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A CLASS OF MULTIVALENT ANALYTIC FUNCTIONS INVOLVING
THE DZIOK-SRIVASTAVA OPERATOR

RI-GUANG XIANG, ZHI-GANG WANG, AND SHAO-MOU YUAN

Abstract. By making use of subordination between analytic functions
and the Dziok-Srivastava operator, we introduce a new subclass of multi-
valent analytic functions. Such results as inclusion relationship, integral
presentations and convolution properties for this function class are proved.

1. Introduction

Let A, denote the class of functions of the form:

f(2) :z”+Zan+pz"+p (peN:={1,2,3,...}), (1.1)
n=1
which are analytic in the open unit disk
U:={z: 2€C and |z]| <1}
Let f, g € A,, where f is given by (1.1) and g is defined by

o0
92 = P4 D by,

n=1
Then the Hadamard product (or convolution) f* g of the functions f and g is defined
by

(fxg)(z) =2"+ Z Antpbnpz™ P =1 (g% f)(2)-

n=1

For parameters
a; €C (j=1,...,1) and p; €C\Z; (Zy :=1{0,-1,-2,...}; j=1,...,m),
the generalized hypergeometric function
1F(ar,...a5081, .0y Bm; 2)
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is defined by the following infinite series:
lFm(alv"' ;al;ﬁla"'vﬁm;z) = Z Mm

(I<m+1; I,meNy:=NU{0}; z€),
where (A),, is the Pochhammer symbol defined by
1, (n=0),

(M =
AA+1)---(A+n—-1), (neN).

Recently, Dziok and Srivastava [1] introduced a linear operator
Hy(oa,...,a508 ....0m): Ay — A,
defined by the following Hadamard product:
Hy(an,...,qp; 01, .., 0m) f(2) == [2F 1Fpn(oa,...,a; 081, ..., Bm)] * f(2) (1.2)
(£m+1; I,meNy; ze€U).
If f € Ay is given by (1.1), then we have

Oll)n ZnJr:D

Hy(ar,...,a;01,...,0m)f —zp—i—z ) Qntp " (neN; zel).

In order to make the notation simple, we write
Hll;m(aj) =Hp(ag,...,05,...,005 B1,...,0m)
(I<m+1; ,meNy; je{l,2,...,1}).
It is easily verified from the definition (1.2) that
2 (Hy™ () f) () = ag Hy™ (a5 +1)f(2) = (o =) Hy™(0;) f(2) (€ Ap). (1.3)

Let P denote the class of functions of the form:

(2) =14 paz",
n=1

which are analytic and convex in U and satisfy the condition:
R(p(z)) >0 (z € U).

For two functions f and g, analytic in U, we say that the function f is

subordinate to g in U, and write

f(z) <g(z) or f=y,
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if there exists a Schwarz function w, which is analytic in U with
w(0)=0 and |w(z)]<1l (z€U)
such that
fz)=g(w(z) (z€).

Throughout this paper, we assume that

o
p7k6N7 l7mEN0, Ek = exp (?)7
and
=
flagie) = 3 e (Hy™(0))f) (efz) =2+ (feA).  (14)
v=0

Clearly, for kK =1, we have
Foi (e 2) = Hy™ () f (2).

In a recent paper, Patel et al. [9] discussed the following subclass of multi-

valent analytic functions defined by Dziok-Srivastava operator Hé’m(al).

Definition 1.1. (See [9]) A function f € A, is said to be in the class S;™ (ay; 5; A, B)
if it satisfies the following subordination condition:

1 (2 (Hy™)f) (2) L4 Az < o )
p_ﬁ< Hy™ (1) f(2) ﬂ><1+Bz (0=pB<p; -1=B<A=1).

In 2007, Polatoglu et al. [8] introduced and investigated the following subclass

of the class A, of p-valent analytic functions.

Definition 1.2. (See [8]) A function f € A, is said to be in the class My (a) if it
satisfies the following inequality:
zf ’(Z))
R ( <« a > p).
) (2=
Motivated by the function classes SII)’m(Oq;ﬂ; A, B) and M («a), by making
use of the operator Hll)’m(ozj) and the above-mentioned principle of subordination

between analytic functions, we introduce and investigate the following subclass of the
class A, of p-valent analytic functions.
Definition 1.3. A function f € 4, is said to be in the class M;’:}:(aj;a;qﬁ) if it
satisfies the following subordination condition:

!/
1 (a = (Hm@)) @)

T,
a—=p fon (s 2)

) < ¢(2) (0@07 a#p; P f;l,’,Zq’(aj;Z)#O)
(1.5)
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Remark 1.4. It is easy to see that, if we set

