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CLASSES OF MEROMORPHIC FUNCTIONS DEFINED
BY THE EXTENDED SALAGEAN OPERATOR

JACEK DZIOK

Dedicated to Professor Grigore Stefan Sdldgean on his 60" birthday

Abstract. In the paper, we define classes of meromorphic functions, in
terms of the extended Saldgean operator. By using Jack’s Lemma and the
Briot-Bouquet differential subordination we obtain some inclusion relations

for defined classes.

1. Introduction

Let A denote the class of functions which are analytic in U := U(1), where
U(R) :={z:]z] < R}, 0 < R < 1. By Q we denote the class of the Schwarz functions,

i.e. the class of functions w € A, such that
w(0)=0, wiz)|<1 (zelU).

For complex parameters 3,y and functions h € A, w € 2, we consider the first-order
differential equation of the form

q(z) + m — (how)(2), q(0)=h(0)=L1. (1.1)

If there exist a function w € , such that the function ¢ € A is a solution of the

Cauchy problem (1.1) then we write

2q'(2)
q(z) + =———— < h(2). 1.2
() + Gy < hE) (12)
The expression (1.2) is a first-order differential subordination and it is called the
Briot-Bouquet differential subordination.
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More general, we say that a function f € A is subordinate to a function

F € A, and write f(z) < F(z), if and only if there exists a function w € , such that
f(z)=Fow)(z) (z€lU).

Moreover, we say that f is subordinate to F'in U(R), if f(Rz) < F(Rz). We shall

write
f(2) <r F(2)
in this case. In particular, if F' is univalent in &/ we have the following equivalence
(cf. [5]):
f(z) < F(z) < f(0)=F(0) and f(U) C F(U).

Let M denote the class of functions f of the form
£ =243 e (13)
z)=— a .
> P n<

which are analytic in D = U\ {0}. By f xg we denote the Hadamard product ( or
convolution) of f, g e M, defined by

(fx9)(2) = (Z arﬂ”) * (Z bnzn> = Z nbn 2",

n=-—1 n=-—1 n=-—1

Let A\,0 be positive real numbers. Motivated by the Silagean operator [6]

we consider the linear operator D) : M — M defined by

Dyf(z) = (f*h,,) (2),

where

oo A
1 1
EEEEEDY <”+0+> o (zeD).

o
-1
Tt is closely related to Cho and Srivastava operator [1] (see also [7]) and the
multiplier transformations studied by Flett [3].

For a function f € M we have

2[D2f(2)] = D) f(2) — (1 +0) DM f(2). (1.4)
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A function f € A of the form

is said to be p -valently starlike in U(r) if and only if

"5

>>0 (zelU(r); 0<r<1).

Note that all functions p-valently starlike in U(r) are p-valent in U(r). In particular

we have
f(z)#0 (z€U(r)\{0}).

Let A be a function convex in I/ with
h(0)=1, Reh(z) >0 (z€lU) (1.5)

and let ¢t be a complex number. We denote by V(¢,\,0;h) the class of functions
f € M satisfying the following condition:

z [(1 — 1) Df,‘f(z) + th'Hf(z)] =< h(z), (1.6)

in terms of subordination.
Moreover we define the class W(t, A\, o; h) of functions f € M satisfying the

following condition:

(1—t) Dy f(2) + D3+ f(2)
(1—1) D3 f(2) + D5 f(2)

< h(z). (1.7)

In particular for real constants A, B, —1 < A < B <1, we denote

14+ Az

V(t7)\,U7A7B) = V(t,A,U,]W>7
1+ Az

LA, B) = S

W (t,\,0; A, B) W<t’)\’o’1+Bz>

In the paper we present some inclusion relations for the defined classes.
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2. Main results

We shall need some lemmas.

Lemma 2.1. [4] Let w be a nonconstant function analytic in U(r) with w(0) = 0.

If

|w(z0)| = max {lw(2)|; |2| <[z} (20 €U(r)),

then there exists a real number k (k > 1), such that

zow' (20) = kw(zo).

