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A NOTE ON DIFFERENTIAL SUPERORDINATIONS USING
A MULTIPLIER TRANSFORMATION AND RUSCHEWEYH
DERIVATIVE
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Dedicated to Professor Grigore Stefan Sdldgean on his 60" birthday

Abstract. In the present paper we define a new operator, by means of con-
volution product between Ruscheweyh operator and the multiplier trans-
formation I (m, A,l). For functions f belonging to the class A, we define
the differential operator IR}, : An — An,

IRY f (2) := (I (m, A\, 1)« R™) f (2),

where A, = {f € H(U) : f(2) = 24+ ant12" ™ +..., 2 € U} is the class of
normalized analytic functions. We study some differential superordinations

regarding the operator IRY';.

1. Introduction

Denote by U the unit disc of the complex plane U = {z € C : |z| < 1} and
H(U) the space of holomorphic functions in U.
Let
Ap,n)={feHU): f(z)=2+ Z a;2’, z€U},

Jj=pt+n
with A (1,n) = A,, and

Hla,n] = {f € H(U), f(2) =a+anz" +apn 12" +..., 2€ U}
for a € C and p,n € N.
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If f and g are analytic functions in U, we say that f is superordinate to g,
written g < f, if there is a function w analytic in U, with w(0) = 0, |w(z)| < 1, for
all z € U such that g(z) = f(w(z)) for all z € U. If f is univalent, then g < f if and
only if f(0) = ¢(0) and g(U) C f(U).

Let 1 : C? x U — C and h analytic in U. If p and 9 (p(2), 2p’ () ;2) are

univalent in U and satisfies the (first-order) differential superordination

h(z) < ¥(p(2),20'(2);2), 2€U, (1.1)

then p is called a solution of the differential superordination. The analytic function
q is called a subordinant of the solutions of the differential superordination, or more
simply a subordinant, if ¢ < p for all p satisfying (1.1).

An univalent subordinant ¢ that satisfies ¢ < ¢ for all subordinants ¢ of (1.1)
is said to be the best subordinant of (1.1). The best subordinant is unique up to a

rotation of U.

Definition 1.1. [7] For f € A(p,n), p,n € N, m € NU{0}, A\,l > 0, the operator
I, (m, A\, 1) f(2) is defined by the following infinite series

I, (m,\0) f(z) =22 + i (W)majzj.

Remark 1.2. It follows from the above definition that
IP (07)\71) f(Z) = f(Z)7
(P+1 I, (m+1,01) f(2) = [p(1 = A) + 1] I, (m, M, 1) £(2) + Xz (I, (m, A1) f(2))
zeU.
Remark 1.3. If p = 1, we have A(1,n) = A,, I; (m,\,1) f(2) = I (m,\,l) and
I+ I(m+1,010) f(2) = [+ 1= AT (m,\1D) f(z)+ Az (I (m, A1) f(2)),
zeU.

Remark 1.4. If f € A, f(z) =2+ Z;inﬂ ajz7, then

= (1HAG =D+
I(m,/\,l)f(z) :Z+j:;+1 (H—l CLjZJ, ZEU
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Remark 1.5. For [ = 0, A > 0, the operator DY* = I (m,\,0) was introduced
and studied by Al-Oboudi [6], which is reduced to the Saldgean differential operator
S™ =1 (m,1,0) [10] for A = 1.

Definition 1.6. (Ruscheweyh [9]) For f € A,,, m,n € N, the operator R™ is defined
by R™: A, — A,

Rf(z) = f(2)
R'f(z) = zf'(2)

(m+1)R™1f(z) = z(R™f(2) +mR"f(2), z€U.

oo
Remark 1.7. If f € A, f(z) =2+ Z a;jz!, then
Jj=n-+1

R"f(z)=z+ i C’,’Zfﬂ,lajzj, zeU.
j=n+1
Definition 1.8. [8] We denote by @ the set of functions that are analytic and injective
on U\E (f), where E(f) = {¢ € oU : ieréf(z) = oo}, and f'(¢) # 0 for ¢ €
OU\E (f). The subclass of @ for which f (0) = a is denoted by Q (a).

