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VARIOUS PROPERTIES OF A CERTAIN CLASS
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Dedicated to Professor Grigore Stefan Sdldgean on his 60" birthday

Abstract. By using the techniques of Briot-Bouquet differential subor-
dination, we study various properties and characteristics of the subclass

foqys(al; B1; A, B) of multivalent analytic functions.

1. Introduction

Let A(p) denote the class of functions of the form:

f(z)=2"+> arp?P (peN={1,2,3,.}), (1.1)
k=1

which are analytic and p-valent in the open unit disk U = {z : z € C and |z| < 1}. Let
Q denote the class of bounded analytic functions satisfying w(0) = 0 and |w(2)| < |z|
for z € U. For functions f(z) € A(p) given by (1.1) and g(z) € A(p) defined by
g(z) = 2P+ f bi+p2" TP (p € N), the Hadamard product (or convolution) of f(z) and

k=1
g(z) is given by

oo
(f*9)(2) = 22+ Y arypbrip? P = (g% f)(2).
k=1
For given arbitrary numbers A, B ( —1 < B < A < 1), we denote by P(A, B) the

class of functions of the form:

0(2) =14+ b1z +bo2? + ..., (1.2)

Received by the editors: 01.07.2010.
2000 Mathematics Subject Classification. 30C45.

Key words and phrases. Differential subordination, Hadamard product, multivalent functions, Dziok-

Srivastava operator.

21



MOHAMED K. AOUF, ALI SHAMANDY, ADELA O. MOSTAFA, AND FATMA Z. EL-EMAM

which are analytic in U and satisfy the following condition:

1+ Az
1+ Bz

o(z) < (z€U).

(Here the symbol < stands for subordination.) The class P(A, B) was investigated
by Janowski [11].

For a function f(z) € A(p) given by (1.1), the generalized Bernardi-Libera-
Livingston integral operator Fj , is defined by (see [5])

Fsp(f)z) = P / 51 F (1) dt

z
0

= P4 Z( 0+p )akﬂ,z’”p (6 > —p;z€U). (1.3)

d+p+k

It readily follows from (1.3) that f € A(p) <= Fs, € A(p). Furthermore, we have

Om(z) = Fdn“p(Fémﬂ,p-~-(F517p(Z>))

m

d0;j+p & .
= 2P (5> —p; j=1,...,m). 1.4
z +Z H5 +p+k Ak+p? (] p;J ) 7m) ( )
For complex parameters ai,...,aq and By,...,0, (8; & Zg; Zy = {0,—1,-2,...};
j=1,...,s,) the generalized hypergeometric function ,F;(z) is defined (cf., e.g., [28])

as follows:

[0 e Zk
qu(Z) =4 Fs(al, ...,aq;ﬁl, ...,ﬁs;z) = I;) Eﬂi;zgﬂ:;: (1)k (15)

(g<s+1;q,5€ Ng=NU{0};z € U),

where (z) is the Pochhammer symbol defined (in terms of the Gamma function) by

(2) I'(z+k) z(x+1)...(z+k-1) (keNand z €C)
T = —/——— =
I'(z) 1 (k=0 and z € C\{0}).
We note that the series (1.5) converges absolutely for z € U and hence represents

an analytic function in the open unit disk U (see [29]). Corresponding to a function

Folat,...,aq, B, ..., Bs; 2) defined by

Fpla, ey g; By, s Bgi2) = 28 (Fo(an, .., ag; By, -, Bs; 2),
22
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Dziok and Srivastava [6] defined a linear operator Hy(aq, ..., ag; 81, -, Bs) + A(p) —
A(p) by the following Hadamard product:

Hy(o,...,aq; B, B) f(2) = Fplat, ..., aq; 81, -, Be; 2) * f(2),
(g<s+1;q,5s€Np;zeU).