1+ Az
1+ Bz
in the class M;rl’: (s a5 @), then it reduces to the class Szl;m(ozl; a; A, B). Further-
more, if we choose

k=j=1,05a<p and ¢(z)

(-1<B<A<1)

_1+z
T 1—z

=2, m=a1=a=0 =1, a>p and ¢(z)

in the class M;fg(aj; a; @), then it reduces to the class /\/l](gk)(a). We observe that the
class Mél)(a) =: My(a) was discussed by Polatoglu et al. [8]. Moreover, the class
Mgk) () was considered recently by Wang et al. [12], the class M:(Ll)(oz) was studied
earlier by Nishiwaki and Owa [4], Owa and Nishiwaki [5], Owa and Srivastava [6],
Srivastava and Attiya [10], Uralegaddi and Desai [11].

In this paper, we aim at proving such results as inclusion relationship, integral
presentations and convolution properties for the function class M;C’: (5 a5 ).

2. Preliminary results

In order to prove our main results, we need the following lemmas.

Lemma 2.1. (See [2, 3]) Let 3, € C. Suppose that ¢ is conver and univalent in U
with

©(0)=1 and R(Bp(z)+) > 0.
If p is analytic in U with p(0) = 1, then the following subordination:

2p'(z
b+ o <ol
implies that
p(2) < p(2).

Lemma 2.2. (See [7]) Let 8,y € C. Suppose that ¢ is conver and univalent in U
with

e(0)=1 and R(Bp(z)+7) > 0.

Also let
q(z) < ¢(2).
If p € P and satisfies the following subordination:
2p'(z
P+ 5o < 9(:),
then
p(z) < ¢(2).
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Lemma 2.3. Let f € Mi;jg(aj;a;@. Then

1 z (f;zl(ajaz))/
g o — f;:zl(aj; 2 =< ¢(2). (2.1)

Proof. By virtue of (1.4), we replace z by ez (v =0,1,2,...,k—1) in p oy 2).
Then

k—1
l 1 —n mn n—+v
fpk (ajiep2) = % Z P Hl n(aj)f) (Ek+ z)
n=0
—(nt) - (2.2)
=<’ 7 Z I (Hy ™ (0p) ) (e 2)
=ef ;z?(aj;z).
Differentiating both sides of (1.4) with respect to z, we have
l,m —v 1) m Iy
(fpyk a;; 2 ) kZ (= Hl (o) f) (e%2). (2.3)

Thus, combining (2.2) and (2.3), we easily find that

N R0 )
(o )

a—p fll)ﬁ“(aj;z) a—p s Il)
k-1 v l,m I v
1 (a 1 ez (HS™(aj) f) (5kz)>
- 1 Im '
a—p kV:O fpk(a37€k )

(2.4)

Moreover, since f € Mi;;?(olj; a; @), it follows that

1 (a_ekz(Hl (2)f)" (ex2)

l
a—p fpk(O‘yEk z)

) < ¢(2) (ve{0,1,2,....k—1}). (2.5)

Finally, by noting that ¢ is convex and univalent in U, from (2.4) and (2.5),
we conclude that the assertion (2.1) of Lemma 2.3 holds. O
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3. Properties of the function class M]lg’j,?(aj; ;@)

We begin by stating the following inclusion relationship for the function class
M (0105 9).
Theorem 3.1. Let ¢ € P with
Rla+aoj—p+(p—a)p(z) >0 (20, a#p).
Then
M;’f};(aj +1;050) C M;’f;j(aj; a; @).
Proof. Making use of the relationships (1.3) and (1.4), we know that

(£ (02)) + (o — P 3i2) :“JZ 7 (H™ 0y + 1)) (42)

(3.1)
ajfpik (o + 15 2).
Let f € /\/lp % (aj + 1505 ¢). Suppose also that
L 1/(a—p)
aj;z
h(z) = 2 (f’“()> (@20, a#p) (3.2)
Then h is analytic in U. By taking logarithmic differentiation in (3.2), it follows that
li
Im
zh (2 1 z (fp:k (s Z))
q(z) =~ ) _ a—— (3.3)
(2) a—p fp,k (a5 2)
is analytic in U with ¢(0) = 1. We now find from (3.1) and (3.3) that
fl’ (oj +1; 2)
at+o;—p+(p—a)g(z) = ajj— (3.4)
f k % (a3 2)
Differentiating both sides of (3.4) with respect to z logarithmically and using (3.3),
we have
(Fios+152)
/ 1 z a;+1;2
Q(z) + “ (Z) = a— l,m (35)
ataj—p+(p—a)gz) a-p Ft(ag + 1;2)
From (3.5) and Lemma 2.3 (with «; replaced by o + 1), we conclude that
2q' (2
q(z) + (2) =< ¢(2). (3.6)

at+a; —p+(p—a)(z)
Since

Rla+a; —p+(p—a)p(z)) >0,
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an application of Lemma 2.1 to (3.6) yields

