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ON ORDER OF CONVOLUTION CONSISTENCE
OF THE ANALYTIC FUNCTIONS
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Dedicated to Professor Grigore Stefan Sdldgean on his 60" birthday

Abstract. In this paper we consider the convolution of certain classes
of analytic functions. We discuss when it is in a given class. By means
of the Salagean integral operator we define a constant S which describes
a measure of convolution consistence of three classes. We shall examine
some special families for which we can determine the order of convolution

consistence.

1. Introduction

Let H denote the class of analytic functions in the unit disc i = {z : |z| < 1}
on the complex plane C. Let A denote the subclass of H consisting of functions
normalized by f(0) = 0, f/(0) = 1 and let S C A denote the class of functions
univalent in 4. Everywhere in this paper z € U unless we make a note. A function f

maps U onto a starlike domain with respect to wy = 0 if and only if

!
Re [fo(g)} >0 (zel). (1.1)
It is well known that if an analytic function f satisfies (1.1) and f(0) =0, f/(0) # 0,
then f is univalent and starlike in .
A set F is said to be convex if and only if it is starlike with respect to each

of its points, that is if and only if the linear segment joining any two points of E lies
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entirely in . Let f be analytic and univalent in &/. Then f maps U onto a convex
domain F if and only if

()
f'(z)

Such a function f is said to be convex in U (or briefly convex). The set of all functions

Re [1 + } >0 (ze€l). (1.2)

f € A that are starlike univalent in ¢/ will be denoted by S7". The set of all functions
f € A that are convex univalent in U by CV. Recall that the Hadamard product or

convolution of two power series

flz)=z+ Z anz™ and g(z)=z+ Z bn2",
n=2

n=2

is defined as
(fxg)(z)=2z+ Zanbnz"
n=2

and the integral convolution is defined by
Fog=z+y i
! - n=2 n .

It is well known [10] that if f,g € CV, then f * g € CV while if f,g € ST, then f xg
may not be in S7 and even may fail to be univalent. To examine deeply this problem

let us consider the Sildgean integral operator (see [12]) Z° : A — A, s € R, such that

I°f(z) =77 (i anz”> = i %z”.
n=1 n=1

Now, one can ask if exists there a number s € R such that
I°(fxg) €e ST Vf,geST.

The answer there is in Theorem 2.1 below. This problem may be consider more
generally for other classes of functions when the Sildgean integral operator is defined

on H as follows
o0 o0 a
7° <a0 + Z anz"> =aqag + Z n—jz”
n=1 n=1
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Definition 1.1. Let X, J and Z be subsets of H. We say that the three (X,), Z)
is S—closed under convolution if there exists a number S = S(X,Y, Z) such that
S(X,V,Z2) = min{seR:Z°(fxg) € Z VfeX Vge)} (1.3)
= min{seR:T°(X*Y)C 2},
where 7° denote the Salagean integral operator. The number S(X,), Z) is called the

order of convolution consistence the three (X,Y, Z). It would be called the Saldgean

number.

2. Main results

We shall examine some special families for which we can determine the order
of convolution consistence. First we shall restrict our attention to the classes of

starlike and convex functions.

Theorem 2.1. The order of convolution consistence of the class ST is equal to 1:
S(8T,87,87)=1. (2.1)

Proof. Tt is well known [10] that ST ® ST = ST and Z'(f * g) = f ® g. Thus if
f,g9 € ST, then Z'(f x g) € ST. This means that S(S7,87,87T) < 1. If we consider
the functions f, g € ST such that

then
I*(f + g) = Zn oz

The coefficients of the functions in the class ST cannot be greater than n. If we want

that n?=% < n, then s > 1. Therefore we deduce that S(S7,87,87) = 1. O
Theorem 2.2. We have the following orders of convolution consistence
(i) S(CV,CV,8T) = —
(ii)) S(CV,87,87) =0,
(i) S(ST,87,CV) =2,
(iv) S(
) S(

(v

CV,CV,CV) =0
CV,ST,CV) = 1.
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Proof. (i) Tt is well known [10] that CV « ST = ST. Let f,g € CV. Then z¢' € ST
and Z71(f * g)(2) = f(2) x (2¢'(2)) € ST, s0 S(CV,CV,S8T) < —1. If

z

£2) = g(:) = 1 € CV,

—z
then

I°(f = g) = Zn‘sz".
n=1

Because the coefficients of the functions in the class S7 cannot be greater than n

we obtain the condition n~° < n. Therefore we deduce that s > —1 and then

S(CV,CV,8T) = 1.

