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SOME PROPERTIES OF A NEW CLASS OF CERTAIN ANALYTIC
FUNCTIONS OF COMPLEX ORDER

LUMINIŢA-IOANA COTÎRLĂ

Dedicated to Professor Grigore Ştefan Sălăgean on his 60th birthday

Abstract. In this paper we introduce a new class, Fn(b, M) of certain

analytic functions. For this class we determine sufficient condition in terms

of coefficients, coefficient estimate, and maximization theorem concerning

the coefficients.

1. Introduction and preliminaries

Let A be the class of functions f of the form

f(z) = z +
∞∑

k=2

akzk (1.1)

which are analytic and univalent in the open unit disk

U = {z ∈ C : |z| < 1}.

For n a positive integer and a ∈ C, let

H[a, n] = {f ∈ H : f(z) = a + anzn + . . . }.

We use Ω to denote the class of functions w(z) in U satisfying the conditions w(0) = 0

and |w(z)| < 1 for z ∈ U .

For a function f(z) in A, we define

I0f(z) = f(z); (1.2)
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I1f(z) = If(z) =
∫ z

0

f(t)t−1dt; (1.3)

and

Inf(z) = I(In−1f(z)), (z ∈ U and n ∈ N = {1, 2, 3, ...}). (1.4)

The integral operator In was introduced by Sălăgean in [8]. We note that,

for a function f ∈ A of the form (1.1)

Inf(z) = z +
∞∑

k=2

k−nakzk, (z ∈ U, n ∈ N).

In [1], [2], [3], [4], [7] and others papers, are introduced and studied cer-

tain subclasses of analitic functions defined by Sălăgean operator defined in [8]. Re-

cently,in[5], [6] are studied some class of analytic functions defined by the integral

operator defined in [8].

With the help of the integral operator In, we say that a function f(z) be-

longing to A is in the class Fn(b, M) if and only if∣∣∣∣1b (
Inf(z)

In+1f(z)
− 1) + 1−M

∣∣∣∣ < M, (1.5)

where M > 1
2 , z ∈ U and b 6= 0 is complex number.

We shall need in this paper the following lemma:

Lemma 1.1. [4] Let w(z) =
∞∑

k=1

ckzk ∈ Ω if µ is any complex number, then

|c2 − µc2
1| ≤ max{1, |µ|} (1.6)

for any complex µ. Equality in (1.6) may be attained for the functions w(z) = z2 and

w(z) = z for |µ| < 1 and |µ| ≥ 1, respectively.

We know from [3] that f(z) ∈ Hn(b, M) if and only if for z ∈ U

Inf(z)
In+1f(z)

=
1 + [b(1 + m)−m]w(z)

1−mw(z)
,

where m = 1− 1
M , (M > 1

2 ) and w(z) ∈ Ω.

The purpose of the present paper is to determine sufficient condition in terms

of coefficients for function belong to Fn(b, M), coefficient estimate, and maximization

of |a3 − µa2
2| on the class Fn(b, M) for complex value of µ.
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2. Main results

Theorem 2.1. Let the function f(z) be defined by (1.1). If

∞∑
k=2

{(
1− 1

k
) +

∣∣∣∣b(1 + m)
k

+ m(1− 1
k

)∣∣∣∣} |ak|
kn

≤ |b(1 + m)|, (2.1)

holds, then f(z) belongs to Fn(b, M), where m = 1− 1
M (M > 1

2 ).

Proof. Suppose that the inequality (2.1) holds. Then we have for z ∈ U

|Inf(z)− In+1f(z)| − |b(1 + m)In+1f(z) + m(Inf(z)− In+1f(z)|

=

∣∣∣∣∣
∞∑

k=2

1
kn

(1− 1
k

)akzk

∣∣∣∣∣−
∣∣∣∣∣b(1 + m)

{
z +

∞∑
k=2

ak

kn+1
zk

}
+ m

∞∑
k=2

1
kn

(1− 1
k

)akzk

∣∣∣∣∣
≤
∞∑

k=2

1
kn

(
1− 1

k

)
|ak|rk −

{
b(1 + m)|r −

∞∑
k=2

∣∣∣∣b(1 + m)
k

+ m

(
1− 1

k

)∣∣∣∣ |ak|
kn

rk

}

=
∞∑

k=2

1
kn
|ak|rk

{(
1− 1

k

)
+

∣∣∣∣b(1 + m)
k

+ m

(
1− 1

k

)∣∣∣∣}− |b(1 + m)|r.