We will use the following lemmas.
Lemma 1.9. (Miller and Mocanu [8]) Let h be a convex function with h(0) = a, and
let v € C\{0} be a complex number with Re v > 0. If p € Hla,n]NQ, p(z) + %zp’(z)
s univalent in U and
M) <P+ (), el
then
o) <p(). el

where

N ) v/n—1
q(z) = nz“//”/o h(t)t dt, » € U.

The function q is convex and is the best subordinant.
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Lemma 1.10. (Miller and Mocanu [8]) Let g be a convex function in U and let
1
hz) = q(z) + —24'(2), z €U,
Y
where Re v > 0.
Ifpe Hla,n]NQ, p(z) + %zp’(z) is univalent in U and
L, L
9(2) + 224 (2) <p(2) + 22’ (2), 2 €U,

then
q(z) < p(z), z€U,

where

nz’Y/n

q(z) = 1 / Wt/ ldt, 2 € U.
0
The function q is the best subordinant.
2. Main results

Definition 2.1. ([4]) Let m,n,\,l € N. Denote by IR}, the operator given by
the Hadamard product (the convolution product) of the operator I (m, A,l) and the
Ruscheweyh operator R™, IR}, : Ay, — Ay,

IRY f (z) =T (m,\,))* R™) f(2).

Remark 2.2. If f € A,, f(z) =2+ Z a;z?, then

Jj=n-+1
IRY, f (2) ==z Jrj:;q (H—l Cm+j—1ajzj, zeU.

Remark 2.3. For [ = 0, A > 0, we obtain the Hadamard product DR} [1] of the
generalized Salagean operator DY' and Ruscheweyh operator R™.
For I = 0 and A = 1, we obtain the Hadamard product SR™ [5] of the

Salagean operator S™ and Ruscheweyh operator R™.

Theorem 2.4. Let h be a convex function, h(0) = 1. Let m,n,\,l € N, f € A, and
suppose that

I+1
Al—m+2)—(+1

ER [(m+ 1) IR (2) = (m = 2) TRS, f (2)
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2(1+1) (m—1) —2\m / IRT,lf(t)—tdt
0

l+1
t2

+(1_)\(l—m+2)—(l+l)>_ Ni—m+2) —(+1)

li
is univalent and (IRT’lf (z)) eHI[LnNQ. If

l+1 m—+1 m
ME) = )~ ys Lt VIR () = = 2 TR ()] (2.)
I+1 2(1+1)(m—1)—2\m [* IRY,f(t)—t
+<1_)\(l—m+2)—(l+1)>_ )\(l—m+2)—(l+1)/0 12 at,
z € U, then
q(z) < (IRTJf (z))/, zeU,
where

A (l —m+ 2) — (l + 1) # A(l=m—nl—n+2)—(+1)
"= A=m+2)—(FD) / h(t)t ATFDR dt
)\(l =+ ]_) nz NGESD

The function q is convex and it is the best subordinant.

Proof. With notation

oo

T+A(G—1)+1 .
p(z) = (IR, f "1+ Z (H1)> Crij—17a; 2297 and p(0) =1,
Jj=n-+1

we obtain for f(z) =2+ 372, ) a;27,

N S N ' E A i
p(2)+2p (2 _1+]zn;_l<l+l) Cotje 1]az
+J;ﬂ (H>\l—&-1)+l> Crnti- 13(3*1)“”«'] !
= % (mjl IRV f (2 )—7A IR f (2 )) A(m;(ll)+_l()l+1> (IRY.f (2))’
m—1 2\ 20+1)(m—1)—2xm [* IRDf(t)—t
+<1_ 1+1 _A)_ ANiI+1) / I dt.
Therefore
A(I+1) ,
p(z)+)\(l—m+2)—(l+1)Zp (2)
I+1 . .
TPl—mT2)—(+1D)z [m D IRYTf (2) — (m —2) IRY £ (2)]

[+1

2(l41) (m—1)—2xm [ IRy, f(t) —t
+<1_/\(l—m+2)—(1+1)>_)\(l—m+2)—(l—|—1)/0 dt.

t2
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Then (2.1) becomes

A(L+1)
Ai—m+2)—(+1

hz)<p(z)+ )zp'(z), zeU.

