STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LV, Number 3, September 2010

ON THE PROPERTIES OF A SUBCLASS OF ANALYTIC
FUNCTIONS
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Abstract. In this paper we consider a new class of analytic functions
defined by a generalized differential operator. Inclusion results, structural
formula, coefficient estimates and other properties of this class of functions

are obtained.

1. Introduction

Let A denote the class of functions f of the form
f(z) :z+2anz" (1.1)
n=2

which are analytic in the open unit disk U:= {z € C: |z| < 1}.

The Hadamard product or convolution of the functions
oo oo
f(z)=2+ Z anz™ and g(z) =2+ Z bp2"
n=2 n=2
is given by
(f*xg)(z) =2+ Zanbnz” , z€U.
n=2
Let f € A. We consider the following differential operator introduced by
Réducanu and Orhan in [7]:
D3, f(2) = f(2)
D3, f(2) = Dauf(2) = Mz () + (A = w2 f'(2) + (L= A+ ) f(2)
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D3, (2) = Do (D £(2)) (1.2)

where 0 <y < Xand m € N:={1,2,...}.

If the function f is given by (1.1), then from (1.2) we see that:

VSR =24 An(\ p,m)anz" (1.3)
n=2
where
An(A pym) = [14+ (Am + A — p)(n — 1™ (1.4)

If A =1 and p =0, we get Silagean differential operator [9] and if u = 0, we obtain
the differential operator defined by Al-Oboudi [1].

From (1.3) it follows that DY), f(z) can be written in terms of convolution as

DY, f(z) = (f * 9)(2) (1.5)
where
9(2) =2+ Y An(\, p,m)z". (1.6)

Definition 1.1. We say that a function f € A is in the class Rz\n“(a,'y) if

DY (2)

z

#{(-a) +alDRSE) ) >, se U

fora>0,0<y<1,0<p<Xand meNy:={0,1,2,...}.
Note that:

1,7) is the subclass of A consisting of functions with Rf/(z) > 7.
1,7) is the class of functions investigated in [1].
iii. RY,(1

A
ii. RA(
ul
iv. T\’,O(

)
)

,7) reduces to the class of functions considered in [§].
)

a,7y) is the class of functions studied by G. Chunyi and S. Owa in [4].

The main object of this paper is to present a systematic investigation for the
class R’/{L(a,’y). In particular, for this class of functions we obtain some inclusion
results, structural formula, extreme points and other properties.
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2. Inclusion results

In order to prove our inclusion results we need the following lemmas.
Lemma 2.1. ([4]) Let o > 0 and v > 0. Let D(z) be a starlike function in U and let
N(2) be an analytic function in U such that N(0) = D(0) = 0 and N'(0) = D’(0) = 1.
If

R (l—a)g((j; +a]DV:Ez; >vy,2z€U
then
N(z)
mD(z) >, z€U.

Lemma 2.2. ([6]) Let h(z) be a convex function in U and let A > 0. Suppose that
B(z) and C(z) are analytic in U with C(0) =0 and

C(2)
h'(0)

If p is an analytic function , with p(0) = h(0), which satisfies

RB(z) > A+ 4

, z€U.

A2%p"(2) + B(2)2p'(2) + p(2) + C(2) < h(2) , 2 € U

then p(z) < h(z), z € U.
Note that the symbol 7 < 7 stands for subordination.

Theorem 2.3. Leta>0,0<~v<1,0< u< X and m € Ng. Then
Nl ) CRYL(0,7).

Proof. Suppose f € RTH(a,fy). Then, from Definition 1.1, we have

Consider N(z) = DY, f(2). Making use of (1.3) we have N(0) = 0 and N'(0) = 1.
Let D(z) = z. Since D(z) is starlike in U and D(0) = 0 = D’(0) — 1, from Lemma

D’m
%{/w(z)}>7,z€U

z

—&—a(D)’fo(z))'} >~, ze€U.

2.1, we obtain

which implies f € RY},(0,7). Thus RY, (e,v) C RY,(0,7) and the proof of the
theorem is completed. O
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Theorem 2.4. Let0< (<, 0<y<1,0< u<Xand m € Ny. Then

N, y) CRYL(B,7)-

Proof. 1f B =0, from Theorem 2.3, we have RTH(a,’y) C RTM(Oﬁ).
Let f € RY,(«,7) and assume 8 # 0. Then

(1- 2l

o1(51) DRI | g oyZelD) o wre .

Since f € RY), (@, ), making use of Definition 1.1 and Theorem 2.3, we obtain
Dy, f(2)
R {10 4 g3 | -

D/ITL z Dm z
(5l o ]

>ﬂ(a—1)’y+6’y:’y.
a \ 3 «@

It follows that f € Rf\”#(ﬁ,v) and thus, RTH(a,’y) C RTM(ﬁ,'y). ]

+B(D3.f(2)) =

Another inclusion result is given in the next theorem.

Theorem 2.5. Leta>0,0<v<1,0< u< X and m € Ng. Then
Ry (@, 7) € R (@, 7).

