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DUALITIES INDUCED BY RIGHT ADJOINT CONTRAVARIANT
FUNCTORS

SIMION BREAZ AND FLAVIU POP

Abstract. We characterize some dualities which are induced by pairs of

contravariant functors which are adjoint on the right.

1. Introduction

Let A and B be abelian categories and F : A 5 B : G a pair of contravariant

functors which are adjoint on the right. Then the natural transformation
nx,y : Hom4(X,G(Y)) — Homp (Y, F(X)),
which corresponds to this duality, induces two natural transformations

§:14 — GF, 6x = n)_(}p(x)(lF(X)) and ¢ : 1 = FG, (y = 77(_;(1y)7y(1G(Y))'

An object X is called d(respectively ()-reflexive if dx (respectively (x) is an iso-
morphism. We will denote by Refls (respectively Reflc) the classes of F-reflexive
(respectively G-reflexive) objects. A main topic is the study of dualities induced by
F and G between some full subcategories of A and B. The restrictions of F and G to
the classes of reflexive objects induce a duality F : Refls < Reflc : G. Moreover, if
F:C < D:Gis a duality then C C Refls and D C Refl¢ (see [11]).

We also fix an d-reflexive object @, and, following ideas from [4], we will call
the triple ® = (Q,F,G) a pointed pair of right adjoint contravariant functors. Let
V = F(Q). Then add(Q) C Refls and add(V) C Refl; (recall that add(X) denotes
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the class of all summands of finite direct sums of copies of X). We will denote by
Faiths; (Faith¢) the classes of all objects X € A (X € B) such that dx ((x) is a
monomorphism, and we will call they d-faithful (respectively (-faithful) objects. We

recall that the natural transformations § and ( satisfy the identities
F(0x) o (r(x) = lp(x) for all X € A

and

G(Cy) o 5G(Y) = 1g(y) forall Y € B,

hence F(A) C Faithe and G(B) C Faiths.

Example 1.1. The typical example of such functors is the following: Let R and
S be unital rings and @ an S-R-bimodule. Then the contravariant functors A =
Hompg(—, Q) : Mod-R — S-Mod and A’ = Homg(—, Q) : S-Mod — Mod-R are right
adjoint. If S is the endomorphism ring of @ then (Q, A, A’) is a pointed pair of right

adjoint contravariant functors.

The study of dualities induced by this pair of functors is an important topic
in Module Theory. The starting point was the papers [8] and [1]. During the time
this topic developed important concepts as (f)-cotilting and costar module (see [6]
and [10] for complete surveys on the subjects).

Another important example was exhibited by Castano-Iglesias in [3].

Example 1.2. Let G be a group. If R = R, and S = @, g5 are two

z€G
G-graded unital rings, we will denote by Modg-R (respectively, by S-Modg,) the
category of all G-graded unital right R- (respectively, left S-) modules (see [9]).

If Q,M € Modg,-R we consider the G-graded abelian group HOMg(M, Q)

whose homogeneous component in x is
HOMR(M, Q) = {f € Homg(M, Q) | f(M,) C Qay, for all y € G}.

We note that HOMz(Q, Q) = ENDg(Q) has a canonical structure of G-graded unital
ring. If M,N € S-Mod,, we consider the G-graded abelian group HOMg (M, Q)
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whose homogeneous component in x is

HOMs(M, Q). = {f € Homg(M,Q) | f(,M) Cy» Q, for all y € G}.
Then we have a pair of contravariant functors

H% = HOMg(—, Qg) : Modg,-R = S-Mody, : HOMg(—, sQ) = sH®".

If @ € Modg,-R and S = ENDg(Q), then (Q,H%, sH®) is a pointed pair of

right adjoint contravariant functors.

In this note we continue a approach initiated by Castagiio in [3]. In this
paper the author generalizes the notion of costar module introduced by Colby and
Fuller in [5] to Grothendieck categories. We continue this kind of study, generalizing

a duality exhibited in [2, Theorem 2.8] to abelian categories.

2. Right pointed pairs of contravariant functors

In the following ® will denote a pointed pair of right adjoint contravariant

functors (@, F, G) between the abelian categories A and B.