Letting r → −1, then we have

|Inf(z)− In+1f(z)| − |b(1 + m)In+1f(z) + m(Inf(z)− In+1f(z)|

=
∞∑

k=2

{(
1− 1

k

)
+

∣∣∣∣b(1 + m)
k

+ m

(
1− 1

k

)∣∣∣∣} 1
kn
|ak|rk − |b(1 + m)| ≤ 0,

by (2.1). Hence, it follows that∣∣∣∣∣∣
Inf(z)

In+1f(z) − 1

b(1 + m) + m{ Inf(z)
In+1f(z) − 1}

∣∣∣∣∣∣ < 1, z ∈ U.

Letting

w(z) =
Inf(z)

In+1f(z) − 1

b(1 + m) + m{ Inf(z)
In+1f(z) − 1}

,

then w(0) = 0, w(z) is analytic in |z| < 1 and |w(z)| < 1. Hence, we have

Inf(z)
In+1f(z)

=
1 + [b(1 + m)−m]w(z)

1−mw(z)
, m = 1− 1

M
, M >

1
2
, w(z) ∈ Ω,

and this shows that f(z) belongs to Fn(b, M).
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Theorem 2.2. Let the function f(z)defined by (1.1)be in the class Fn(b, M), z ∈ U .

a) For

2m

(
1− 1

k

)
Re{b} >

(
1− 1

k

)2

(1−m)− |b|2(1 + m),

let

N =

[
2m

(
1− 1

k

)
Re{b}(

1− 1
k

)2 (1−m)− |b|2(1 + m)

]
, k = 1, 3, ..., j − 1.

Then

|aj | ≤
1

1
jn (1− 1

j )!

j∏
k=2

∣∣∣∣b(1 + m)
k

+
(

k − 2
k

)
m

∣∣∣∣ , (2.2)

for j = 2, 3, ..., N + 2; and

|aj | ≤
1

1
jn (1− 1

j )(N + 1)!

N+3∏
k=2

∣∣∣∣b(1 + m)
k

+
(

k − 2
k

)
m

∣∣∣∣ , (2.3)

for j > N + 2.

b) If

2m

(
1− 1

k

)
Re{b} ≤

(
1− 1

k

)2

(1−m)− |b|2(1 + m),

then

|aj | ≤
(1 + m)|b|
1
jn (1− 1

j )
, forj ≥ 2, (2.4)

where m = 1− 1
M (M > 1

2 ) and b 6= 0 complex.

Proof. Since f(z) ∈ Fn(b, M), from

Inf(z)
In+1f(z)

=
1 + [b(1 + m)−m]w(z)

1−mw(z)
,

where m = 1− 1
M (M > 1

2 ) and w(z) ∈ Ω, we have that

∞∑
k=2

1
kn

(
1− 1

k

)
akzk = w(z)

{
z(1 + m)b +

∞∑
k=2

1
kn

[
b(1 + m)

k
+ m

(
1− 1

k

)]
akzk

}
.

(2.5)

The equality (2.5) can be written in the form

j∑
k=2

1
kn

(
1− 1

k

)
akzk +

∞∑
k=2

dkzk =
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=

{
b(1 + m)z +

j−1∑
k=2

1
kn

[
b(1 + m)

k
+ m

(
1− 1

k

)]
akzk

}
w(z),

where dj ’s are some appropriates complex numbers. Then since |w(z)| < 1, we have∣∣∣∣∣∣
j∑

k=2

1
kn

(
1− 1

k

)
akzk +

∞∑
k=j+1

dkzk

∣∣∣∣∣∣ ≤ (2.6)

∣∣∣∣∣b(1 + m)z +
j−1∑
k=2

1
kn

[
b(1 + m)

k
+ m

(
1− 1

k

)]
akzk

∣∣∣∣∣ .

Squaring both sides of (2.6) and integrating round |z| = r < 1,we get, after

taking the limit with r → 1

1
j2n

(1− 1
j
)2|aj |2 ≤ (1 + m)2|b|2+ (2.7)

+
j−1∑
k=2

1
k2n

{∣∣∣∣b(1 + m)
k

+ m

(
1− 1

k

)∣∣∣∣2 − (
1− 1

k

)2
}
|ak|2.

Now there may be following two cases:

(a) Let

2m(k − 1)Re{b}
k2

>
(k − 1)2(1−m)

k2
− (1 + m)|b|2

k2
.

