDINATIONS OBTAINED
BY THE MEDIUM OF AN INTEGRAL OPERATOR

ROXANA SENDRUTIU

Dedicated to Professor Grigore Stefan Sdldgean on his 60" birthday

Abstract. The concept of differential subordination was introduced in [2]
by S. S. Miller and P. T .Mocanu and developed in [3], and the concept of
strong differential subordination was introduced in [1] by J. A. Antonino
and S. Romaquera and developed in [4], [5] by Georgia Irina Oros and
Gheorghe Oros. In this paper we define the class S;'(a), and we study

strong differential subordination.

1. Introduction and preliminaries
Let U denote the unit disc of the complex plane :
U={zeC: |z| <1}
and
U={z€C: |z| <1}

Let H(U x U) denote the class of analytic functions in U x U. In [4], the author has
defined the class

Hcla,n] ={f e HUXT): f(2,0) = aFan(Q)2" +an1(Q)2" 4+, 2 € U,C € U}
with ay(¢) holomorphic functions in U, k > n,
H,(U) = {f € H[a,n] : f(z,¢)univalent in U for all¢ € U},
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ROXANA SENDRUTIU
ACn = {f € HC[Q,’I’L] : f(Z7C) = Z+CL2(<)22 ++an(<)zn+ , 2 € U?C EU}
with A¢, = A(,

KC={f6HC[a,n]: R M+1>O, zEU,foraH(eU}.

70

Definition 1.1. [4] Let H(z,(¢), f(2,¢) be analytic in U x U. The function f(z,()
is said to be strongly subordinate to H(z,(), or H(z,() is said to be strongly
superordinate to f(z,(), if there exists a function w analytic in U, w(0) = 0,
lw(z)| < 1, such that f(2,{) = H[w(z),(], for all ¢ € U. In such a case we write
f(z,¢) =< H(z,¢), z€U(eU.

Remark 1.2. (i) If H(z,¢) is analytic in U x U and univalent in U for all ¢ € U,
Definition (1.1) is equivalent to f(0,¢) = HJ[0,(], for all ¢ € U and

fUxU)C HUxTU).

(if) If H(z,¢) = H(z) and f(z,¢) = f(#) then the strong subordination becomes the

usual notion of subordination.

Definition 1.3. [6] For f(z,¢) € A(,, n € N*U{0}, we define the integral operator:
1" AG, — A,

Iof(zv C) = f(Z, C)
I'f(2,0) = If(2,¢) = [ f(t, Ot at

I"f(2,Q) = I(I""'f(2,€)) (€U, ().

Property 1.4. For f(z,() € A(,, n € N*U {0}, with the integral operator I™ :
A¢,, — AC,, we have:

AT (2 QO =1"f(2,0) (€U, CeD).

In order to prove the main results we use the following definitions and lemmas,
adapted to the class defined in [4]:
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Lemma 1.5. [2, 3] (Miller and Mocanu) Let h(z,() be a convex function, with
h(0,¢) = a and let v € C* be a complex number with Rey > 0. If p € H(¢[a,n]

and

P(e10)+ ~29/(2,6) << h(.0)
then

P2 €) <= g(2:€) << h(z,C),
where

o(2,0) = 2 /Zhu,ot%-ldt (- €U, D).
0

nz’Y/"

The function g is convezx and is the best (a,n) dominant.

Lemma 1.6. [2, 3] (Miller and Mocanu) Let h(z,() be a convez function in U and
let

h(z,¢) = 9(2,¢) +nazg'(2,¢), z€U (U

where o > 0 and n is a positive integer. If

p('z’g) = 9(070 +pn(C)2n +pn+1(g“)z"+1 4+

is holomorphic in U x U and

p(z,0) + azp'(z,¢) << h(z,(),
then
p(z,¢) == 9g(z,0)

and this result is sharp.

2. Main results
Definition 2.1. Let a > 1 and m,n € N. We denote by S*(«) the set of functions
f € A(, that satisfy the inequality

Re[I"f(2,Q)] >a, 2€U,CeU.
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Theorem 2.2. If a < 1, and m,n € N, then

Sit(a) € S (9),

n
where

= banGon) =20 ¢+ X5 (1)

n n

1 tw—l
o(z) :/ dt.
o 1+1

Proof. Let f(z,¢) € SI*(«). From Definition 2.1 we have

and

Re[I"f(z,()] >a, 2€U/CeU.
Using Property 1.4, we have
I"f(z,0) = 2[I" T f(2,Q)], z2€Uel.

Differentiating (2.3), with respect to z, we obtain

1" f (2,0 = U™ (2, O + 2" f(2,0)]",  2€UeU.

We denote by

p(z,Q) = [I"f(zQ), 2eUCeUp0,()=1,eU.