Lemma 2.1. Let ® be a pointed pair of right adjoint contravariant functors. If
f g
#Ho—-X=>Y>2Z2-0

is an exact sequence in A then the unique homomorphism «, for which the diagram
with exact rows

0 — X # Y AN 7 — 0

o o | oz |
0 —— G(m(F(f))) —— CGF(Y) 7 ar(z)
is commutative, is given by the formula o = G(j) o dx, where j : Im(F(f)) — F(X)
is the inclusion map.
Proof. The existence of a comes from the universal property of the kernel. More-

over, «v is unique.
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Let F(f) = jop be the canonical decomposition of F(f). Since (f) is an exact

sequence, the sequence
0—F(2) "9 FY) L mES) -0

is exact, hence the sequence
0 — G(m(F(f))) = GF(Y)

is also exact.
If we denote G(j) 0 dx by a we have: G(p)oa = G(p)oG(j)odx = G(jop)o
0x = GF(f) o dx = dy o f hence the following diagram is commutative with exact

TOwWS

X Y Z
al éyl §Zl
0 —— Gm(F(f) —2 ar(Y) 22, GF(2)
O

The following result is a version for [3, Lemma 2.2] and [3, Proposition 2.3].
Lemma 2.2. Let ® be a pointed pair of right adjoint contravariant functors.

a) An object X € A is §-faithful and F(X) € gen(V) if and only if there
exists a monomorphism f : X — Q" such that F(f) is an epimorphism.
b) F is exact with respect an exact sequence 0 — Y 4, X % Z = 0 with

X € Refls and Z € Faiths if and only if Im(F(f)) € Refl..

Proof. a) Suppose that X € Faiths and there exists an epimorphism V" 2, F(X)—
0. Applying the functor G we obtain an monomorphism G(p) : GF(X) — G(V™) &
Q". Let f = G(p) odx. Then F(f) = F(dx) o FG(p). Then

F(f)oCyn =F(dx) o FG(p) o (vn = p,

hence F(f) is an epimorphism.
The converse implication is obvious.
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b) Let 0 = Y L X % Z — 0 be an exact sequence in A such that X € Refl;
and Z € Faiths. Let F(f) = j o p be the canonical factorization of F(f). Since ¢ is a
natural transformation we have the identity (p(yy o j = FG(j) o (im(r(s))-

By Lemma 2.1, the following diagram is commutative with exact rows

0 —— Y _ X — Z — 0

L el e

0 —— GIm(F() =21 arx) F9 ar(z)

where oo = G(j) o dy.

Since X is F-reflexive and Z is d-faithful it follows, from Snake Lemma, that
a is an isomorphism hence F(«a) is an isomorphism.

We have j = lpyyoj = F(dy) o Cryy 0 = F(dy) o FG(j) o Ctmr(p)) =
F(a) o Cimer(s))-

Since j is a monomorphism, j = F(a) o (im(r(s)) and F(a) is an isomorphism

we conclude that F(f) is an epimorphism if and only if Im(F(f)) € Refl,. O
Theorem 2.3. The following are equivalent for a pair ©:

a) F:cog(Q) = pres(V) NFaith, : G is a duality;
b) i) cog(Q) = cop(Q);
i) F is exact with respect exact sequences 0 — X — Q™ — Y — 0 with

Y € cog(Q).

Proof.
a)=b) Let X € cog(Q). From a) we have F(X) € pres(V) and X € Refls.
Then there exists an exact sequence V"™ — V" — F(X) — 0 and hence the sequence
0 - GF(X) — G(V") — G(V™) is exact. It follows that 0 — X — Q" — Q™ is
exact which shows that X € cop(Q), hence cog(Q) = cop(Q).
Let 0 — X EN Q" % Y — 0 be an exact sequence with Y € cog(Q).
Since F(Y') € pres(V) and 0 — F(Y) gt F(Q™) £ Im(F(f)) — 0 is exact we
obtain that Im(F(f)) € pres(V). But Im(F(f)) € Faith. because F(X) € Faith¢. So
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Im(F(f)) € pres(V) N Faithe C Refl. By Lemma 2.2, the sequence