We shall need also a modified result of Eenigenburg, Miller, Mocanu and

Reade [2] (see also [5]).

Lemma 2.2. Let h be a convex function in U, with

Re[Bh(z) +7] >0 (z€U)

If a function q satisfies the Briot-Bouquet differential subordination (1.2) in U(R),

1.€ qu(z)
1 Bay 47 R M)
then

q(z) <r h(z).

Making use of above lemmas, we get the following two theorem.

Theorem 2.3.
V(t,A+m,o;h) CV(t, A\ o;h) (meN).

Proof. 1t is clear that it is sufficient to prove the theorem for m = 1. Let a function

f belong to the class V(t,\ 4+ 1,0;h) or equivalently
z[(1—t) DXL f(2) + tD3+2f(z)] =< h(z).
It is sufficient to verify the condition (1.6). The function
q(2) = 2 [(1 = t) D3 f(2) + tD; ™ f(2)]

is analytic in I/ and ¢(0) = 1. Taking the derivative of (2.2) we get

q'(2)

I

2[(1=1) DI f(2) +tD;*2f(2)] = (=) +
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Thus by (2.1) we have

o)+ 203 gz
Lemma 2.2 now yields
q(z) < h(z).
Thus by (2.2) f € V(t,A,0;h) and this proves Theorem 2.3. |

Theorem 2.4.
W(t, \+m,o;h) CW(t, A\, o;h) (m € N).
Proof. 1t is clear that it is sufficient to prove the theorem for m = 1. Let a function
f belong to the class W(t, A+1,0; h) or equivalently
(1 —t) D32 f(2) + tD; £ (2)

h(z). 24
(1—t) Dot f(2) + tD5 "2 f(2) ) 24

It is sufficient to verify the condition (1.7). If we put
R=sup{r: (1—-t)D)f(2) +tDy " f(2) #0, 0 < |2| <7}, (2.5)

then the function
(1=t) D3 f(z) + D32 f(2)

zZ) =
" = D) TG
is analytic in U(R) and ¢(0) = 1. Taking the logarithmic derivative of (2.6) and

(2.6)

applying (1.4) we get
(1—t) Dy2f(2) + D3+ f(2) 2q'(2)

(1= ) DA f(z) + D32 f(z) 1)+ S FEUR). (2.7)
Thus by (2.4) we have
a(2) + i(i;((j)) <r h(2).
Lemma 2.2 now yields
q(z) =g h(z). (2.8)

By (2.6) it suffices to verify that R = 1. Let p be the positive integer such that p > o
and let
F(2)=2"" [1—t) D) f(2) +tDy f(2)]  (z€U).
Then by (1.4), (2.6) and (2.8) we have
2F' () (L—t) D3t f(z) +tD;2f(2)

Fo) T 0DM(G) HiDR () PO SR e
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Thus by (1.5) we obtain

2F' (2)

Re Fl2)

>0 (z€U(R)).

It means, that F' is p-valently starlike in U(R) and consequently it is p-valent in
U(R). Thus we see that F' can not vanish on |z| = R if R < 1. Hence by (2.5) we have
R =1 and the proof of Theorem 2.4 is complete. |

Putting h(z) = iigz in Theorems 2.2 and 2.3 we obtain the following two

corollaries:

Corollary 2.5.

V(t,A\+m,0;A,B) CV(t,\,0;A,B) (meN).
Corollary 2.6.

W(t,\+m,0; A, B) CW(t,\,0;A,B) (meN).

Using Lemma 2.1 we show the following sufficient conditions for functions to
belong to the class W(t, A\, 0; A, B).