If f € A(p) is given by (1.1), then we have

Hy(on,...,aq; B, 8,) f(2) = 2P + kaak+pzk+p , (1.6)
k=1

where

o (al)k...(aq)k
B = BB FEN

For convenience, we write

Hpvqys(O‘l;/Bl) = Hp(al, ---zaq§51a s B)-

It follows from (1.6) that

Hp,?,l(pa 1vp)f(z) = f(Z), Hp,271(p+ 17 17p)f(z) =

and

’

2(Hpqs(1;81)f(2)) = (B — DHpgs(a1;8, —1)f(2)
+ (p+1=051)Hpgs(on:8)f(2) (1.7)
The linear operator Hy, , s(aq; 81) includes various other linear operators which were

considered in earlier works. In particular, for f € A(p) we have the following obser-

vations:

(i) Hioala,bye)f(z)= I2Yf(2) (a,b € C;c ¢ Zg ), where I&" is the linear

operator investigated by Hohlov [10];
(ii) Hp,2,1(n +p,1; 1)f(Z): D"+p_1f(z) (n > —p;p € N), where pntp—1 g

the linear operator studied by Goel and Sohi [8]. In the case when p = 1,
D™ f(z) is the n — th Ruscheweyh derivative of f(z) (see [22]);
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(i) Hp21(0 +p,1;0 +p+ 1)f(2)= F5,(f)(2) (6§ > —p), where Fj, is the

generalized Bernardi-Libera—Livingston integral operator ([5]);

(iv) Hp21(p+1,L;p+1—p)f(2)= QP f(2) (—o0 < pu < p+1), where QU7

(—oo < p < p+1) is the extended fractional differintegral operator (see
[20]), defined by

D(k+p+)l(p+1—p)
Qup) — P E k+p
S o IF'lp+1)I'(k+p+1— )kﬂ’z
= — I FDH — 1
1) Pf(z) (oo <p<p+1),

where D¥ f(z) is, respectively, the fractional integral of f(z) of order —u
when —oo < p < 0 and the fractional derivative of f(z) of order y when
0 < pu < p+1 (see, for details [18], [19] and [20]). The fractional differential
operator Qlx-p)
[27].

(v) Hpa1(a,1;¢)f(2)= Ly(a;c)f(2) (a € R;e € R\Z ), where L,(a;c) is the

with 0 < p < 1 was investigated by Srivastava and Aouf

linear operator studied by Saitoh [24] which yields the operator L(a;c) f(2)
introduced by Carlson and Shaffer [3] for p = 1;
(vi) Higa(p, 1A+ 1)f(2)= I f(2) (A > —1;u > 0), where I, is the Choi-

Saigo—Srivastava operator [5];

(vii) Hpo1(p+ 1, 1;n 4+ p)f(2)= Inpf(z) (n > —p;p € N), where I, , is the

Noor integral operator of (n+p— 1) — th order , studied by Liu and Noor
[15];

(viil) Hpo21(A+p,ca)f(z)= Ig‘(a; ¢)f(z) (a,c € R\Zy ; A > —p), where I;‘(a; c)

is the Cho—Kwon-Srivastava operator [4].
Now, by making use of the Dziok—Srivastava operator Hy, 4 s(cu; 3,), we in-
troduce a subclass of functions in A(p) as follows.
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Definition 1.1. A function f(z) € A(p) is said to be in the class V)(aq, ..., ag;
ﬂla"'aﬂs;A7B) ((Oé_, > O’ ] = 17"'7q)7 (6] ¢ Z(Tv j = 1,...,3), ﬁl > 1’ A 2 0 and
—1< B < A<1), if and only if it satisfies

(1 _)\)Hpﬂ,s(al;ﬂl)f(z) +)\Hp7q7s(a1;ﬁl —1)f(2) . 1+ Az |
. 2 1+ Bz

(1.8)

For convenience, we write V;’w(al; 61; A, B) = V;}(al, g B, Bs; A, B).

