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Abstract. In this paper we define an integral operator denoted by Fm(z)

using the Ruscheweyh derivative of order n applied to the functions fi(z) ∈
A, i = {1, 2, . . . , m}, z ∈ U . We determine conditions on the functions

Rnfi(z), where Rn is the Ruscheweyh operator (Definition 1.1), in order

for Fm(z) to be convex.

1. Introduction and preliminaries

Let U be the unit disk of the complex plane:

U = {z ∈ C : |z| < 1}.

Let H(U) be the space of holomorphic functions in U . Also, let

An = {f ∈ H(U), f(z) = z + an+1z
n+1 + . . . , z ∈ U}

with A1 = A and

S = {f ∈ A : f is univalent in U}.

Let

K(α) =
{

f ∈ A : Re
zf ′′(z)
f ′(z)

+ 1 > α, z ∈ U

}
denote the class of normalized convex functions of order α, where 0 ≤ α < 1,

K(0) = K,
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S∗(α) =
{

f ∈ A : Re
zf ′(z)
f(z)

> α, z ∈ U

}
denote the class of starlike functions of order α, with 0 ≤ α < 1, S∗(0) = S∗.

In the papers [9], [10], F. Ronning introduces two classes of univalent functions

denoted by SP and SP (α, β), respectively. The class SP consists of those functions

f ∈ S which satisfy the condition

Re
zf ′(z)
f(z)

>

∣∣∣∣zf ′(z)
f(z)

− 1
∣∣∣∣ , for all z ∈ U. (1.1)

The class SP (α, β), α > 0, β ∈ [0, 1) consists of the functions f ∈ S which

satisfy the condition∣∣∣∣zf ′(z)
f(z)

− (α + β)
∣∣∣∣ ≤ Re

zf ′(z)
f(z)

+ α− β, for all z ∈ U. (1.2)

In [12], the authors introduce the class denoted by SD(α, β) consisting of the

functions f ∈ A which satisfy the inequality

Re
zf ′(z)
f(z)

> α

∣∣∣∣zf ′(z)
f(z)

− 1
∣∣∣∣+ β, (1.3)

for α ≥ 0 and β ∈ [0, 1).

Definition 1.1. (St. Ruscheweyh [11]). For f ∈ A, n ∈ N ∪ {0}, let Rn be the

operator defined by Rn : A → A

R0f(z) = f(z)

(n + 1)Rn+1f(z) = z[Rnf(z)]′ + nRnf(z), z ∈ U.

Remark 1.2. If f ∈ A

f(z) = z +
∞∑

j=2

ajz
j

then

Rnf(z) = z +
∞∑

j=1

Cn
n+j−1ajz

j , z ∈ U,

with

Rnf(0) = 0 and [Rnf(0)]′ = 1.
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2. Main results

By using the Ruscheweyh differential operator (Definition 1.1) we introduce

the following integral operator.

Definition 2.1. Let n, m ∈ N ∪ {0}, i ∈ {1, 2, 3, . . . ,m}, αi ∈ R with αi ≥ 0,

Am = A×A× · · · ×A︸ ︷︷ ︸
m

.

We define the integral operator I : Am → A

I(f1, f2, . . . , fm)(z) = Fm(z) (2.1)

=
∫ z

0

[
Rnf1(t)

t

]α1

. . .

[
Rnfm(t)

t

]αm

dt, z ∈ U

where fi(z) ∈ A, i ∈ {1, 2, 3, . . . ,m} and Rn is the Ruscheweyh differential operator

given by Definition 1.1.

Remark 2.2. (i) For n = 0, m = 1, α1 = 1, α2 = α3 = · · · = αm = 0,

R0f(z) = f(z) ∈ A

and we obtain Alexander integral operator introduced in 1915 in [1]:

I(z) =
∫ z

0

f(t)
t

dt, z ∈ U.

(ii) For n = 0, m = 1, α1 = α ∈ [0, 1], α2 = α3 = · · · = αm = 0, R0f(z) =

f(z) ∈ S and we obtain the integral operator

I(z) =
∫ z

0

[
f(t)

t

]α

dt, z ∈ U

which was studied in several papers such as [6]. For α ∈ C, |α| ≤ 1
4

the operator was

studied in [4], [5] and for |α| ≤ 1
3

in [8].