Theorem 2.7. Let o, )\, A, B be real numbers, and let
c>0, A>0, -1<A<B<1,B—-A>2AB. (2.9)

If a function f € M satisfies the inequality

(1—t) D22 f(2) +tD2 3 f(2) ! < (B—A)(1+0—0A)—2AB (zeu
_ P 7
(L= ) D3 f(z) + DX f(2) o+ B)(1-A)
(2.10)
then f belongs to the class W (t,\,0; A, B) .
Proof. Let a function f belong to the class M. Putting
14+ Aw(z

in (2.7), we obtain
(L=t) D32 f(2) +tD3 P f(z) 1+ Aw(z) 1 ( Axw'(z)  Baw'(2) >
(0D f(z) 1 D2 2f(z) 1+ Buw(z) o \I+Aw(z) 1+ Bu(z))’
Consequently, we have

F(z) = w(z) {?Z((Z)) (1 +jw(z) -7 +§w(z)> — 5 fz;ﬁz)}’ (2.12)
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where o s
(DI D)
o = ) s o)

By (1.7), (2.6) and (2.11) it is sufficient to verify that w is analytic in U/ and

lwz)| <1 (z€lU).
Now, suppose that there exists a point zg € U(R), such that
lw(zo)l =1, |w(z)| <1 (|z] < [z0]).
Then, applying Lemma 2.1, we can write
zow' (20) = kw(zp), w(zo) =€ (k>1).

Combining these with (2.12), we obtain

|F(20)] =

ﬁ —A L B L B—A
o \1+ Ae?® 1+ Be? 1+ Bei?

kpof( A . B ), B-4A
o \1+4e? "1+Be?) " 1+B

Y

Thus, by (2.9) we have

F(0)] = k(‘A LB >+B—A

s \1-4 " 1+B) 1+B
(B—A)(1+0—cA)—24B
= o(1+B)(1— A)

Since this result contradicts (2.10) we conclude that w is the analytic function in U (R)

and |w(z)| <1 (2 € U (R)). Applying the same methods as in the proof of Theorem
2.4 we obtain R = 1, which completes the proof of Theorem 2.7. O

Putting t =0, A =2a—1 and B =1 in Corollaries 2.5 and 2.6 and Theorem
2.7 we obtain following relationships for the operator D) .
Corollary 2.8. Let 0 < a < 1 and m € N. If a function f € M satisfies the
inequality

Re (2D f(2)) > a (2 € D),
then
Re (2D} f(z)) >a (z€D).
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Corollary 2.9. Let 0 < a < 1 and m € N. If a function f € M satisfies the

inequality R
Dg+m+1f( )
e{Dc)f‘erf(z; } >a (z€D),
then .
DO'
Re {D{}fj(cz(:)Z)} >a (z€D).

Corollary 2.10. Let0 < «a <2/3. If a function f € M satisfies the inequality

D)‘+2f(z) 2 -3«

2 1< 1- — eD),

T Y <i-eray Ge
then

DAL f(Z)
Red —=F—-1% > €D).
e{ DY) } a (z )
References
[1] Cho, N. E., Srivastava, H. M., Argument estimates of certain analytic functions defined

2]

130

by a class of multiplier transformations, Math. Comput. Modelling, 37 (2003), no. 1-2,
39-49.

Eenigenburg, P. J., Miller, S. S., Mocanu, P. T., Reade, M. O., Second order differential
inequalities in the complex plane, J. Math. Anal. Appl., 65 (1978), 289-305.

Flett, T. M., The dual of an inequality of Hardy and Littlewood and some related in-
equalities, J. Math. Anal. Appl., 38 (1972), 746-765.

Jack, 1. S., Functions starlike and convex of order a, J. London Math. Soc., 8 (1971),
469-474.

Miller, S. S., Mocanu, P. T., Differential subordinations: theory and applications. Series
on Monographs and Textbooks in Pure and Applied Mathematics, Vol. 225, Marcal
Dekker, New York, 2000.

Salagean, G. S., Subclasses of univalent functions, Lecture Notes in Math. Springer-
Verlag, 1013 (1983), 362-372.

Uralegaddi, B. A., Somanatha, C., Certain classes of univalent functions, in Current
Topics in Analytic Function Theory, (Edited by H. M. Srivastava and S. Own), 371-374,
World Scientific, Singapore, (1992).

INSTITUTE OF MATHEMATICS
UNIVERSITY OF RZESZOW
UL. REJTANA 16A, PL-35-310, RzESzOW, POLAND

E-mail address: jdziok@univ.rzeszow.pl