We note that

(i) Vip1(2,121-20,-1)=R(a) (0<a<1)I7];
() Vior(p+ LLip+ 1L & — 1) = S$,(M) (M > 1) [26];
(i) V1,1(2,1;2:208 - 1,28 —1) = Ry(a,8) (0<a<1,0<3<1) [16];
(iv) Vi, (212 (20— 1)8,8) = Rla,) (0<a<10<g<1) [12]
(v) Vip1(n+2,1;2;A,B) = Vo (A, B) (n> —1) [14];
(vi) Vig1(n4+2,1;2; B+(A-B)(1—a),B) = Va(A,B,a) (n>-10<a <1)

[2];
(Vll) V;\,Q,l(p+17 17p+17:u‘a ﬂ(l*(QO&/p)), 76) = V;(H’ «, 6)7 Where V[A)(:u‘? «, 6)
denotes the class of functions f (z) € A(p) satisfying the condition:
(1= NQUP f(2) 4 AP p () — 2P
(1= VYD £(2) + AT () + (1 — (20/p)) 2P
where 0 < p<1,0<a<p,peNand0< (< 1;

(viii) V;\’q’s(al;ﬁl; 1, ﬁ—l) =V (a1; By, M) (M > %), where V;ﬁqys(al;ﬁl;

p,q,s

<pB (2€U),

M) denotes the class of functions f (z) € A(p) satisfying the condition:
‘ {(1 — ) Hy q.s(a1;81) f(2) + )\Hp,q75(a1§ﬁ1 -1 f(2)

2P P

}—M’<M
1
(M>§;26U);

(i) Vpor(p+1,L5p+2—pi51, 37 = 1) = Vi (pu, M) (M > §5—00 < p < p+1),
where V (11, M) denotes the class of functions f (2) € A(p) satisfying the
condition:

QU f(z)

zP

1
-M| <M (M>§;—oo<ﬂ<p+1;Z€U).

25



MOHAMED K. AOUF, ALl SHAMANDY, ADELA O. MOSTAFA, AND FATMA Z. EL-EMAM
2. Preliminaries

To prove our main results, we need the following lemmas.
Lemma 2.1. [9] Let the function h(z) be analytic and conver (univalent) in U with

h(0) =1 and let the function ¢(z) given by (1.2) be analytic in U. If

24 (2)
Y

¢(2) + < h(z) (Re(y) =0; v #0),

then

z

o) <0 = L [0 (o < hee)

0

and ¥ (2) is the best dominant.

Lemma 2.2. [25] Let ®(z) be analytic in U with
1
®0)=1 and Re(®(z)) > 5 (z€U).

Then, for any function F(z) analytic in U, (P F)(U) is contained in the convex hull
of F(U).
Lemma 2.3. [29] For real or complex numbers a,b and ¢ (¢ # 0,—1,-2,...), we have

1

/tH(l — ) A = )t =

0

T(b)0(c—b)

o) oF (a,b;c;z) (Re (¢)>Re (b)>0);

(2.1)
and
oF i (a,b;c;2) = (1 —2)"% 9F1(a,c = b; ¢ Ll) (2.2)
P
o0
Lemma 2.4. [13] Let w(z) = Y dp2* € Q, if v is a complex number, then
=1
|dy — vd}| < max{1,[v]}. (2.3)
Equation (2.3) may be attend with the functions w(z) = z and w(z) = 22, respectively,

forjv| > 1 and |v| < 1.
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3. Main results

Otherwise unless mention throughout this paper, we assume that —1 < B <
A<1L,A>0,peN, [, >1and z€U.

Theorem 3.1. Let the function f defined by (1.1) be in the class V , [(ou; 315 A, B).
Then

Hp,q,s(al; ﬂl)f(z) 1 -+ AZ
g <QE) <15 (3.1)
where
o= | BB BT A (LA 1) (B0
L s Az (B =0),
is the best dominant of (3.1). Furthermore,
H,,s(ar;
Re{ — (azlpﬁl)f(z)} > (A B1, A, B), (3.2)
where
n(M By A B) = 4+ (-4 - LR (LEAE +1542) (B£0)
s M1y 41y - _
1 - g4 (B=0).

