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A CONVEXITY PROPERTY FOR AN INTEGRAL OPERATOR F,,
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Dedicated to Professor Grigore Stefan Sdldgean on his 60" birthday
Abstract. In this paper we define an integral operator denoted by Fi,(2)
using the Ruscheweyh derivative of order n applied to the functions f;(z) €
A, i ={1,2,...,m}, z € U. We determine conditions on the functions

R" fi(z), where R™ is the Ruscheweyh operator (Definition 1.1), in order

for F,(z) to be convex.

1. Introduction and preliminaries
Let U be the unit disk of the complex plane:
U={z€C: |z| <1}.
Let H(U) be the space of holomorphic functions in U. Also, let
A, ={feHU), f(z)=2z+an1z" +..., z€U}

with A1 = A and
S={f€A: fisunivalent in U}.

Let
2f"(z)
f'(z)

denote the class of normalized convex functions of order a;, where 0 < o < 1,

K(a)z{feA:Re +1>0z,z€U}

K(0) = K,
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S*(a):{feA: Re zﬁi’;) > q, zeU}

denote the class of starlike functions of order «, with 0 < a < 1, S*(0) = S*.

In the papers [9], [10], F. Ronning introduces two classes of univalent functions
denoted by SP and SP(«, 3), respectively. The class SP consists of those functions
f € S which satisfy the condition
() [2(2)

f(2) f(2)
The class SP(a,3), @ > 0, 8 € [0,1) consists of the functions f € S which

Re -1

, for all z € U. (1.1)

satisfy the condition

2f'(z) 2f'(z)
f(z) f(2)

In [12], the authors introduce the class denoted by SD(«, 3) consisting of the

—(OH-ﬁ)’SRe +a—pf, forall z€ U. (1.2)
functions f € A which satisfy the inequality

) | ()
R e 7 e

—4+ﬂ, (1.3)

for a > 0 and g € [0,1).

Definition 1.1. (St. Ruscheweyh [11]). For f € A, n € NU {0}, let R™ be the
operator defined by R": A — A

Rf(2) = f(2)
(n+ DR f(2) = 2[R f(2)) + R f(2), = € U.

Remark 1.2. If fe A
) =2+ a;7
j=2
then

R'f(z)=z+Y Cly; ja;27, z€U,

j=1
with

R"f(0)=0 and [R"f(0)] =1.
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2. Main results

By using the Ruscheweyh differential operator (Definition 1.1) we introduce

the following integral operator.
Definition 2.1. Let n,m € NU{0}, ¢ € {1,2,3,...,m}, a; € R with «; > 0,

A" =AXx Ax---xA.
N —

m

We define the integral operator I : A™ — A

I(fi, fas s fm)(2) = Fin(2) (2.1)
S LT R A

where f;(z) € A, i € {1,2,3,...,m} and R" is the Ruscheweyh differential operator

given by Definition 1.1.

Remark 2.2. (i) Forn=0,m=1, a1 =1, aa =ag =+ = a,, =0,

Rf(2) = f(x) € A
and we obtain Alexander integral operator introduced in 1915 in [1]:

0
0 t

I(z) dt, zeU.

(i) Frn=0,m=1, a1 =a€[0,1],aa=a3 = =a, =0, ROf(z) =

f(2) € S and we obtain the integral operator

I(z):/oz [f(t)rdt, 2€U

t

1
which was studied in several papers such as [6]. For a € C, |a| < 1 the operator was

studied in [4], [5] and for |a| < 3 in [8].
1
(iii) Forn = 1, m = 1, 4 = a € C, \04|§1,oz2:---:ozsz7
RYf(2) = 2f'(2), z € U, f € S, and we obtain the integral operator

1(z) = / O

which was studied in [7].
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(iv) For n =0, m € NU{0}, a; > 0,4 € {1,2,...,m} we obtain the integral

operator defined by D. Breaz and N. Breaz in [3] given by

o= [ [ [O] 0]

Property 2.3. Let m € NU{0}, i € {1,2,...,m}. If fi(2) € A then F,,(z) given by
(2.1) belongs to the class A.