The proofs of (ii) — (v) run as the proof of (i). O
To find the order of convolution consistence of other classes let us recall the

classes of k-uniformly convex and of k-starlike functions:

k-UCY = {feS:iRe [HZJC;S)] >k ZJ{;;S)’, (2 € U; O§k<oo)},
k-ST = {feszme[:{;g)} >k Z}C;S)l L (el O§k<oo)}.

The class k-UCV was introduced by Kanas and Wisniowska [5], where its geometric
definition and connections with the conic domains were considered. The class k-UCV
was defined pure geometrically as a subclass of univalent functions, that map each
circular arc contained in the unit disk &/ with a center &, |§| <k (0 < k < o0), onto a
convex arc. The notion of k-uniformly convex function is a natural extension of the
classical convexity. Observe that, if &k = 0 then the center £ is the origin and the class
k-UCV reduces to the class of convex univalent functions CV. Moreover for & = 1
corresponds to the class of uniformly convex functions 4CV introduced by Goodman
[2] and studied extensively by Rgnning [9] and independently by Ma and Minda [8].
The class k-S7 is related to the class k-UUCV by means of the well-known Alexander
equivalence between the usual classes of convex CV and starlike S7 functions (see
also the works [4, 6, 7, 8, 9] for further developments involving each of the classes
kE-UCY and k-ST). Moreover, in [1] the authors studied the properties of the integral
convolution of the neighborhoods of these classes. To start examine the order of
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convolution consistence connected with the classes k-UUCV and k-S7T we need recall

some basic results about these classes. Let us denote (see [4])

2
S or 0=k<1
Pi(k) = % for k=1 , (2.2)

7_|_2

AVE(1+t) (k2 —1)K2(t)

for k>1

where ¢ € (0,1) is determined by k = cosh(wK'(¢)/[4K(¢)]), K is the Legendre’s
complete Elliptic integral of the first kind

! dx
) = /0 V- 22)(1 - 222)

and K'(t) = K(v/1 — t2) is the complementary integral of IC(¢). Let ) be a domain
such that 1 € € and

O ={w=u+iv: v>=k@u-1>+k"%}, 0<k<oo.

The domain € is elliptic for & > 1, hyperbolic when 0 < k < 1, parabolic when
k =1, and a right half-plane when k = 0. If p, is an analytic function with p,(0) =1
which maps the unit disc & conformally onto the region Q, then Pi(k) = p_(0).
Py (k) is strictly decreasing function of the variable k and its values are included in

the interval (0, 2].

Lemma 2.3. (see [4]) Let 0 < k < oo and let f € k-ST be of the form

F) =2+ ank)em (5 < 1),
n=2

then
(P1(k)) (1)
< ——Mm——— = .
|an(k)‘ — (n_ 1)| ) 2737 )

where (N),, is the Pochhammer symbol defined by

1 (n=0)

Nn =
AA+1) .- A+n—1) (n € N).

For k =0 the estimates are sharp; otherwise only the bound on |az(k)| is sharp.
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Lemma 2.4. (see [4]) Let 0 < k < oo and let f € k-UCY be of the form

flz) =2+ an(k)z" (2] <1),

then
(Pr(k)) -1y

Jan(k)] < —— =2,

n=23,...,

where Py(k) is given in (2.2). For k = 0 the estimates are sharp; otherwise only the
bound on |az(k)| is sharp.
Theorem 2.5. The following inequalities hold true

(i) logy Pi(k) < S(k-ST,k-ST,k-8ST) <1,

(ii) 1+logy Pi(k) < S(k-ST,k-ST,k-UCY) <2,

(i) S(k-ST,CV,k-UCY) =1,

(iv) S(k-ST,CV,k-ST) =0,

(v) S(k-UCV,CV, E-UCY) =0,
whenever there exist the above orders of convolution consistence.
Proof. (i) In [4] it was proved that if f,g € k-ST then f ® g € k-ST so I'(f x g) =
f®g € k-ST. Therefore S(k-ST,k-ST,k-ST) < 1, whenever it there exist. Suppose
that
f(z):g(z):zexp/’z% dt =z + Py (k)22 +-- -, (2.3)
where P; (k) is given in (2.2). Theon f,g € k-ST and by Lemma 2.3 for the second

coefficient we have

% < Pi(k) & Py(k) < 2°.

Therefore we deduce that S(k-ST,k-ST,k-ST) > log, Pi(k). Notice that Py (k) is

I5(f xg) € k-ST =

strictly decreasing function of the variable k and its values are included in the interval
(0,2].

(ii) This proof runs as the previous proof.