The estimate in (3.2) is best possible.

Proof. Setting

6(2) = Hp’q,S(a1§ﬁ1)f(Z) -

2P

(3.3)

Then ¢(z) is of the form (1.2) and is analytic in U. Differentiating (3.3), and using

identity (1.7) in the resulting equation, we have

H,

s @ B)f(2) | Hpgsla By —Df(z) A2 (2)
(1 x)=resr AT = #&+ G5
1+ Az
1+ Bz
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1

Now, by using Lemma 2.1 for v = , we deduce that

z

61 — IZ_B1A71 /tﬁlel_l( 1 =+ At

62 < QL) ="k )t

0

A+ (1=3)0+B) R (LA 4 1558) (B£0)
1
1+ 52542 (B =0),

by change of variables followed by using the identities (2.1) and (2.2) (with a = 1,

b= 61}\_1 and ¢ = b+ 1). This proves the assertion (3.1) of Theorem 3.1. Next, to
prove (3.2), it suffices to show that

inf {Re(Q(2))} = Q(~1). (3.4)

|z|<1

For |z| <r < 1, we have

Re{1+Az}> 1—Ar.

1+Bz) — 1-Br
Setting
1+Asz B1—1 g1y
= <s<
g(s,2) = 1+ Bes and du(s) s s (0<s<1),
we get
1
Q(2) = [ g(s,2)dp(s)
0
so that
1
Asr
= — < .
Re(Q() = [ {—porduls) =Q(-r) (sl < <)
0

Letting » — 17 in the above inequality, we obtain the assertion (3.4). The result in

(3.2) is best possible as the function Q(z) is the best dominant of (3.1). O

Corollary 3.2. For 0 < Ay < A1, we have

VL Jons By A, B) C V)2 (a3 815 A, B).

p.q,s p.q,s

Proof. Let f € VX1 (aq;Bq; A, B).

D48
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Then by Theorem 3.1, we have f € quq’s(al; B1; A, B). Since
Hy qs(a1;81)f(2) Hy 4 s(a1; 8, — 1) f(2)

(1 — )\2) o + Ao g
_ 1— Q Hp,q,s(a1;61>f(z)
)\1 zP
+& {(1 B Al)Hp,q,s(OZl;ﬁOf(Z) N Hp,q,s(al;ﬁl — 1)f(z)}
A1 zP zP
1+ Az
1+ Bz’
we see that f € V;fqﬁs(al;ﬁl;A,B). |

Taking/\:s:agz1,q:2,a1:p—|—1,ﬂ1:n—|—p,A:1—27aand
B = —1 in Theorem 3.1, we get the following corollary.
Corollary 3.3. Let the function f given by (1.1)satisfy

Re{Inl’pf(Z)}>a 0<a<p; n>—p).
2P D

Re{ln’pf(z)} >2 4 (1_a> {2F1 <l,l;p+n;1> —1}.
2P P p 2

The result is best possible.

Then

Putting n = 1 in Corollary 3.3, we have the following corollary.

Corollary 3.4. If f € A(p) satisfies

Re{f/(_zl)}>a (0<a<p),

zp

Re{fz(j)} > %Jr <1—2> {2F1 <1,1;p+1;;> —1}.

The result is best possible.

then

Remark 3.5. The above result improves the corresponding result of Saitoh [23,

Corollary 2].