Proof. Suppose f € Rg\njl(a,'y). Then

z

m—+1 P
» {(1 S Oé(DK",’flf(Z))’} -

which is equivalent to

DT (2
(1— a)%() +a(DHf(2)) <h(z), z€U (2.1)
where
h(z) = w  zel. (2.2)

From (1.2), we have

Dy f(2) = Me2? (DS, £(2)]" + (A = w)2[D5, £ ()] + (1 = A+ w) DF,, f(2).
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It follows that .
DT f(2
R(2) := <1—a>”ff() (D3 f(2)
22 pDm 2))
=>\u{(1—a)( WP | o W(z))"]’}

DY f(2))
z

+(A=n) {(1—a) +04[Z(D§’Lf(2))’]'}

DY f(z
+(1=A+p) {(1 - a)%() + af Z:Lf(z))’} .
Denote
DY f(z
p(z) = (1— a)%() +a(DY, f(2)), z € U. (2.3)
Simple calculations show that
R(z) = A\u2?p"(2) + (A + A — p)2p/(2) + p(2). (2.4)

Making use of (2.4), the differential subordination (2.1) becomes
Auz?p"(2) + A+ X — p)zp' (2) +p(2) < W(z), z € U.
It is easy to check that conditions of Lemma 2.2 with h(z) given by (2.2), p(z) given

by (2.3), A = Ay, B(z) =2 \+ A — p and C(z) = 0 are satisfied. Thus, we obtain
p(2) < h(z) which implies that

%{(1 —a)w —&—a(D)’fo(z))'} >v, zel.

Therefore, f € RTH(a, ) and the proof of our theorem is completed. O

3. Structural formula

In this section a structural formula, extreme points, coefficient bounds for

functions in RY}, (a, ) are given.

Theorem 3.1. A function f € A is in the class Rz\"u(a,'y) if and only if it can be

expressed as

Z+ZAA%)%Aﬂ

2 +2(1—7 }:1+ | dr(€) (3.1)

n=2
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where p(C) is the probability measure defined on the unit circle
T—{CeC:lc|=1}.
Proof. Definition 1.1 implies that f € RTN(a,v) if and only if

(1— ) 2@ oDy f(2)) -
1—7

where p(z) belongs to the class P consisting of normalized analytic functions which

—p(z), z€U (3.2)

have positive real part in U.
From (3.2) we have

DY, f(z) — vz

(1— o) 2

+a[(DX,f(2)) =] = (1 = 7)p(2). (3.3)

If « # 0, multiplying both sides of (3.3) by ézéfl, we obtain

1 1, mm ! 1 41—=7
A7 D5 f() = 72)| =25 —Tp(2).
Using Herglotz expression of functions in the class P, we have
1 m ! ! 1- Y 1+ CZ
Za szf'yz} =z / du(¢).
[ DR (2) = 72) ) T e

Integrating both sides of this equality we get

AT DR ) = [ [“éll_% chdﬂ@] "

« =1 1—Cu

which is equivalent to

m 1 1 z 1 .1+ 1—-2
)\Nf(Z):O‘/m_l [zl Q/o uw 1§U_(Cu7)du] dp ().

So we have
i) = [ |eraa-e e o e
I¢]=1 ot 1+ (n — 1)0[
From (1.5), (1.6) and (3.4) it follows that
e R e K N EE Lo e 2l 1)
"o An()‘aﬂa m) <=1 n—2 1+ (’I’L - 1)0(
Since this deductive process can be converse, we have proved our theorem. O
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Remark 3.2. If @ = 0, the expression (3.1) is also true and it says that if f € A
)

satisfies ?RM > v, then f can be expressed as
z
o] Zn _ o0
G = |54 Y i |+ [ 200 | duto)
n; An()\7,u7m) [¢|=1 7;2

Corollary 3.3. The extreme points of the class Rf\”u(a,'y) are

fe(z) =2+ 201 =7)C ) 1+ (n— l()é-j])An(/\a ft,m)

n=2

L zeU, |¢cl=1.  (35)

Proof. Denote
o (

DSuf (e =2 +21-7)C %

n=2

Then, equality (3.4) can be written as
D5 1@ = [ (DR AEeduc).
I¢I=1

Since probability measures {u} and class P are one-to-one it follows that the map
p— [DY, f(2)]y is one-to-one and the assertion follows (see [5]). O
Making use of Corollary 3.3 we can obtain coefficients bounds for the functions

in the class RY}, (a, 7).

Corollary 3.4. If f € RTN(O[,’)/), then

2(1-7)
5 (= Dald, o)’ =2

la,| < i

The result is sharp.

Proof.  The coefficient bounds are maximized at an extreme point so, the result

follows from (3.5). O

Corollary 3.5. If f € RY (a,7), then for |z| =r <1

oo

) 1

fE)Zr =21 =)r Z:Q 14 (n—1)a]A,(\, p,m)
2 = 1

[fE) <r+2(1=)r 2 1+ (n—1)a]A,(\, u,m)
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and

F'() =121 - Tz:1+n—1]AAxmm)

n= 2
FEI<T+20=7)r )] 1+ (n— 1)2]An(A 1, m)

4. Convolution property

In order to prove a convolution property for the class RTM(O(, ~) we need the
following result.
Lemma 4.1. ([10]) If p(z) is analytic in U, p(0) = 1 and Rp(z) > %, then for any
analytic function F in U, the function F x p takes values in the convez hull of F(U).
Theorem 4.2. The class Ri\”“(oz,’y) is closed under the convolution with a convex
function. That is, if f € Rf\”u(a,'y) and g is convex in U, then fxg € RTM(a,'y).

Proof. 1t is known that, if g is a convex function in U, then

g(z) _ 1
x > 5

Suppose that f € RTN(a, v). Making use of the convolution properties, we have

VAR

z

5}?{ {(1 - a)%(z) + o] ﬁf(z)]’] * g(zz)}

Using Lemma 4.1, the result follows. (|

+MD%U*w@W}=

Corollary 4.3. The class RTM(a, ) is invariant under Bernardi integral operator [3]

defined by
1+e¢
ZC

FNE) = =5 [ e g, ve>o
0
Proof.  Assume f € RY, (a,7). It is easy to check that F.(f)(z) = (f * g)(z), where

“1+c¢
g(z):Z z".
n:1n+c

Since the function g is convex (see [2]), the result follows by applying Theorem 4.2.
Therefore, F[RY], (a,7)] C RY), (7). O
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