Proof. From (2.1) we have
Fae)= [ 'R"f1<t>]°“ [an%t)} u
0o L

t t
r o0 o0
t—i—Zak,ltk t—l—Zak,mtk
k=2 k=2

:/ S T O (= R
0 t t

[e51 Qm

(o) aq
1+Zak71tk_l‘|
L k=2

%) QAm
14> ak,mtk_ll dt
k=2

z © z > tk z
= 1 t)dt= t‘ —
/0 ( " Z% ) 0 * Z% klo
k=2 k=2
=2+ otk e A,
k=2
hence F,,(z) € A. O

Definition 2.4. Let R(8) be the subclass of functions f € A which satisfy the
condition
2[R f(2)]
_ < 1 . 2.2
Re R (2) >0, 0<p<1, z€U (2.2)

Remark 2.5. (i) For n = 0, R() becomes the class of starlike functions of order
denoted by S*(5).
(if) For n = 0, 8 = 0, R(B) becomes R(0) = S*, the class of starlike functions.

Definition 2.6. Let K () C A™ = A x A x --- x A denote the subclass of functions
—_—

(f1, fo,.- -, fm) € A™ which satisfy the condition

2F(2)
F7,()

Re {1+ }>ﬂ, 6<1, zeU, (2.3)
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where F,,(z) is given by (2.1).
Theorem 2.7. Let n,m € NU{0}, i € {1,2,...,m}, a; € R with a; > 0, 5; € R,
0< 3, <1 and iai(ﬁi —1) > —1. If fi € R(5;) then F,,(z) € K(8) where F,, is

i=1

given by (4) and
§=1+Y ai(B—1).
i=1

Proof. By differentiating (2.1), we obtain

SR\ S 51 S
Using (2.4) we obtain:
Log F),(2) = ay[Log R"f1(z) — Log 2] + -+ + (2.5)

+ ap[Log R" fn(z) —Log 2], zeU.

By differentiating (2.5) we have

Frz)  [(B"AR) 1] (R"fm(2)) 1
RN e | RERRE o e S B
and after a short calculation we obtain
zFp(2) 2(RM(2) 2(R" fm(2))'
RGN RAG T R G &7)
+1— (a1 + -+ + am).
Since f; € R(f;) we have
2P (2)] 2(R"f(2) 2(R" fin(2))'
fte [1 L) } I T 15 I Ty e
+1 - Zaz > alﬁl + - +O‘mﬁm + 1- Zai
i=1 i=1
> Zalﬂi +1-— Zai >1 +Zai(ﬁi — 1).
i=1 i=1 i=1
O

If f; € R(B) then Theorem 2.7 can be rewritten as the following:

173



GEORGIA IRINA OROS AND GHEORGHE OROS

Corollary 2.8. Let n,m € NU{0}, i € {1,2,...,m}, o; € R with a; > 0, § € R,
B < 1. If f; € R(B) then F,,(z) € K(¢') where

V=1+(B-1)) «
i=1

If =0 and Z a; = 1 then Theorem 2.7 can be rewritten as the following:
i=1
Corollary 2.9. Let n,m € NU{0}, i € {1,2,...,m}, o; € R with o; > 0 and

Zai =1, and 8 =0. If f; € R(0) then F,,(z) € K.
i=1
Theorem 2.10. Let n,m € NU{0}, i € {1,2,...,m}, s € R with 0 < o; < 1 and

m

Z% <1. IfR"f; € SP and
=1

2(R" fi(2))

1
1'22, el (2.8)
then
Fn(k) € K(w),
where Fy, is given by (4) and
1y
P 2

1
Proof. Since R"f; € SP, using (2.7) and (2.8) we have:

R _ L ke (R"fl(Z)) 4o Re 2B fn(2)

fte [“ F;,,<z>} R TS R Ty P
R"fi(z 2(R™ fn(2))

+1—Za,za1 Rnffll((z))) 1’+-~-+am W—1

+1—iai>l—iai+i¥
i=1 i=1 =1
S ().

i=1

If Z a; = 1 then Theorem 2.10 can be rewritten as the following:
i=1

174



A CONVEXITY PROPERTY FOR AN INTEGRAL OPERATOR Fp,

Corollary 2.11. Let n,m € NU{0}, i€ {1,2,...,m}, a; € R with 0 < o; < 1 and
Zai ( — |z|) =1. If R"f; € SP then F,,(z) is a convez function.