Theorem 3.6. Let f(2) € VO (a1;8;4,B), then the function Fy, defined by

.45
(1.3) satisfies
Hy q,5(a1; B1) Fs p(2) 14+ Az
. : 3.5
2P KQ(Z)<1+B;:’ (3.5)

29



MOHAMED K. AOUF, ALI SHAMANDY, ADELA O. MOSTAFA, AND FATMA Z. EL-EMAM

where
A A - . . z
o= BB AT R (Llip 4o+ Ligl) (B £0)
5
1+ pf—L—lAz (B =0),

and q(z) is the best dominant of (3.5). Furthermore,

H F,
Re{ p,q,s(al;fl) 5’p<Z)} > 6(671)7—‘473) ) (36)
where
copan =) st B)A-BTLA (Lip+astigh) (B20
1- it =0

The estimate in (3.6) is best possible.
Proof. Let
_ Hpgs(on, B1)Fsp(2)
o) = = .

Then ¢(z) is analytic in U with ¢(0) = 1. Differentiating (3.7) and using the identity

(3.7)

2(Hp,q,s(001; ﬁl)F&p(z))/ = (0 +p)Hp,q,s(a1;81)f(2) = 6Hp,q,s(c1; B1) Fs,p(2) (3.8)
in the resulting equation, we obtain

26 (2)  Hygsla;8)f(z) 1+ Az
¢(z)+5+p— P4 Zpl <175, (z€U).

Now, by using Lemma 2.1 for v = § + p, we deduce that

#(z) < q(z) = (6 +p)z,(5+p) /t5+p71 (

0

1+ At
— ) dt
1+Bt>

The assertions (3.5) and (3.6) can now be deduced on the same lines that used in

Theorem 3.1. This completes the proof of Theorem 3.6. O
Taking A =1 — 270‘ (0 < a < p) and B = —1 in Theorem 3.6, we get the

following corollary.

Corollary 3.7. If f € A(p) satisfies
Re{prq,s(aUﬁl)Jt('z)} > g (0 <« <p)7

2P D
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then

Re{Hp’q’S(o‘“fl)Fé’p(z)} >S4 (1 - 0‘) {2F1 (1,1;p+6+ I; 1) - 1}.
z p p 2

The result is best possible.

Taking s=as=1,¢g=2, a1 =p+land 8, =p+1—p(-co<pu<p+1)

in Corollary 3.7, we get the following corollary.

Corollary 3.8. If f € A(p) satisfies

(1,p)
e {QJ‘ pr(z)} y

Q(z”’p)F 1
Re{‘”’(z) >O‘+<1O‘>{2F1(1,1;p+5+1;>1}.
2P D D 2

The result is best possible.

<a<p—o0o<pu<p+l),

SRS

then

Corollary 3.9. Under the hypothesis of Corollary 3.7, the function 0,,(z) defined by
(1.4)satisfies

)

Re{Hpﬂ,S(O‘l;ﬂﬂem(z)} > Pm

2P D

where py = o and

1 .
pj=pi—1+®—pj ){QFl (1, Lp+d+1 2> - 1} (J=1,2,...,m).

The result is best possible.

Taking s =as =1,¢=2, a1 =p+1and 8, =n+p (n > —p) in Corollary

3.7, we have the following corollary.

Corollary 3.10. If f € A(p) satisfies

Re{l"”’f(z)}>a (0<a<p),
zP P

then

Re{In’ng’p(z)} >%+(1—% ){gFl (1,1;]9—1—5-1—1;;) —1}.

zP
The result is the best possible.
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Putting n = 0 in Corollary 3.10, we have the following corollary which in

turn improves the corresponding result of Fukui et al. [7] for p = 1.

Corollary 3.11. If f € A(p) satisfies

Re{f/(z)}>oz (0 <a<p),

zp—1

F; (2) 1
Re{zppl}>a+(p—a){2F1 (1,1;p+5+1;2) —1}.

The result is best possible.

Theorem 3.12. For f € A(p), we have

fev?