(iii) Let f € k-ST and g € CV. Then [4] f ® g € k-UCY so I (f * g) € k-UCV, hence
S(CV,CV,8T) < 1. If f is given as in (2.3) and g(z) = 2/(1 — z) € CV, then by
Lemma 2.4

Pi(k) _ Pi(k)

<

Z°(f x g) € k-UCY = 5 5
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Therefore S(k-ST,CV, k-UCY) =1
(iv), (v) Those proofs run as the previous proof. O

Lemma 2.6. (see [11])) Let F' and G be in CV. Then
f<F and g<G = fxg=<F=xG. (2.4)
Let us consider for o < 1 the class of functions:
P(a) ={p: zp(z) € A and Re [p(z)] > o for z € U}.

Lemma 2.7. Ifh € P(a) and h(z) =1+ a1z + azz® + - - -, then the function

H(z)=1+ i %”z" (z €U) (2.5)
satisfies
H(z)<1-2(1—a)log(l—2) (z€U) (2.6)

and belongs to the class P(1 + 2(a — 1) log 2).

Proof. Tt is well known that the function

o0

9(z) = —log(1—2)= 3

on
n
n=1

(z €elU)

belongs to the class CV of convex univalent functions so g(z) + 1 is convex univalent

too. Thus as in (2.4) we have

h(z) < 0202 s
g((z)):l<1g—(zz>+1 = h(Z)>l<(9(Z)+1)<%*(()le)7

Therefore we can write

h(z) * (9(2) + 1)

ooa
1+ —2"
n=1

- 1+ (11:220)2 « (1= log(1 — 2))

= [1+20—a)(z+2"+ )] * (1 —log(l — 2))
= 1-2(1—-a)log(l—=2). (2.7)

The function

1+ (1—2a)z

H(z) T

¥ (1—log(l—2))=1-2(1—a)log(l—2) (z€U)
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is convex univalent as a convolution of convex univalent functions and is typically-real

so the geometric properties of the image of H(I/) show that
min {ReH (z) : |2|] <1} = H(-1) =1+ 2(a — 1) log2.

Therefore from (2.7) we obtain that H € P(1 + 2(a — 1) log 2). O
Lemma 2.8. [13] Ifa<1,b<1, and f € P(a), g € P(b) for z € U, then

Re[(f x9)(2)] > ¢ for zel,

were ¢ =1—2(1 —a)(1 —b).
Theorem 2.9. If S(P(a), P(a),P(J)) there exists, then
(i) p < S(P(a), P(a), P(9)) <1,
where § =1 —4(1 — a)?log2, u= 7% =-0.732...,
(if) S(P(a), P(8), P(7)) =0,
where y =1—2(1 —a)(1 - 3),
(i) 1+log, =302 < §(P(a), P(8), P(7)) <0,
where v <1—-2(1—a)(1—03).
Proof. (i) Let g € P(a) and let

g(z) =z + Z bp2".
n=2
Let h, H be given as in Lemma 2.7. Therefore we have H € P(v), where
vy=1+2(a—1)log2.

Further, by Lemma 2.8 we have

o0

Tgeh)(z) = 143 22020 = (2« H(:)

c P :2(1 —a)(l-17))
= P —-4(1-a)’log2), (2.8)

so S(P(a),P(a), P(6)) < 1. Suppose that

h(z) =g(z) =1+2(1—a))_ 2" € P(a).

n=1
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It is known that if 1 + a1z + --- € P(9), then |a,| < 2(1 — §). Therefore, examining
the second coefficients we get

4(1 —a)?

To(g+h) € P(O) = ~—

<2(4(1 — a)?*log?2) &

1
<2° & s> logy ——
2log2 — 5> 08 2log2

and we can see that S(P(a), P(a),P(d)) > u, where p = 7% =-0.732....
For the proof of (ii) notice that by Lemma 2.8 if f € P(a) and g € P(4),

then Z°(f * g) € P(v)). This means that S(P(a),P(3),P(y)) < 0. If

flz) = 1+2(1-a)) 2" €P(a)

n=1
o0
g9(z) = 1+2(1-p)) =" €P(B), (2.9)
n=1
then for the second coefficient we have
41— a)(1 - B)

I*(f*g) € P(y) = <21-7)e2° 21

2° -

Therefore we deduce that S(P(«), P(3), P(v)) = 0.
In order to prove (iii) notice that by Lemma 2.8 if f € P(a) and g € P(f),
then

I°(fxg) € P(1 = 2(1 = a)(1 = B)) € P(7).

This means that S(P(«), P(3),P(y)) <0. If f € P(a) and g € P(B) are given as in

(2.9), then for the second coefficient we have

(19 e Pl » L= PED <o) eyt > 220
Thus we see that
1+1og, U0 < (pa), P(3). PO
Note that if v <1 —2(1 — a)(1 — ), then
1+ log, W < 0.
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