= (1 ag2)
a(x) = —— a—<g§:> < 6(2). (3.7)

a—p for (@5 2)

2 (HY (o) f) (2
q1(z) = ! (a— (1, (J)f)()) (3.8)

fyi(ays 2)
Then ¢ (2) is analytic in U with ¢;(0) = 1. It follows from (1.3) and (3.8) that
[(p — a)ar(2) + al f 7} (a3 2) = agHY™ (o + 1) f(2) = (a; — p)HY™ (o) f(2). (3.9)

Differentiating both sides of (3.9) with respect to z and using (3.8), we have

!
l,m /
2 (faz2) o o 2 (H 0y +1)5) (2)
2y ()| oy —p+ — ((11(2)+ >= 2y Ty ) :
fo (a3 2) p—« p—« fo (a5 2)
(3.10)
We now easily find from (3.3), (3.4) and (3.10) that
zq) (= 1 2 (HY™(a; +1)f)" (2)
0(:) + 0 P RO P
at+ao;j—p+p—a)(z) a—p fp:k (aj +1;2)
(3.11)
Since
a(z) < ¢(z)
and
Rla+a; —p+ (p—a)¢(z)) >0,
it follows from (3.11) and Lemma 2.2 that
| 2 (HE™(0)f)' (2)
q(z) = (0‘ - ( oKD i) < (2),
a—p fok (a3 2)
that is, that f € Mi;jg(aj; a; @). This implies that
M;f,’;(aj + L;a59) C M;’j};(aj; a; @).
The proof of Theorem 3.1 is thus completed. ]
Next, we derive several integral representations for the function class
Mlp’f,?(ozj; a; Q).
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Theorem 3.2. Let f € Mi;f,?(aj;a;(b). Then

k=1 .z v _
£y (agi2) = 27 - exp <(p ; %) Z%/O d)(w(gkf))ldf) ; (3.12)

where f;”zm(aj;z) is defined by (1.4), w is analytic in U with

w0)=0 and |w(z)]<l (ze€l).

Proof. Suppose that f € MLZL (a5 a; ). We know that the subordination condition
(1.5) can be written as follows:
!
2 (H5™(0;) 1) (2)
l,m
for (@53 2)

where w is analytic in U with

=P-a)¢w(z) +o (3.13)

w(0)=0 and |w(z)|<1 (z€l).

Replacing z by ez (v = 0,1,2,...,k — 1) in the equation (3.13), we observe that
(3.13) also holds, that is,

ez (HY™ (o) f) (42)

L .
fp,:;n(ajﬁ 5%2)

= (p - )¢ (w(egz)) +a. (3.14)

We note that

L L
fow (agierz) = e £ (a3 2).

Thus, by letting v = 0,1,2,...,k—1in (3.14), successively, and summing the resulting
equations, we get
t(ag:2)
z(f’f,? ozj;z> _a k—1
P _ =9 36 (w(el2)) + a. (3.15)

L .
fpvrkn (aj7 Z) k v=0

We next find from (3.15) that

T =
fp,7kn (aj; Z) < k v=0 z

which, upon integration, yields

L)\ (p-a) 3 (7 o (wlero) ~ 1
10g< 7 >_ ; ,,2_0/0 ng. (3.17)

The assertion (3.12) of Theorem 3.2 can now easily be derived from (3.17). O

(fgla’,zl(aJ‘%Z)) p _ (p—a) ki:l ¢ (wlegz)) — 1, (3.16)
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Theorem 3.3. Let f Mi;f,?(aj;a;(b). Then

L) F2) = | T pa) (00 alexp [ L= 3 [ SEkE) — 1
™ 03) 1) = [0 =a)e (w(O)+al p< TN dg)dc,

(3.18)
where w s analytic in U with

w0)=0 and Jw(z) <1l (z€0).
Proof. Suppose that f € M;j;(aj; a; ¢). Then, by virtue of (3.12) and (3.13), we get

L,
ok (a5 2)

z

(HY™ (o)) (2) = lp— )¢ (w(z)) +

U ) (o)) 4ol [ LN [T () ~ 1
= 7 [(p— )9 (w(2)) + o p< . Z/ : ds), (319)

which, upon integration of (3.19), leads us easily to the assertion (3.18) of Theorem
3.3. O
In view of Lemma 2.3 and Theorem 3.1, we get another integral representation

for the function class M;’E(aj; a; o).