P7Q75(

o1; B3 A, B) & Fg _p1p €V, o (15815 A, B).

p,q,s

Proof. Using identity (3.8) and

z(Hp,q,s(OfUﬁl)FtS,p(z))/ = (8 — 1)Hp,q,5(a1§ﬁ1 - 1)F5,p(z)
+p+1- ﬂl)Hp,q,S(aB 51)F5,p(z)a

for 6 = f; —p — 1, we deduce that

prq,s(aﬁ B f(z) = Hp,q,s(a1§51 - 1)Fﬂrp*1,p(z)

and the assertion of Theorem 3.12 follows by using the definition of the class
;\,q,s(al;ﬂl;AvB)' D
Theorem 3.13. If the function f(z) given by (1.1) belongs to the class V, , (a1
B1; A, B), then
(A= B)(B1 — Dis1(B2)k--(Bs)e (L
a < S k>1). 3.9
| k+P| = (61 1 +)\k)(a1)k~n(aq)k ( = ) ( )
The estimate is sharp.
Proof. Sincef(z) € V;}’q’s(al;ﬂl;A,B), then
Hp 45 ; Hp 45 ; -1
(1 _)\) P9, (0[1 61)f(z) A p,9q, (0[1 ﬁl )f(Z) :p(Z), (310)

2P 2P
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where p(z) = 1+ Y ppz® € P(A, B). Substituting the power series expansion of
k=1

H,qs(a1;61)f(2), Hpqs(a1;6; —1)f(z) and p(z) in (3.10) and equating the coeffi-

cients of z¥ on the both sides of the resulting equation, we obtain

(B =1+ M) (@)eagde
(81— D1 (Ba)rew (B) k! 47— PF

Using the well-known [1] coefficient estimates

(k> 1). (3.11)

lor| <A=B (k=1),

in (3.11), we get the required result (3.9). The estimate in (3.9) is sharp for the
functions fi(z) defined by

Hp,q,s(alfﬂl)fk(z) + )\HP#Z-,S(al;ﬂl — 1) fr(2) _ 1+ Az’“‘ (k>1).
ZP P 1+ Bzk

(1=X)

Clearly, f1(z) € V)

p.a.sla1; B1; A, B) for each k > 1. It is easy to see that the functions

fx(2) have the series expansion

(A= B)(By = Vi1 (Ba)ke- Bk Wik g
(81 — 14+ Ak)(01)k--- (g e

show that the estimates in (3.9) are sharp. O

fe(z) =22+

Taking A = A =s=ay=1¢=2, 01 =p+land f;, =p+2—pu
(oo < p<p+1), B=4;—1(M > 3) in Theorem 3.13, we have the following

corollary.

Corollary 3.14. If the function f(z) given by (1.1) belongs to the class V,(p, M),

then
M -1)(p+1-phk
M(p+ 1)

@yl < (k> 1).

The estimate is sharp.

Theorem 3.15. Let f given by (1.1) belongs to the class V;‘qus(al;ﬁl;A,B) and

¢ be any complexr number. Then
e 2(A—B)(B1 — 1)3(Ba)2---(Bs)2
|ap+2 C%+1| < (Br— 1+ 2V (a1)s(ag)e

(B1 — 12 By B (A= B)(By — 14+ 2))(ay +1)...(ag + 1) ‘}
201..aq (B +1)..(Bs +1)(B — 1+ N)? ’

B+ ¢

.max{l,

(3.12)
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The estimate in (8.12) is sharp.
Proof. From (1.8), we deduce that

Hy qs(a1;81)f(2) Hyqs(a1; 8, —1)f(2)

(1-2) L +A - 1
— |:A - B {(1 _ )\) HP’%S(azl;ﬂl)f(z) + )\HP7Q>S(Q1;§)1 _ ].)f(Z) }:| w(z)7 (313)

o0

where w(z) = Y wgz” is analytic in U and satisfies |w(z)| < |2| for z € U. Substituting
k=1

the power series expansion of H, 4 s(c1;8,)f(2), Hpqs(01;68; —1)f(2) and w(z) in

(3.13), and equating the coefficients of z and 22, we get

(A= B)(B) — V)3 By,

Ap+l = (B —1+X) 1.0 b (3:14)
. 2%—1 ?)ﬁl 2})1 )f'afj)f(;if;)? (s — Buw?). (3.15)

