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CONVOLUTIONS OF UNIVALENT FUNCTIONS WITH NEGATIVE
COEFFICIENTS USING A GENERALIZED SALAGEAN OPERATOR

ADRIANA CATAS

Dedicated to Professor Grigore Stefan Sdldgean on his 60" birthday

Abstract. The object of this paper is to derive several interesting prop-
erties of the class 7;(n, v, a, A) consisting of analytic and univalent func-
tions with negative coefficients. Integral operators and modified Hadamard
products of several functions belonging to the class 7;(n, v, a, A) are stud-
ied.

1. Introduction and definitions

Let N denote the set of nonnegative integers {0,1,2,...,n,...}, N* = N\{0}
and let IV;, j € N*, be the class of functions of the form

fR)=2- Y ar¥, a>0 k>j+1, (1.1)
k=j+1

which are analytic in the open unit disc U = {z € C: |z| < 1}.
We define the following generalized Salagean operator which has been intro-

duced by Al-Oboudi in [1]

Df(z) = f(2) (1.2)
Dif(z) = (1= Nf(2) + Azf'(z) = Daf(z), A>0 (1.3)
Rf(2) = DA(DY T f(2)). (1.4)
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If f is given by (1.1), then (1.2), (1.3) and (1.4) yield to a convolution with

the functions

Y(n,\) =z — i (14 (k—1DA"2F
k=j+1
DYf(2) =¢(n, A x f(2) =2 = > cx(n, A)2"
k=j+1
where
MmN =1+ (k—-1DA", A>0,n=0,1,2,... (1.5)

When )\ = 1 we get Sildgean differential operator [8].
Definition 1.1. [6] Let o,y € [0,1), n € N, j € N*. A function f belonging to N; is
said to be in the class T;(n,~, o, ) if and only if
Dy f(2)/DR f(2)
V(DY (=) /DR f(2) +1 -
Remark 1.2. The class 7;(n,v,®, \) is a generalization of the subclasses

i) 7:(0,0,,1) = T*(a) and 77(1,0,c,1) = C(«) defined and studied by

Re

o, zel. (1.6)

Silverman [10] (these classes are the class of starlike functions of order o with negative
coefficients and the class of convex functions of order o with negative coefficients
respectively);

it) 7;(0,0, , 1) and 7;(1,0, a, 1) studied by Chatterjea [4] and Srivastava et
al. [11];
iti) 71(n,0,,1) = 7 (n, @) studied by Hur and Oh [7];
iv) 71(0,7v,,1) = T(v,) and T1(1,7,,1) = C(v,a) studied by Altintasg
and Owa [2];

v) Ti(n,~, a, 1) studied by Aouf and Cho [3], [5].

Theorem 1.3. [6] Let the function f be defined by (1.1). Then f belongs to the class
Ti(n,v, o, A) if and only if

oo

S+ k=D {1+ (k-DA—a[l +y(k—D)A\}ax <1—a. (L7
k=j+1
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The result is sharp and the extremal functions are

l-a
L T R (R () e 15

with k > j + 1.

2. Main results

Let the functions f; be defined for i = 1,2,...,m, by

)=2z— Z a;“z ar; >0, jeN* zel. (2.1)
k=j+1

Theorem 2.1. Let the functions f; defined by (2.1) be in the class T;(n,v,a, \), for
every i =1,2,...,m. Then the functions h defined by

2) =D difi(z), ;=0 (2.2)

where
> di=1, (2.3)

is also in the same class T;(n,vy, a, A).

Proof. According to the definition of h, we can write

h(z) =z — Z (Zda,“>

k=j+1
Further, since f; are in the class T;(n, 7y, a, A) for every ¢ = 1,2,...,m we get
> a1+ (k= DA—a[l+(k - DA}ap; <1 -
k=j+1

where ¢ (n, ) is given by (1.5).

Hence we can see that

i er(n, N{1+ (k— 1)A — ol +~(k (Zda,“) =

k=j+1
=3 di | Y cln, N1+ (B = DA = o[l + (k- DAYag,; | <
i=1 k=j+1
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g(l—a)Zdizl—a,
i=1

which implies that h is in T;(n, vy, a, A). a

Theorem 2.2. Let the function f defined by (1.1) be in the class T;(n,v,a, \) and
let ¢ be any real number such that ¢ > —1. Then the function F defined by

ZC

Flz) = <1 /0 = (1) dt (2.4)

also belongs to the class T;(n, v, a, A).

Proof. From the representation (2.4) it follows that

F(z)=z— Z by 2"

k=j+1

b = ctl a
F\exrk )™

where

Therefore, we get

o0

> ek, {1+ (k= DA = afl + y(k — DA}bg =
k=j+1

= > eln, V{1 + (k= DA — afl +7(k - DA} (211) ap <

. k
k=j+1
< Z c(mMN{1+(k—DA—a[l+yk—-DAN}tap <1—a.
k=j+1
Hence, by Theorem 1.3, F' € T;(n, v, a, A). O

Theorem 2.3. Let ¢ be a real number such that ¢ > —1. If the function F' belongs to
the class T;(n,,c, X) then the function f defined by (2.4) is univalent in |z| < R*,

where

(¢ + Dep(n, {1+ (k — DA — afl +~(k — 1)k]}] =7
(1—a)(c+ k)k

and cx(n, A) is given by (1.5). The result is sharp.