By using Lemma 1.9 for y =1 — TT_II — %, we have

q(z) < p(z), zeU, ie ¢q(z)=< (IRi\"Jf(z))l, zeU,

where
by (l —m+ 2) — (l + 1) Z A(l—m—nl—n+2)—(l+1)
2= Ay [ (O g
A(l+1)nz™ >@Fon
The function ¢ is convex and it is the best subordinant. O

Corollary 2.5. [3] Let h be a convez function, h(0) = 1. Let A > 0, m,n € N, f € A,
and suppose that

m+1
(mA+1)z

m(1— M)

DRTHf (2) — m

DR f (2)

is univalent and (DRY f (2)) € H[1,n]N Q. If

h(z) < %DRT“]‘ (2) mDR;"f 2), zeU,  (22)
then
q(z) < (DRYf (2)), z€U,
where

miA+1 [~ (m—m)A+1
Q(Z) = AL / h (t) 3 nA dt.
0

nAz nx
The function q is convex and it is the best subordinant.

Corollary 2.6. [2] Let h be a convex function, h(0) = 1. Let m,n € N, f € A, and

suppose that
m
m+1

is univalent and (SR™f (2)) € H[1,n]N Q. If

2(SR™f (2))"

1
;SRm+1f(z)+

m
m+1

h(z) < %SR’”“ )+ (SR (), el (2.3)

then
q(z) < (SR™f (z))/, zeU,
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where

q(z) = L /O h(t)t=~dt.

nzn
The function q is convex and it is the best subordinant.

Theorem 2.7. Let q be convex in U and let h be defined by
Al+1)

h /
(2) =q(z) Ni—mi2) -t~ (2),
m,n,\, 0l € N. If f € A, suppose that
I+1

ST 2 T L VIR () = D IR (2]

t
dt

I+1 2(l+1) (m—1) —2xm [* IRy, f (1) —
+(1‘A<Z—m+2>—<1+1>>‘w—m+2>—<z+1>/o Z

/
is univalent, (IRZ\’flf (z)) € H[1,n]NQ and satisfies the differential superordination

B A +1) I+1
M) =0+ g i ¢ () < pa—miy—atn: Y
[(n+ ) IRFL () = (m — 2) TRY, (1 l—mi+2)1 (z+1)>
2(14+1)(m—1)—2xm [* IR} (t
_)\(lfm+2)f(l+1)/0 2el,
then
a(z) < (IR} (2)),  zeUl,
where

qQ\z) =

A (l —m+ 2) — (l + 1) z A(l—m—nl—n+2)—(1+1)
A=t (1) / h(t)t ATFD» dt

A(l+1)nz™ »@Fnn
The function q is the best subordinant.

Proof. Let
p(2) = (IR f (2)) =1+ Z (H‘A(J_I)"H> Cm i ja2zi

Differentiating, we obtain
1 /m+1
/ —
P+ () =1 (5

IR ()~ PR )
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dt

_2(l+1)(m—1)—2)\m/z IRY, f(t) -1
AI+1) 0 2
and

A(I+1) Con
Ni—mro—arn?¥=

p(2) +

T2 = [ VIR () = (m = D IRY S (2)]

+(1_>\(lmi+2)1(l+1)>

2(l+1)(m—1)—2xm [* IR, f(t)—t
/\(l—m—|—2)—(l+1)/0 2
and (2.4) becomes

A(L+1)

dt, ze U

A(L+1)

"(z) < ' (2), e U.
LR v s wy o v A Y v s ey o s SR
Using Lemma 1.10 for v =1 — % — %, we have ¢(z) < p(z), z € U, i.e.
Al—-m+2)—(1+1) [? Al=m=nl=n+2)-(+1)
?) = MNl—m12)— (11 / h (t) t AliFL)n dt
A(l+1)nz™ xaFDn

< (IR f (), =z €U,
and ¢ is the best subordinant. O

Corollary 2.8. [3] Let q be convex in U and let h be defined by

A /
h(z)=q(2) + 720 (2),
A>0,mneN. If f € A,, suppose that
m+1 m(1l—M\)
D m—+1 _ D m
g DT ) - Ty PR (2)

is univalent and (DRY f (2))" € H[1,n]NQ and satisfies the differential superordina-

tion
B A , m—+1 m m (1 - )\) m
h(z)=q(z)+ s 174 (2) < mDRA Hf(2) - mDR)\ f(z),
(2.5)
z € U, then

a(z) < (DR{f(2))",  z€U,
10
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where

mA+1
nAz nx

g(z) = AL /zh(t)twdt.
The function q is the best subordinant. ’
Corollary 2.9. [2] Let q be convex in U and let h be defined by h (z) = q(2)+zq' (2).
If m,n €N, f € A,, suppose that LSR™1f () + itz (SR™f (2))" is univalent,
(SR™f (2)) € H[1,n] N Q and satisfies the differential superordination

h(z) = q(2) + 2q' (2) < %SRm“f (2) + Z(SR™f(2))", =2€U, (26)

m+1

q(z) < (SR™f (z))/, zeU,

where

q(z) = L / h(t)t=~dt.
0

nzw
The function q is the best subordinant.