(iii) For n = 1, m = 1, α1 = α ∈ C, |α| ≤ 1
4
, α2 = · · · = αm = 0,

R1f(z) = zf ′(z), z ∈ U , f ∈ S, and we obtain the integral operator

I(z) =
∫ z

0

[f ′(t)]αdt

which was studied in [7].
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(iv) For n = 0, m ∈ N ∪ {0}, αi > 0, i ∈ {1, 2, . . . ,m} we obtain the integral

operator defined by D. Breaz and N. Breaz in [3] given by

F (z) =
∫ z

0

[
f1(t)

t

]α1
[
f2(t)

t

]α2

. . .

[
fm(t)

t

]αm

dt.

Property 2.3. Let m ∈ N∪ {0}, i ∈ {1, 2, . . . ,m}. If fi(z) ∈ A then Fm(z) given by

(2.1) belongs to the class A.

Proof. From (2.1) we have

Fm(z) =
∫ z

0

[
Rnf1(t)

t

]α1

. . .

[
Rnfm(t)

t

]αm

dt

=
∫ z

0


t +

∞∑
k=2

ak,1t
k

t


α1

. . .


t +

∞∑
k=2

ak,mtk

t


αm

dt

=
∫ z

0

[
1 +

∞∑
k=2

ak,1t
k−1

]α1

. . .

[
1 +

∞∑
k=2

ak,mtk−1

]αm

dt

=
∫ z

0

(
1 +

∞∑
k=2

γkt

)
dt = t

∣∣∣z
0

+
∞∑

k=2

γk
tk

k

∣∣∣z
0

= z +
∞∑

k=2

δktk ∈ A,

hence Fm(z) ∈ A. �

Definition 2.4. Let R(β) be the subclass of functions f ∈ A which satisfy the

condition

Re
z[Rnf(z)]′

Rnf(z)
> β, 0 ≤ β < 1, z ∈ U. (2.2)

Remark 2.5. (i) For n = 0, R(β) becomes the class of starlike functions of order β

denoted by S∗(β).

(ii) For n = 0, β = 0, R(β) becomesR(0) = S∗, the class of starlike functions.

Definition 2.6. Let K(β) ⊂ Am = A×A× · · · ×A︸ ︷︷ ︸
m

denote the subclass of functions

(f1, f2, . . . , fm) ∈ Am which satisfy the condition

Re
[
1 +

zF ′′
m(z)

F ′
m(z)

]
> β, β < 1, z ∈ U, (2.3)
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where Fm(z) is given by (2.1).

Theorem 2.7. Let n, m ∈ N ∪ {0}, i ∈ {1, 2, . . . ,m}, αi ∈ R with αi ≥ 0, βi ∈ R,

0 ≤ βi < 1 and
m∑

i=1

αi(βi − 1) ≥ −1. If fi ∈ R(βi) then Fm(z) ∈ K(δ) where Fm is

given by (4) and

δ = 1 +
m∑

i=1

αi(βi − 1).

Proof. By differentiating (2.1), we obtain

F ′
m(z) =

[
Rnf1(z)

z

]α1

. . .

[
Rnfm(z)

z

]αm

, z ∈ U. (2.4)

Using (2.4) we obtain:

Log F ′
m(z) = α1[Log Rnf1(z)− Log z] + · · ·+ (2.5)

+ αm[Log Rnfm(z)− Log z], z ∈ U.

By differentiating (2.5) we have

F ′′
m(z)

F ′
m(z)

= α1

[
(Rnf1(z))′

Rnf1(z)
− 1

z

]
+ · · ·+ αm

[
(Rnfm(z))′

Rnfm(z)
− 1

z

]
(2.6)

and after a short calculation we obtain

1 +
zF ′′

m(z)
F ′

m(z)
= α1

z(Rnf1(z))′

Rnf1(z)
+ · · ·+ αm

z(Rnfm(z))′

Rnfm(z)
(2.7)

+1− (α1 + · · ·+ αm).

Since fi ∈ R(βi) we have

Re
[
1 +

zF ′′
m(z)

F ′
m(z)

]
= α1Re

z(Rnf1(z))′

Rnf1(z)
+ · · ·+ αmRe

z(Rnfm(z))′

Rnfm(z)

+1−
m∑

i=1

αi > α1β1 + · · ·+ αmβm + 1−
m∑

i=1

αi

>
m∑

i=1

αiβi + 1−
m∑

i=1

αi > 1 +
m∑

i=1

αi(βi − 1).

�

If fi ∈ R(β) then Theorem 2.7 can be rewritten as the following:
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Corollary 2.8. Let n, m ∈ N ∪ {0}, i ∈ {1, 2, . . . ,m}, αi ∈ R with αi ≥ 0, β ∈ R,

β < 1. If fi ∈ R(β) then Fm(z) ∈ K(δ′) where

δ′ = 1 + (β − 1)
m∑

i=1

αi.