From (3.14) and (3.15), we have
o=l = 2 e e Al @10

where

(B, — 1)2 By B (A= B)(By — 1+ 2)\) (a1 + 1)...(ag + 1)
2010 (B + 1) (Ba + 1)(By — 1+ \)2

Now, by using (2.3) in (3.16), we get the required result. The result (3.12) is sharp

v=DB+(

as the estimate (2.3) is sharp. O

Taking A=A =s=ay=1¢g=2, a1 =p+land fy =p+2—pu
- L
=M

—1 (M > %) in Theorem 3.15, we have the following

(—oo < p <p+1), :

corollary.
Corollary 3.16. Let f, given by (1.1), belongs to the class V (1, M), and ¢ be any

complex number. Then
(M —1)(p+1—p)o
M(p+1)2

1-M M -1)(p+2)(p+1—p)
o te M(p+1)(p+2—p) ‘}

}ap+2 - Ca12)+1| <

.max{l,

The estimate is sharp.
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Theorem 3.17. Let f € V), [(a1; 6,3 A, B) and g € A(p) with Re{%} > 1 forze

U. Then the function h = f x g belongs to the class V3, (a1; By A, B).
Proof. We can write
Hp,q,s(a1; 81)h(z) + )\Hp,q,S(Oé1§ﬂ1 —1)h(z)

24 ZP

{(1 _ )\)an,S(aZl;ﬁﬂf(z) Hp,q,s(al;ﬁl —1)f(2) } * 9(2)

zP 2P

(1=2)

+ A

(3.17)

Since Re{gz(,—j)} > L2 in U and f € V), . (a1;81; 4, B), it follows from (3.17) and

2 P.4,$
Lemma 2.2 that h € V;},q’s(al, B31; A, B). The proof is completed. O
Corollary 3.18. Let f € V), (a1,8,; A, B) and g € A(p) satisfy

9(2) | 92 }> 3= 2.A( L +151/2) (n>0,z€U). (3.18)

Re q (1 —p)= >+ p—=
{ R B R R ).

Then f+ge V), (a1;8; A, B).

Proof. From Theorem 3.1 (forgq=2,s=1, 01 =8, =p+1, aa =1, A =pu >0,
2 Fy(1,1;24151/2)—1

A= 272F1(;1“1'£+1~1/2)’ and B = —1), condition (3.18) implies
1
Re { 9(2) } > —.
2P 2
Using this, it follows from Theorem 3.17 that f x g € V27q7s(a1; B1; A, B). a

Theorem 3.19. If each of the functions f(z) given by (1.1) and g(z) = 2P +

oo
1;;1 b+p2 TP belongs to the class V;‘)q)s(al;ﬁl;A, B), then so does the function

h(z) = (1 = N Hpg,s(a15 81)(f * 9)(2) + AHp q,s(c1; By — 1)(f * g)(2).
Proof. Since f € V) .(a1;81; A, B), it follow by (3.13) that

D:q8
Hp,q,S(alhgl)f(Z) + )\Hp,q,s(a1§51 —1)f(2)

2P zP

Hp,q,s(al;ﬁl)f(z) Hp,q,s(al; ﬁl B 1)f(Z) }
zP

2P

- =

+A

)

< ‘A—B{(l—A)

which is equivalent to

Hp,q,s(al;ﬂl)f(z) + )\Hp,q,s(al;ﬂl - ].)f(Z)
zP 2P

‘(1—A) —£’<77 (zeU), (3.19)
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where
1-AB A-B
£= e and n=1"p
It is known [17] that if G(z) = Y gxz* is analytic in U and |G(2)| < E, then
k=0
> lgl? < B2, (3.20)
k=0