Theorem 2.10. Let h be a convex function, h(0) = 1. Let m,n,\,l €N, f € A,, and

suppose that (IRS\'flf (z)) 18 univalent and M eH[LnNQ. If
h(z) < (IR f (), z€U, (2.7)
then
IRY, f (2
o)< T ey
where

1 z
= / h(t)t=tdt.
nzn» Jo

The function q is convex and it is the best subordinant.

Proof. Consider

o0 1EAG=1)+1 -
IRY,f(2)  #F 2jmnt (%) Cry i qa32?

p(z) = . = .
= (14+AG 1)+ - 5 i1
o £ (R

Evidently p € H[1,n].
li
We have p (2) + 2p’ (2) = (IRS\’flf (z)) ,zeU.

11
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Then (2.7) becomes
h(z) < p(2) +2p'(2), z€eU.

By using Lemma 1.9 for v = 1, we have

IR f (2
q(z) <p(z), z€U Iie. q(z)<%(), zeU,

where ¢(z) = —L¢ [ h(t)t=~1dt. The function ¢ is convex and it is the best subordi-

nzn
nant. O

Corollary 2.11. [3] Let h be a convex function, h(0) = 1. Let A > 0, m,n € N,
f € A, and suppose that (DRY f (2))" is univalent and % eH[L,n|NQ. If

h(z) < (DRYf(2)), z€U, (2.8)
then
q(z) < D}t#f(z)v zeU,
where
q(z) = i / h(t)t=~dt.
nzn» Jo

The function q is convex and it is the best subordinant.

Corollary 2.12. [2] Let h be a convex function, h(0) = 1. Let myn € N, f € A, and
suppose that (SR™ f (2))" is univalent and % eEH[L,nNQ. If

h(z) < (SR™f (2)), zeU, (2.9)
then
q(z) < SR%M, zeU,
where

q(z) = L / h(t)t=~dt.
0

nzn
The function q is convex and it is the best subordinant.

12
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Theorem 2.13. Let q be convex in U and let h be defined by h (z) = q(2)+24¢ (2). If
! m
m,n,\,l €N, f € A,, suppose that (IR;\’flf (z)) 1s univalent, M e H[1,n]NQ

and satisfies the differential superordination

h(z) = q(2) +2q (2) < (IR (2)),  zeUl, (2.10)
then
IR z
a(2) L”’ e,
z
where
1 z
q(z) = — / h(t)t=tdt.
nzn» Jo
The function q is the best subordinant.
Proof. Let
oo 1HAG=D+\" ~m ;
IR () 2t S () Oty
p(z) = =
z z
— L+AG -+ ., 2. j-1
= ]_+ Z <Z_|_1 Cm+j71ajzj .
j=n+1

Evidently p € H[1,n].
Differentiating, we obtain p(z) + zp/(z) = (IRK’”flf(z))/, z € U and (2.10)
becomes
q(2) + 2¢'(2) < p(2) + 20" (2), 2z €.

Using Lemma 1.10 for v = 1, we have

z 1 IRY, f (2
q(z) < p(z),z €U, 1ie. ¢q(z)=— / h(t)t=tdt < %(),z eU,
0

and ¢ is the best subordinant. O
Corollary 2.14. [3] Let q be convex in U and let h be defined by h (z) = q (2)+zq' (2).
IfX>0, mneN, feA,, suppose that (DR} f (2)) is univalent,

DR f (2)
z

eH[L,nNQ
and satisfies the differential superordination

h(z) = q(2) + 2¢' (2) < (DRYf (2)), zeU, (2.11)

13
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then

J(s) < DRI C)

where q(z) = ¢ [§ h(t)t=—Ydt. The function q is the best subordinant.

nzmn

, zeU,

Corollary 2.15. [2] Let q be convex in U and let h be defined by h (z) = q (2)+zq' (2).
Ifm,n €N, f e A,, suppose that (SR™f (2)) is univalent, % eH[L,n]NQ

and satisfies the differential superordination

h(z) = q(2) +2d () < (SR™f (), 2 €U, (2.12)
then
()~<SRTJ(Q, zeU,
where
R S AV
q(z)inz%/o h(t)t» " dt.