If β = 0 and
m∑

i=1

αi = 1 then Theorem 2.7 can be rewritten as the following:

Corollary 2.9. Let n, m ∈ N ∪ {0}, i ∈ {1, 2, . . . ,m}, αi ∈ R with αi ≥ 0 and
m∑

i=1

αi = 1, and β = 0. If fi ∈ R(0) then Fm(z) ∈ K.

Theorem 2.10. Let n, m ∈ N ∪ {0}, i ∈ {1, 2, . . . ,m}, αi ∈ R with 0 ≤ αi < 1 and
m∑

i=1

αi

2
< 1. If Rnfi ∈ SP and

∣∣∣∣z(Rnfi(z))′

Rnfi(z)
− 1
∣∣∣∣ ≥ 1

2
, z ∈ U (2.8)

then

Fm(k) ∈ K(ω),

where Fm is given by (4) and

ω = 1−
m∑

i=1

αi

2
.

Proof. Since Rnfi ∈ SP , using (2.7) and (2.8) we have:

Re
[
1 +

zF ′′
m(z)

F ′
m(z)

]
= α1Re

z(Rnf1(z))′

Rnf1(z)
+ · · ·+ αmRe

z(Rnfm(z))′

Rnfm(z)

+1−
m∑

i=1

αi ≥ α1

∣∣∣∣z(Rnf1(z))′

Rnf1(z)
− 1
∣∣∣∣+ · · ·+ αm

∣∣∣∣z(Rnfm(z))′

Rnfm(z)
− 1
∣∣∣∣

+1−
m∑

i=1

αi > 1−
m∑

i=1

αi +
m∑

i=1

αi|z|
2

= 1−
m∑

i=1

αi

(
1− |z|

2

)
.

�

If
m∑

i=1

αi = 1 then Theorem 2.10 can be rewritten as the following:
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Corollary 2.11. Let n, m ∈ N ∪ {0}, i ∈ {1, 2, . . . ,m}, αi ∈ R with 0 ≤ αi < 1 and
m∑

i=1

αi

(
1− |z|

2

)
= 1. If Rnfi ∈ SP then Fm(z) is a convex function.

Example 2.12. Let n ∈ N ∪ {0}, m = 2, α1 =
1
2
, α2 =

1
3
,

f1(z) = z + a2z
2, f2(z) = z + b2z

2,

Rnf1(z) = z + (n + 1)a2z
2, Rnf2(z) = z + (n + 1)b2z

2,

where a2, b2 ∈ C, |a2| ≥
1

(n + 1)(2− |z|)
, |b2| ≥

1
(n + 1)(2− |z|)

, z ∈ U .

Evaluate ∣∣∣∣z[z + (n + 1)a2z
2]′

z[1 + (n + 1)a2z]
− 1
∣∣∣∣ = ∣∣∣∣ (n + 1)a2z

1 + (n + 1)a2z

∣∣∣∣
=

√
(n + 1)2|a2|2|z|

(1 + (n + 1)|a2||z|)2
=

(n + 1)|a2||z|
1 + (n + 1)|a2||z|

≥ 1
2∣∣∣∣z[z + (n + 1)b2z

2]′

z(1 + (n + 1)b2z2]
− 1
∣∣∣∣ = ∣∣∣∣1 + 2(n + 1)b2z

1 + (n + 1)b2z
− 1
∣∣∣∣ = ∣∣∣∣ (n + 1)b2z

1 + (n + 1)b2z

∣∣∣∣
=

√
(n + 1)2|b2|2|z|2

[1 + (n + 1)|b2||z|]2
=

(n + 1)|b2||z|
1 + (n + 1)|b2||z|

≥ 1
2

Using Theorem 2.10, we have

F2(z) =
∫ z

0

[1 + (n + 1)a2t]
1
2 [1 + (n + 1)b2t]

1
3 dt ∈ K

(
1
2

)
, z ∈ U.

Theorem 2.13. Let n, m ∈ N ∪ {0}, i ∈ {1, 2, . . . ,m}, αi ∈ R with αi ≥ 0, λ ∈ R

with λ > 0, µ ∈ R with µ ∈ [0, 1) and (λ−µ + 1)
m∑

i=1

αi ≤ 1. If Rnfi ∈ SP (λ, µ) then

Fm ∈ K(ω), where Fm is given by (4) and

ω = 1− (λ− µ + 1)
m∑

i=1

αi.