Applying (3.20) to (3.19), we get

1M (@i (age \P 2 o
*Z{ By~ Do Balr <5S>k<1>k} awpl” <

that is, that

- (81— 14+ Xk)(0q) k(g 2 9 M
221{ B1 = Di41(Ba)k-- (5s)k(1)k} sl < T (3.21)

Similarly,

“{(wl—lmk)( Vi () (A-BY 52

k-
Blfl)k—&-l(ﬂg)k ( )() } ‘bk+p| <77B2.

Now, for |z| = r < 1, by applying Cauchy-Schwarz inequality, we find that

Hp,q,s(aﬁﬂl)h( 2) +A Hyq, s(a1; 8y — 1)h(2)

zP zP

B (By = L+ Ak)(on)-(ag)e \° Zk
! mk_l{w = Drs1 (B2 mk(m} i

=~
|

2

‘(1—/\) -

2

5 — (B = 14+ Mk)(@n)r-- ()i
< (1 - 5) + 2(1 - 5) Z { (61 — 1)k+1(62)k (/Bg)k’(l) } ‘ak+;ﬂ| ‘bk+P| r
[ (By = 1+ Mk)( (ag)e \°
! ; { (B1 = Dgra( ﬁz e (B ) ( k} akﬂgbkﬂ)z

00 2 1/2
2 (B =1+ Mk) (o) g (g )k 2
smomea=g l;{<ﬁ1—1>k+1<ﬁ2>k...<ﬁs>k<1>k} sl ] |
51 - 1)k+1( 2)k-:

9 1/2
) ‘bk+P|2 Tk‘|
)

[ (B — 1+ M) (a)k(ag)e )P
Z{ 61_1 k+1(,82)k (55) ( ) } |ak+p| ' ]

S { (5, = L+ Ab)(an)
=43

k=1
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(By = L+ Ak)(@n)e(ag)e \* (2
[Z{ B = it (B wg)k(l)k} e ]

1/2
2 (B = 1+ AR (a) ke (agr 2
ST E{wll)mw (ﬂs)ka)k} "“““’] |

00 2 1/2
51 — 14+ k) (o) - ()i 2
Z{ Dt BBV § 7 ]

k=1

— [ (B =14 Mk)(01)--(ag)
2 { = Di1(B2) k(B4 (1
(B

+

s 1— 1+ k) (1)k.(aq
[Zl{ — Dgr1(By)k-- (ﬁs)k(

-9 +21- 9T gr + )

_ [B(A-B) 2+2B(A—B)3 (A-B*
| 1-B2 (1-B?)2 (1-B2)?

by using (3.22) and (3.23).
Thus, again with the aid of (3.20), we have h € V

pqs(al,ﬁlgA,B). O

n—1
Theorem 3.20. Let f € V), (a1;61; A, B) and Sy(2) = 2P+ Y ap4p2"P (n > 2).
k=1
Then for z € U, we have
t=7( : dt
fo pqszfl B1)Sn(t)) ] > n(\ By, A, B),
where n(\, By, A, B) is defined as in Theorem 3.1.
Proof.  Singh and Singh [25] proved that
n—1 Zk 1
1 — . 2
Re +;k+1 >3 (2€U) (3.23)
Writing
Z n—1
fo t7P(Hp,q,s(a1; B1)Sn(t))dt _ Hy q.s(a1;61)f(2) w14+ Z i
z 2P — k+1

and making use of (3.23), Theorem 3.1 and Lemma 2.2, the assertion of the theorem

follows at once. O
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Remark 3.21. By taking g =2,s=1, a1 =a (a>0), aa =1 and f; =c (¢ > 1;

c ¢ Zy) in our results, we obtain the results obtained by Patel and Sahoo [21].

Acknowledgements. The authors would like to thank the referee of the paper for
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