The function q is the best subordinant.

Theorem 2.16. Let
14+(26-1
ey L+ 201
142
be a convex function in U, where 0 < 3 < 1. Let m,n,\,l € N, f € A, and suppose
!/
that (IR;\’flf (z)) is univalent and

E&ﬂ@eHEMQQ
If
h(z) < (IR, f (), =zeU, (2.13)
then
o) IRf\’lef(z)7 eu

where q is given by

200 i
z2)=28—-1+ dt, z e U.
a(z) =26 nzw  Jo 1+t

The function q is convex and it is the best subordinant.

14
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Proof. Following the same steps as in the proof of Theorem 2.10 and considering

o) = L)

z
the differential superordination (2.13) becomes

:1—1—(25—1)2

h(z) T+ 2

<p(2) +2p'(z), zeU.

By using Lemma 1.9 for v = 1, we have ¢(z) < p(2), i.e.,
1 # 1 z 1 20—-1)t
q(z) = / h(t)tn'dt = / Sl Gl VLY
0 0

nz new 1+t

1
n

=20-1 dt < , el.
g + nz% 1+¢ z *

The function ¢ is convex and it is the best subordinant. O

2(1 - 3) / w1 IRY, f (2)
0

Theorem 2.17. Let h be a convex function, h(0) = 1. Let m,n,\,l € N, f € A,, and

m+1 / m+1
suppose that (W) is univalent and 242 ¢ 9 1,n)NQ. If

IR;\'ﬁlf(z)
I
IR\ f (2)
hiz) < | ——=——1, zeU, 2.14
then
IR f (2)
q(z) < =5 zeU,
(2) IRY f (2)
where

1 /7 i
q(z2) = —F h(t)t=~ dt.
nzn 0
The function q is convex and it is the best subordinant.
Proof. Consider

. m—+1
1 s} 1+ (j—1)+1 m+1 2 _j
IRZ?;L flz) #+ Zj:n+1 I+1 Crni;a5%

p(2) = —55
IR, f (2) z+ Z;inJrl

AG=D+\" ~m 2.
T C’mﬂ;lajz

m—+1 .
Cmtla2zi—1

0o 1HAG—1)+
T+ ( I+1 m+j 4j

o 14A(—1)+l
LT (R

Evidently p € H][1,n].

m

m 2,5-1
Cosjo1057

N—— [ N— |

15
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We have
! /
o (1B 1 () o (1835 (2))
PE)="—Fpmry PR —gmm
IRA,zf(Z) IRA,lf(Z)
Then
RPN (2)
p)+ap' ()= —pmmrr | -
IR f (2)
Then (2.14) becomes
h(z) < p(z) +2p'(z), z€eU.
By using Lemma 1.9 for v = 1, we have
q(z) <p(z), z€U ie q(z)%w zeU
) ) IR&n;lf (Z) ) )
where
1 # 1
q(2) = — / h(t)t=~1dt.
nzw» Jo
The function ¢ is convex and it is the best subordinant. O

Corollary 2.18. [3] Let h be a convex function, h(0) = 1. Let A > 0, m,n € N,

m+1 ! m+1
f € A, and suppose that (%ﬂfzgz)) s univalent and % e H[l,n]NQ.
A A

If

zDRTT f (2) '
then
DRy f (2)
q(Z) < W, S U,
where
_ 1 : +-1
q(z) = I /0 h(t)t=~"dt.

The function q is convex and it is the best subordinant.

Corollary 2.19. [2] Let h be a convex function, h(0) = 1. Let m,n € N, f € A,, and

m / m
suppose that (%?égz)) s univalent and %;(fz()z) eH[L,nNQ. If

2SR ()]
h(z)<(“m>, Zel, (2.16)
16
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then
SR™1f(z)
q(Z) =< W, z € U,
where
q(z) = li / h(t)t=dt.
nz» Jo

The function q is convex and it is the best subordinant.