Suppose that j ≤ n + 2.Then for j = 2, (2.7) gives

|a2| ≤ (1 + m)|b|2n+1

which gives (2.2) for j = 2. We establish (2.2), by mathematical induction. Suppose

(2.2)is valid for k = 2, 3, ..., j − 1. Then it follows from (2.7)

1
j2n

(
1− 1

j

)2

|aj |2 ≤

(1 + m)2|b|2 +
j−1∑
k=2

1
k2n

{∣∣∣∣b(1 + m)
k

+ m

(
1− 1

k

)∣∣∣∣2 − (
1− 1

k

)2
}
×

× 1
1

k2n ((1− 1
k )!)2

k∏
p=2

∣∣∣∣b(1 + m)
k

+ m

(
p + 2

p

)∣∣∣∣2

=
1

((1− 1
j )!)2

j∏
k=2

∣∣∣∣b(1 + m)
k

+
(

k − 2
k

)
m

∣∣∣∣2 .
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Thus, we get

|aj | ≤
1

1
jn (1− 1

j )!

j∏
k=2

∣∣∣∣b(1 + m)
k

+
(

k − 2
k

)
m

∣∣∣∣ ,

which completes the proof of (2.2). Next, we suppose j > N + 2. Then (2.7) gives

1
j2n

(1− 1
j
)2|aj |2 ≤

≤ (1 + m)2|b|2 +
N+2∑
k=2

1
k2n

{∣∣∣∣b(1 + m)
k

+ m

(
1− 1

k

)∣∣∣∣2 − (
1− 1

k

)2
}
|ak|2+

+
j−1∑

k=N+3

1
k2n

{∣∣∣∣b(1 + m)
k

+ m

(
1− 1

k

)∣∣∣∣2 − (
1− 1

k

)2
}
|ak|2 ≤

≤ (1 + m)2|b|2 +
N+2∑
k=2

1
k2n

{∣∣∣∣b(1 + m)
k

+ m

(
1− 1

k

)∣∣∣∣2 − (
1− 1

k

)2
}
|ak|2.

On substituting upper estimates for a2, a3, ..., aN+2 obtained above, and sim-

plifying, we obtain (2.3).

(b) Let

2m

(
1− 1

k

)
Re{b} ≤

(
1− 1

k

)2

(1−m)− (1 + m)|b|2,

then it follows from (2.7)

1
j2n

(
1− 1

j

)2

|aj |2 ≤ (1 + m)2|b|2, (j ≥ 2)

which prove (2.4).

Theorem 2.3. If a function f(z) defined by (1.1) is in the class Fn(b, M) and µ is

any complex number, then

|a3 − µa2
2| ≤

3n+1

2
|b(1 + m)|max{1, |d|} (2.8)

where

d =
b(1 + m)
2 · 3n+1

[22n+4µ− 3n+1]− m

2
. (2.9)

The result is sharp.

Proof. Since f(z) ∈ Fn(b, M), we have

w(z) =
Inf(z)− In+1f(z)

[b(1 + m)−m]In+1f(z) + mInf(z)
=
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=

∞∑
k=2

ak

kn
zk−1

(
1− 1

k

)
b(1 + m) +

∞∑
k=2

ak

kn
zk−1

[
b(1 + m)

k
+ m

(
1− 1

k

)] =

=

∞∑
k=2

ak

kn
zk−1

(
1− 1

k

)
b(1 + m)

×

1 +

∞∑
k=2

ak

kn
zk−1

[
b(1 + m)

k
+ m

(
1− 1

k

)]
b(1 + m)

 . (2.10)

Now compare the coefficients of z and z2 on both sides of (2.10). Thus we obtain

a2 = 2n+1b(1 + m)c1 (2.11)

and

a3 =
3n+1b(1 + m)

2

{
c2 +

[
b(1 + m)

2
+

m

2

]
c2
1

}
. (2.12)

Hence

a3 − µa2
2 =

3n+1

2
b(1 + m){c2 − c2

1d}, (2.13)

where

d =
b(1 + m)
2 · 3n+1

[22n+4µ− 3n+1]− m

2
.

Taking modulus both sides in (2.13), we have

|a3 − µa2
2| ≤

3n+1

2
|b(1 + m)| · |c2 − dc2

1|. (2.14)

Using Lemma 1.1.in (2.14), we have

|a3 − µa2
2| ≤

3n+1

2
|b(1 + m)|max{1, |d|}.

Finally, the assertion (2.8) of Theorem 2.3. is sharp in view of the fact that the

assertion (1.6) of Lemma 1.1 is sharp.
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