4 2
i=1
1 1
Example 2.12. Let n e NU{0}, m =2, oy = 3 2= 3,
fiz) = 24 az2’, fa(z) = 2+ ba2”,

R'"f1(2) = 24+ (n 4+ 1)agz?, R"fo(2) = 2 + (n + 1)by2?,

1 1
where ag, by € C, |ag| > —————————, |b2| > —————, 2 € U.
e Fy P e )
Evaluate
2z + (n+ag2®) ‘ B ‘ (n+ Dagz
z[1+ (n+ 1)asz] |14+ (n+ Dagz
[P @Dl 1
(14 (n+ Dlazllz])2 14 (n+1)|azllz] — 2
z[z 4+ (n + 1)bg2?) T2+ Dbz | | (n41)baz
2(1+ (n+1)by2?] | 14 (n+1)bez 1+ (n+ )bz

[+ (n+ Dlball2]> T+ (n+Dbellz] ~ 2
Using Theorem 2.10, we have

:\/ (n+1D2boPl22 (et Dlbolle] 1

Fz(z):/OZ[1+(n+1)a2t]§[1+(n+1)b2t]§dteK@), zeU.

Theorem 2.13. Let n,m € NU{0}, i € {1,2,...,m}, a; € R with a; > 0, A € R
with A >0, pn € R with p € [0,1) and (/\—M—I—I)Zozi <1. IfR"f; € SP(\, i) then

i=1

F,, € K(w), where Fy, is given by (4) and

m

WZl—(/\—u-Fl)Zozi.

i=1

Proof. Since R™f; € SP(\, ), using (2.7) we have:

zFp(2)] z(R" f1(2)) 2(R" fm(2))'
Re [1 + Fr (o) } = a1Re R h(2) + -+ anRe R f(2)

2(R" f1(2))
R”fl(z)

- k)| = -] 4t

+1—§:O¢i 2041 |:
i=1
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2(R" fm(2))'
R f(2)

zm:az{sz(z)) >\+uH ZO"A 1)

i=1 R fi(2)

+1—Zai21—2ai()\—u)—2az
i=1 i=1 i=1
=1-> ai(l-p+1)=1-A-p+1)) o

=1 =1

—(A+u)‘—(k—u)] +1—iai

+auy, [

O
If Z a;(A—p+1) =1 then Theorem 2.13 can be rewritten as the following:

i=1
Corollary 2.14. Let n,m € NU{0}, i € {1,2,...,m}, a; € R with o; > 0, A > 0,
pe(0,1) with (A= p+1)> a;=1. If R"f; € SP(\, ) then Fy,(2) € K.
i=1
Theorem 2.15. Let n,m € NU{0},i€{1,2,...,m}, 0, €ER, a; >0,y R, v >0,

0 € (0,1) with (1 - % - 6) Zai <1. If R"f; € SD(v,0) and
i=1

A(RAEY |1 |
W—1‘24, ZEU,’LE{I,Q,?)’._,,m}’ (29)

then F,, € K(§), where F,, is given by (4) and
"Y m
5:1—(1—4—5);%
Proof. Since R™f; € SD(v,46), using (10) and (12), we have

2] (2)] z(R™f1(2)) (R fm(2)
Re [1+F’()]_a1ReR”fl(z)+ -+ anRe R () —|—1—Zo¢2

m

> a [7 W—1’+5}+-~+am [7’%—1‘4—5}—1—1—?;@,
zy{al Wl‘Jr"'JrOém ’Wl”+6iai+lial
_%(%Jr +r)+5§;az+l—§az
:1—(1—1—5)5;% O
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v — .
If1 (1 1 5) 2% = 0, then Theorem 2.15 can be rewritten as the
following.
Corollary 2.16. Let n,m € NU{0}, i € {1,2,3,...,m}, o; € R, a; > 0, v > 0,
m
§ € (0,1) with 1 — (1 - % —5) Y i =0. If R"f; € SD(,6) and
i=1
z(R" fi(z))’

then F,,(z) is conves.

1
T zeU, ie{1,2,...,m}

_1’2
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