R = inf (2.5)
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Proof. Let

F(z)=z— Z arz®,  ap > 0.
k=j+1
It follows from (2.4) that
l—c[ycp / i k
f(z)zz [2¢F(z)] - Z <cil>ak2k'

c+1 M

In order to obtain the required result, it is sufficient to show that

|f'(z) — 1] < 1 whenever |z| < R*.

Now,
= k(c+k) _
! _ < k 1.
FE-1s Y Tl
k=j+1
Thus, |f'(z) — 1] < 1if
o k(c+k) k—1
> ﬁakm <1 (2.6)

k=j+1

But, from Theorem 1.3 we have

i cr(n, {1+ (k= DX —a[l +v(k — 1A}

<1. 2.7
1-a W = (2.7)

k=j+1

Hence, by using (2.7), (2.6) will be satisfied if

kE(c+k), w1 {1+ (k—-DA—a[l+~(k—-1)A]}
c+1 12 < 11—«

that is

2] < (c+ Deg(n, {1+ (E—DA—a[l +y(k—1A]}]*T
(1—a)k(c+k) '

Therefore, f is univalent in |z| < R*.
The sharpness follows if we take

(1= a)lc+k) "
(c+ Dex(n, {1+ (k — DX — o[l +~(k — DA}

fu(z) =2 —

k> j+1, cg(n, A) is given by (1.5). O
97



ADRIANA CATAS

Let the functions f;, (i = 1,2) be defined by (2.1). The modified Hadamard
product of f; and f; is defined here by
frefalz) =2— > arraraz”. (2.8)
k=j+1
Theorem 2.4. Let the function fi defined by (2.1) be in the class T;(n,~y,a, X) and
the function fo defined by (2.1) be in the class Tj(n,,3,\). Then fi * fo belongs to
the class Tj(n,~, 9, \) where

6 =0(n,y,0,0,A) = (2.9)

A =7 —a)(1 = B)
L+ N[+ A — o+ AL+ Aj = B +75A)] = (L+ A1 — o) (1= B)

The result is best possible for the functions

. 11—« 1
L&) =2 s aa s A s (2.10)
and
f2(2) =2 — 1-5 271 (2.11)

[1+JA =B+ jAN)](L+ )"
Proof.  Employing the technique used earlier by Schild and Silverman [9], we need

to find the largest ¢ such that

e {1+ (B —1DX = 0[1 +v(k — 1)A]}
> - -

ap1ak2 < 1.
k=j+1

Since

i ce(n, {1+ (K — DX — afl +y(k — 1)A]}

<1 2.12
1-a Tl = ( )

k=j+1

and

e, {1+ (B —1D)X = B[1 +~v(k = 1)A]}
> o .

by the Cauchy-Schwarz inequality, we have

ara <1, (2.13)
k=j+1

o0

Z Ck(TL, )‘)\/A(’Ya «, /\7 k)B(rYa ﬂa /\7 k) RV Ak 10k2 S 1 (214)
k=j+1
where
Ay ask) — E = DA all (k= D]

11—«
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and
1+ (k—DA=F[1+~(k- 1))\]'

B(y,B8, A k) = 5

Thus it is sufficient to show that

(1 - 6) \/A(’Ya «, )‘7 k)B<7a ﬁa )‘a k)
VRO S G TN Sl (k- DA

Note that

1
Ck(n, )‘)\/A(’% @, /\a k)B(rYa ﬂa /\a k) .

Consequently, we need only to prove that

Vag1ag 2 <

1 < (1 _5)\/A(77O‘7)‘5k)B(77ﬁ7>\3k)
ck(n A)VAT, a, N k) B(v, B, N k) — 1+ (k=1A =01+ 7(k —1)A]

which is equivalent to

Ak =D =71 -a)(1 -5

O VBt N ) B A ) — [+ 20k — DAL= a)(1 = )
where
Ea(y A k) =14 (k— 1)A— afl +7(k — DA (2.15)
and
Es(v, \ k) =1+ (k— 1)A = B[1 +~(k — 1)) (2.16)

If we denote
S(na’%avﬁv)\;k) = (217)

_ Ak =D =71 -a)(1 -5
¢k (1, \)Ea (7, A K) E (v, A k) — [L+ (k= DA/(1 — ) (1 = B)

one obtains that S(n,v,«, 3, A, k) is an increasing function of k, k > j + 1. Letting

k=j+11in (2.17), we obtain
§ < S(n,y,a,8,A55 + 1).