Proof. Since Rnfi ∈ SP (λ, µ), using (2.7) we have:

Re
[
1 +

zF ′′
m(z)

F ′
m(z)

]
= α1Re

z(Rnf1(z))′

Rnf1(z)
+ · · ·+ αmRe

z(Rnfm(z))′

Rnfm(z)

+1−
m∑

i=1

αi ≥ α1

[∣∣∣∣z(Rnf1(z))′

Rnf1(z)
− (λ + µ)

∣∣∣∣− (λ− µ)
]

+ · · ·+
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+αm

[∣∣∣∣z(Rnfm(z))′

Rnfm(z)
− (λ + µ)

∣∣∣∣− (λ− µ)
]

+ 1−
m∑

i=1

αi

≥
m∑

i=1

αi

[∣∣∣∣z(Rnfi(z))′

Rnf1(z)
− (λ + µ)

∣∣∣∣]− m∑
i=1

αi(λ− µ)

+1−
m∑

i=1

αi ≥ 1−
m∑

i=1

αi(λ− µ)−
m∑

i=1

αi

= 1−
m∑

i=1

αi(1− µ + 1) = 1− (λ− µ + 1)
m∑

i=1

αi.

�

If
m∑

i=1

αi(λ−µ+1) = 1 then Theorem 2.13 can be rewritten as the following:

Corollary 2.14. Let n, m ∈ N ∪ {0}, i ∈ {1, 2, . . . ,m}, αi ∈ R with αi ≥ 0, λ > 0,

µ ∈ [0, 1) with (λ− µ + 1)
m∑

i=1

αi = 1. If Rnfi ∈ SP (λ, µ) then Fm(z) ∈ K.

Theorem 2.15. Let n, m ∈ N∪{0}, i ∈ {1, 2, . . . ,m}, αi ∈ R, αi ≥ 0, γ ∈ R, γ ≥ 0,

δ ∈ (0, 1) with
(
1− γ

4
− δ
) m∑

i=1

αi < 1. If Rnfi ∈ SD(γ, δ) and

∣∣∣∣z(Rnfi(z))′

Rnfi(z)
− 1
∣∣∣∣ ≥ 1

4
, z ∈ U, i ∈ {1, 2, 3, . . . ,m}, (2.9)

then Fm ∈ K(ξ), where Fm is given by (4) and

ξ = 1−
(
1− γ

4
− δ
) m∑

i=1

αi.

Proof. Since Rnfi ∈ SD(γ, δ), using (10) and (12), we have

Re
[
1 +

zF ′′
m(z)

F ′
m(z)

]
= α1Re

z(Rnf1(z))′

Rnf1(z)
+ · · ·+ αmRe

z(Rnfm(z))′

Rnfm(z)
+ 1−

m∑
i=1

αi

≥ α1

[
γ

∣∣∣∣z(Rnf1(z))′

Rnf1(z)
− 1
∣∣∣∣+ δ

]
+ · · ·+ αm

[
γ

∣∣∣∣z(Rnfm(z))′

Rnfm(z)
− 1
∣∣∣∣+ δ

]
+ 1−

m∑
i=1

αi

≥ γ

[
α1

∣∣∣∣z(Rnf1(z))′

Rnf1(z)
− 1
∣∣∣∣+ · · ·+ αm

∣∣∣∣z(Rnfm(z))′

Rnfm(z)
− 1
∣∣∣∣]+ δ

m∑
i=1

αi + 1−
m∑

i=1

αi

≥ γ|z|
4

(α1

4
+ · · ·+ αm

4

)
+ δ

m∑
i=1

αi + 1−
m∑

i=1

αi

= 1−
(
1− γ

4
− δ
) m∑

i=1

αi. �
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If 1 −
(
1− γ

4
− δ
) m∑

i=1

αi = 0, then Theorem 2.15 can be rewritten as the

following.

Corollary 2.16. Let n, m ∈ N ∪ {0}, i ∈ {1, 2, 3, . . . ,m}, αi ∈ R, αi ≥ 0, γ ≥ 0,

δ ∈ (0, 1) with 1−
(
1− γ

4
− δ
) m∑

i=1

αi = 0. If Rnfi ∈ SD(γ, δ) and

∣∣∣∣z(Rnfi(z))′

Rnfi(z)
− 1
∣∣∣∣ ≥ 1

4
, z ∈ U, i ∈ {1, 2, . . . ,m}

then Fm(z) is convex.
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