0—F) " YreE ™ rx) =0

is exact.
b)=-a) Let X € cog(Q). There exists an exact sequence 0 — X LA Q™ 13
@™2 hence the sequence 0 — X EL\ Q™ B2y 0 is exact with Y € cog(Q), where

Y is Imf. By ii) we obtain that the diagram

o—— x D om . v
S
0 —— GaF(x) EYY arem) Y2 Gr(y)

is commutative with exact sequences. Moreover, all vertical arrows are monomor-
phisms and dgm. is an isomorphism. From the Snake Lemma we obtain dx is an
isomorphism, hence X € Refls. Therefore cog(Q) C Refls.

Since Y € cog(Q) = cop(Q) there exists an exact sequence
0— v BQn o,

hence the sequence 0 — Y £ Q™ B3 Z — 0 is exact with Z € cog(Q), where Z is

Imgs. The sequences

0 —— F(y) 22, pigm) 29 px) —— 0
and
0 F(z) 29, pomy 29, pyy — ¢
are exact. Then the sequence
e F(g1f2) ym F(f1) F(X) 0

is exact, hence F(X) € pres(V). But F(X) € Faith¢, so F(X) € pres(V) N Faith¢.
Therefore F : cog(Q) — pres(V) N Faith¢ is well-defined.

Let A € pres(V) N Faithe. There is an exact sequence V'™ Loyn 94 0,
and applying G we obtain that the sequence 0 — G(A) — Q™ — Q™ is exact. Then
G(A) € cog(Q). Therefore G is well defined.

80



DUALITIES INDUCED BY RIGHT ADJOINT CONTRAVARIANT FUNCTORS

Since the sequence V'™ EX V2 A — 0 is exact we have that the sequence
0 G(4) “ G Lim@Gn) - o

is exact with Im(G(f)) € cog(Q). From b)ii) we have that the sequence

0 — FIm(G(f) " ravm) P49 pG(4) — 0
is exact.

In the commutative diagram

Ve S RG(VT)

gl lFG(Q)

A —A FG(A)
FG(g) and (y~ are epimorphisms, so (4 is an epimorphisms. Since {4 is a monomor-
phism (A € Faith¢) we obtain that A € Reflc. Therefore pres(V) N Faithe C Refl..
O
Suppose that © = (Q, A, A’) is the (classical) pointed pair of right adjoint
contravariant functors from Example 1.1. By [2, Theorem 3.4] it satisfies the equiva-

lent conditions from Theorem 2.3 if and only if the conditions:

i) A is exact with respect exact sequences 0 - X — Q™ — Y — 0 if and
only if Y € cog(Q),
i) F(cog(Q)) € gen(V).
are satisfied. In the proof of this result it is used the fact that, in this particular
setting, the class Pres(V') N Faith¢ is closed with respect kernels of epimorphisms.
The property i) and the closure with respect kernels of epimorphisms are not
valid for the general case, as it is showed in the next example.

~

Example 2.4. Let p be a prime integer, J, the ring of p-adic integers and Z(p™) =
Z,/Z, where Z, = {pﬂk | m,k € Z, k> 0} <Q. Observe that J, is the endomorphism
ring of the Z-module Z(p>°). Moreover Z(p™) is injective as a Z-module, and also as
a J,-module (see [7]).
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We consider the functors
F = Homy, (—, Z(p*)) : J,-Mod = Mod-Z : Homz(—, Z(p*)) = G.

If @ =1J, then V =F(Q) = Z(p>), and it is not hard to see that Q is F-reflexive.

If K € cog(Q) then it is a finitely generated torsion-free J,-module, hence it
is free. Then cog(Q) = {J} | n € N} = cop(Q). Moreover, the J,-module Z(p>) is
injective, hence (@, F, G) satisfies the condition b) in Theorem 2.3.

However,

1. there exists an exact sequence
(x) 0= plp = Jp — Jp/pJp, — 0

such that F is exact with respect (x), but J,/pJ, ¢ cog(Q).

2. SiIlCG we have an exact
0 — Z(p) — Z(p™) — Z(p*) — 0,

the class Pres(V) N Faithe is not closed with respect kernels of epimor-

phisms.
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