Theorem 3.4. Let f ¢ Mi;f,?(aj;a;é). Then

z ¢ -1
™ 03)1() = [ ¢ p=0)6(n(0) +al-exp <<p —a [ ) o
(3.20)
where wy (t = 1,2) are analytic in U with
wi(0) =0 and |w(2)|<1l (2€U; t=1,2).
Proof. Suppose that f € M;’ZL(%; a; ¢). We then find from (2.1) that
fimag:2)
o CHGTL) RN (3.21)

7
foi (s 2)

where wy is analytic in U and wq(0) = 0. Thus, by similarly applying the method of
proof of Theorem 3.2, we find that

fyi(ags z) = 2 - exp <(p - a) /OZ W%) : (3.22)
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It now follows from (3.13) and (3.22) that

T
(@) ) = 2D gz o

z

=2""H(p — @)p(w2(2)) + o] - exp ((p —a) /O w%) :

(3.23)
where w; (t = 1,2) are analytic in U with
w(0) =0 and Jw(z)] <1l (z€U;t=12).

Upon integrating both sides of (3.23), we readily arrive at the assertion (3.20) of

Theorem 3.4. ]
In the following we give some convolution properties for the function class

Mi;f,?(aj;a;(b).

Theorem 3.5. Let f € M;’j};(aj;a;qb). Then

e o [P (€ S (@) 1
f(z)—[/o ¢ (p— )6 () + o] exp< M ds>d<]

% S n'(ﬂl)n e (ﬂm)n P
(32 oo e o)

n=0
(3.24)
where w is analytic in U with
w0)=0 and |w(z)]<1 (z€0).
Proof. In view of (1.2) and (3.18), we find that
[ e - @)ooy +al e (“"k“) kg A Wc&“) T

=[P [P0, ...,00501, ..., Bm)] * f(2).
Thus, from (3.25), we easily get the assertion (3.24) of Theorem 3.5. O
Theorem 3.6. Let f € M;)T,:L(aj;a;gb). Then

. ¢ blwi(€)) —
f(2) = [ / P (p — )b (wa(Q) +a] - exp ((p ~a) /0 Wdf) dcl

| 3
N e n'(ﬁﬁn e (ﬁm)n Zn+p

n=0

(3.26)

234



A CLASS OF MULTIVALENT ANALYTIC FUNCTIONS
where wy (t = 1,2) are analytic in U with
w(0)=0 and |w(2)| <1 (z€U;t=12).

Proof. By virtue of (1.2) and (3.20), we know that

2 < dlwn(€)) —
/ P (p — ) (wa(Q)) + o - exp ((p —a) / d’((?)ldg) dc
0 0

= [Zp lFm(alv---aal;ﬁlwnaﬁm)] *f(Z)

Thus, from (3.27), we easily arrive at the convolution property (3.26) asserted by
Theorem 3.6. U

Theorem 3.7. Let

(3.27)

feA, and ¢€P.
Then f € ./\/li;f,?(aj; a; @) if and only if

1 % e - (al)n"'(aj)n'"(al)nn+pzn o
Z{f [(p P G +>

n=1 n

oo k-1 P
(- @)9() + ( DI e e il+> ' (2 > ) } } #0

n=1

(3.28)
(z€U; 0260 <2m).
Proof. Suppose that f € Mﬁ;j,?(aj;oz;@. Since
2 (HL™ () f)' ()
W) @)y +o
fp,k (a5 2)
is equivalent to
2 (HY™ (o)) ) (2 .
( plm( D) ) 4(p-a)pe®)+a  (ze€U; 056 <2n), (3.29)
fp:k (a5 2)
it is easy to see that the condition (3.29) can be written as follows:

L (B @) ) () - £ (0 )0 - )ole) +al} £0 (€ s 0 <0< 2m).

z
(3.30)
On the other hand, we know from (1.2) that

z (H;;m(aj)f)/ (2) = (pzp + Z (ag)zﬂl)n(ag)(nﬁ . .)iaz)n n:—!PZner) « f(z). (3.31)
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Moreover, from the definition of f;’?(aj; z), we have

Py (agsz) = Hy™ () f(2) » (kgﬁ’w)

oo % n"'ajn"'anl nip 1k71 P
(3.32)

Upon substituting (3.31) and (3.32) into (3.30), we easily deduce the convolution
property (3.28) asserted by Theorem 3.7. |

Remark 3.8. By specializing the parameters in Theorems 3.1-3.7, we can get sev-
eral interesting properties for some special function classes associated with the class

M;;’:(aj; a; @). Here, we choose to omit the details involved.
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