Using (2.5), the relation (2.3) becomes
I f(2,Q) =p(2,¢) +2p'(2,(), z€UCeU
and replacing in (2.2), we obtain
Re[p(z,¢) + 20/ (2,{)] >, 2€U,CeU

equivalent to

(+Q2a—-0)z

e 1Ca)

p(z,Q) + 2p(2,¢) <=

Using Lemma 1.5, we obtain

p(2,¢) << q(2,¢) << h(z,()
200
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where

L [+ Ra=Qt o 2C—a)
Q(Z7<)_TLZ%/0 1 tntdt =200 — ¢ + - o(x),

where o(z) is given by (2.1). The function ¢(z, () is convex and is the best dominant.
With p(z,¢) << q(z,¢) and q(z, ¢) being convex, and the fact that the image of U x U

through g(z, ¢) is symmetric with respect to the real axis, we deduce that

Rep(=0) > 91,0 =20~ ¢+ Do) o cm =5 @)
equivalent to
Re[I™ ™ f(2,Q)] >6, =2€U/CeU. (2.9)

Using Definition 2.1 we obtain f € S™*1(4). Since f € S™ (), we obtain that
S™(a) € S™TL().

([l
Theorem 2.3. Let h(z,() an analytic function from U x U, with h(0,{) = 1,
h'(0,¢) # 0, ¢ € U, that satisfies inequality

Wz, 1

]>—§.

h(z,¢)

If f(2,¢) € A(, and verify the strong differential subordination

Re[l +

[ f(z,Q)] == h(2,Q), (2.10)
then
[ f(2,Q)) <= 9(2,)
where
9(z,¢) = 1L / h(t, Q) tdt, zeU,Cel.
nzw Jo

The function g is convex and is the best dominant.
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Proof. A simple application of the differential subordination technique [1, 2], shows
that the function g(z, () is convex. By using (2.6), the strong differential subordina-

tion (2.10) becomes

p(2,¢) + 2p'(2,¢) <= h(z,0). (2.11)

Using Lemma 1.5, we have

p(z,0) << 9, 0) = - /0 B(t, ¢+ dt.

nzn

Using (2.5), we obtain

IO << 5 / Ch(t, O,
0

nzw
O
Theorem 2.4. Let g(z,() be a convex function with g(0,{) =1 and suppose that
h(z,¢) = 9(2,¢) +24'(2,¢), 2€UCeU.
If f(2,¢) € A(, and verify the strong differential subordination
[ f (2, Q] <= h(z,0), (2.12)
then
(I (2,01 <= 9(2.0).
Proof. By using (2.6), the strong differential subordination (2.12) becomes
p(2, Q) + 2p'(2,¢) == 9(2,¢) + 29'(2,¢) = h(2,().
Using Lemma 1.6, we have
p(z,¢) << g(2,0)
and using the notation (2.5), we obtain
[ f (2, Q) <= g(2,0).
O
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Theorem 2.5. Let g(z,() be a convex function with g(0,{) = 1 and the function
h(z, (), given by
h(z,¢) = g(2,¢) +nzg' (2, Q).

If f(2,¢) € A(, and verify the strong differential subordination

[ f (2, Q)] <= h(z,0), (2.13)
then
Im
# == g(Z, C)
Proof. We denote with
pz 0= T ey cetp0.0 =1 (2.14)
Using (2.14), we obtain
I f(2,0) = 2p(2,¢), 2€U(eU. (2.15)

Differentiating (2.15), with respect to z, we obtain

L™ f(z,Q) =p(2,¢) +20'(2,(), z€UCeU. (2.16)

Using (2.16), the strong differential subordination (2.13) becomes

p(z,¢) + 29/ (2,¢) <= g(2,¢) + nzg'(z, Q).

Using Lemma 1.6, we have

P Q) == g(0), i TIED g g)

Example 2.6. Let g(z,() be the function

_ 14+ (2a—)z

U =1 R 1. 2.1
P 2e€U,(cU,g0,()=l,aeR,a< (2.17)

9(2,¢)

We verify that g(z,() is a convex function. Differentiating (2.17), with respect to z,

29"(2,9) _ne |12

we obtain
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From the Theorem (2.4), and using (2.17) we obtain that

Bz 0) = gz, 0) + 29/ (2, ¢) = 1 (2?1162))22(2 +2)

For o« = 0 we obtain
_1—-(2(2+2)
h(Z,C) - (1 +Z)2

We consider the function

22

z—C—
9(2702 22 .

142
Jr2

By Theorem (2.4) we obtain that, the strong differential subordination

22
1=C=C 12+ 2)

z == 2
1+2)2 (1+2)
(1+2)
implies
z
1=¢5  1-¢e
=T
1 —
+ 2
Example 2.7. Let h(z,() be the function
h(z,¢) = % e U,CeT,h0,¢) =1. (2.19)

Let g(z,() be a convex function with g(0,¢) =1 and

h(z,¢) = g(z,() +29'(2,¢), =z€U(el.

That implies

1 [* 1 [7(+t
9(2,¢) = ;/O h(t,¢)dt = — ; ﬁdt
and
-2 2
9(,0) = CloglC — =) + Zlogl¢) ~ 1
By Theorem (2.4) we obtain that, the strong differential subordination
2¢ + z C+z
2 — =z == ¢(—z
implies
—4 4 -2 2
7Clog(2< —z)+ glog(QC) —1=<= ?Clog(g” —z)+ ?Clog(é) -1
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