Theorem 2.20. Let q be convez in U and let h be deﬁned by h(z) =q(2)+2¢ (2).

zIRY T f(2) .
Ifm,n, A\l €N, feA,, suppose that RIGHION 18 univalent,
Rerlf
(z) eH[LnNQ

IRY,f (2)

and satisfies the differential superordination

m—+1 4
h(z) = q(2) + zq' (2) < BT ,  z€eU, (2.17)
IRTJf (2)
then »
IRTJ f(2)
q(z) < TRE () zeU,
where

q(z) = L /Ozh(t)tildt.

nzn

The function q is the best subordinant.

Proof. Let
m 1HAG-1)+I m+1
p(z) . IR)\’flf(Z) . Z+ Z] =n+1 ( lil ) Cm-‘rj jz]
IRT’lf (2) zZ+ Za =n+1 <1+/\§J+11)+l> Cerg 1a2zﬂ

+1
0 THAG=D+1\™ mtl.2 j—1
1+2j n+1( 1+1 ) Cerj JZ

1+A(G—1)+1 m
1 + Z] =n—+1 ( l+1

Evidently p € H[1,n].

1
m+] 145 §20-

Differentiating, we obtain

ZIRTFLE ()
¥ f()) v

Pe) + 2 (2) = ( TG

17



ALINA ALB LUPAS

and (2.17) becomes
q(2) +2¢'(2) < p(2) + 21/ (2), 2z €U

Using Lemma 1.10 for v = 1, we have

1 z 1 IRT?_If(Z)
z) =p(z), z€eU, i.e. z:—l/htﬁ_ldt<’7,z€U,
a(z) < p(2) q(z) ) (t) TR T (2)
and ¢ is the best subordinant. O

Corollary 2.21. [3] Let q be convex in U and let h be defined by h (z) = q (2)+zq' (2).

m ’
IfA>0,mneN, feA,, suppose that (%) s univalent,
A
DR (2)
—————~ cH[l,nNQ
DRY f (2) [1.7]
and satisfies the differential superordination
2DRTTf (2) '
h(z) = Na) < (222 ev, 2.18
O =1 +7 @< (Fpra?) . (2.18)
then
DR f (2)
qz) = =2~ z€U,
(2) DRY f (2)
where

q(z) = L / h(t)t=~dt.
0

nzw
The function q is the best subordinant.
Corollary 2.22. [2] Let g be convez in U and let h be defined by h (2) = q (2)+24" (2).
m / m
Ifm,neN, f e A,, suppose that (%) is univalent, %;{S) € H[1,n]NQ
and satisfies the differential superordination

h(z) = q(2) + 24 (2) < (W) . ze€U, (2.19)
then
SRm+1f (Z)
q(z) < W’ zeU,
where

q(z) = 11 /Ozh(t)tfll_ldt.

nzn

The function q is the best subordinant.
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A NOTE ON DIFFERENTIAL SUPERORDINATIONS

Theorem 2.23. Let

:1+(26—1)2

h(z) 12

be a convex function in U, where 0 < 3 < 1. Let m,n,\,l € N, f € A, and suppose
m—+1 ! m—+41
that <W> is univalent, IR T() eEH[1L,n]NQ. If

TRy, (2) TRY (%)
ZIRTF(2))
hz)< | =2 220 0 e, 2.20
(2) ( TRy 7 (2) (2.20)
then
IR\ f (2)
(z) R =557 zeU,
( IRy f (2)

where q is given by

2(1 - 3) / a1
=231 dt U.
q(z) =28 -1+ preal) M L

The function q is convex and it is the best subordinant.

Proof. Following the same steps as in the proof of Theorem 2.17 and considering

IRy (2)

the differential superordination (2.20) becomes

:1+(2ﬁ—1)z

h(z) T+2

<p(z) +2p'(z), z€U.

By using Lemma 1.9 for v = 1, we have ¢(z) < p(2), i.e.,

1 z 1 2 14 (26— 1)
Q(z):—l/ B (e) £t = 1/t%_1Mdt
0 nzn Jo 1+t

2(1 — z gn—l IRV f (2
—28 -1+ ( 1ﬁ)/ e —t f(), zeU.
nzn o 1+1 IR,\Jf(Z)
The function ¢ is convex and it is the best subordinant. O
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