This completes the proof of Theorem 2.4. O
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Theorem 2.5. Let the function f;, (i = 1,2) defined by (2.1) be in the class
Ti(n,v,o,\). Then f1* fa(2) belongs to the class T;(n,, 3, \) where

B=pB(ny,aA) = (2.18)

JAL — ) (1 —7)
(1 +0)"[1+ A = a(l+ 0] = (1 = a)?(1 +7jA)
The result is sharp.

Proof. Employing the technique used earlier by Schild and Silverman [9], we need
to find the largest 8 such that

oo

> e N1+ (k= DA = BlL+v(k — DA}agrare < 1 - 6.

k=j+1
The proof is the same as in the previous theorem.
Finally, by taking the functions f;, given by

. -« TR
FO =m0 TR e

we can see that the result is sharp. O
Corollary 2.6. For f1 and fa as in Theorem 2.4, the function
h(z) =z — Z Var 10522 (2.20)
k=j+1
belongs to the class Tj(n,v,a, N). The result is sharp.

Proof. This result follows from the Cauchy-Schwarz inequality. It is sharp for the

same function as in Theorem 2.4. O

Corollary 2.7. Let the functions f;, (i = 1,2,3) defined by (2.1) be in the class
T(n,v,a, X). Then fi * fa* f3 belongs to the class T;(n,v,n, \) where

n=mn(n,y,o\) = (2.21)

JAL = a)*(1 —7)
(L4702 1+ A = a(l +90)P = (L +7A)(1 — )3’

The result is best possible for the functions

11—« .
(2) = 2 — i =1,2,3. 2.22
&) =~ e a0 e @)

100



CONVOLUTIONS OF UNIVALENT FUNCTIONS WITH NEGATIVE COEFFICIENTS

Proof. From Theorem 2.5 one obtains that fi * fo belongs to the class T;(n,~, 3, \)
where (3 is given by (2.18). By using Theorem 2.4 we get f1 * fo x f3 belongs to the
class 7;(n,~v,n, ) where
n=n(n,v,o B, =
AL —7)(A - )1 - )
(L4 A Ea(y, Ad + D) Es(v, A +1) = (1 +9jA) (1 = a)(1 = B)
and Eq (v, A\; 7+ 1), Eg(y,A;j + 1) are given as in (2.15) and (2.16).

Hence, Corollary 2.7 follows at once. O

Theorem 2.8. Let the function f;, (i = 1,2) defined by (2.1) be in the class
T;(n,7y,a, A). Then the function

o0

h(z) =2 — Z (ai’l + ai’Q)zk, (2.23)
k=j+1

belongs to the class Tj(n,v,n, ) where

n=mnn,7,a\) = (2.24)
2jA(1 - )*(1—1)
(L4071 44X —a(l+ 9502 —2(1 — a)2(1 + vjN)
The result is sharp for the functions f;, (i = 1,2) defined by (2.19).

Proof. By virtue of Theorem 1.3, one obtains
2

= (e {1+ (k—DX—a[l +yA\(k—1 )
Z{k( HL+( 1>7O[[ YA( 1} a2 <
k=j+1
< i ck(n,A){H(k*11)i;a[1+7(k*1)A]}ak7i <1, i=12.

k=j+1
It follows that

Z } |:Ck(’ﬂ,,)\){1 + (k — ]i)i; a[l +7(k — 1))‘]}:| (aﬁ,l 4 ai,Q) <1.
k=j+1

Therefore, we need to find the largest 1 such that
cr(n, ML+ (k= DA —nll +y(k = DA} _
1—n -
_1 [Ck(n,x)u +(k=DA—a[l +~(k— m}}r
-2 11—«
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that is

22(1 — a)?(k —1)(1 —~)
k(M N{1+(k—DA—a[l+~(k— 1A} —2(1 — a)?[L +v(k — 1)\’

n<1l-—

Since
F(n,v,a,\ k) =

221 —a)*(k = 1)(1 =)

= N+ = Dh—all (k= DA =201 = a[1 + 10k = DA

is an increasing function of k, (k > j + 1) we get
n< Fn,y,a, ) +1)

and Theorem 2.8 follows at once.

Theorem 2.9. Let the function

o0
fi(z) =2 — Z ap12",  ap1 >0

k=j+1
be in the class T;(n,v, o, X) and
o0
fa(z) =2 = Y lawal2h,
k=j+1

with |ag 2| < 1. Then fi * fo belongs to the class Tj(n,v, o, A).

Proof. Since

oo

> ek, {1+ (k= DA = aft + y(k — DA} ag 1ax2| =
k=j+1

oo

= Z ek, {1+ (k= DA —a[l +v(k — DA }ak 1]arz2| <
k=j+1

oo

< Z {1+ Gk =-DA—a[l+~(k—-DA}ar:1 <1-«
k=j+1

by Theorem 1.3, one obtains that f; * fo belongs to the class 7;(n, v, «, A).
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