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INVERSE THEOREM FOR AN ITERATIVE COMBINATION
OF BERNSTEIN-DURRMEYER POLYNOMIALS

T. A. K. SINHA, VIJAY GUPTA, P. N. AGRAWAL, AND ASHA RAM GAIROLA

Abstract. The Bernstein-Durrmeyer polynomial
1

Ma(fit) = (1 + 1Y pus(®) / P () £ (1) d,
k=0

0

where pp k(t) = t*(1 —t)""* ¢ €[0,1] defined on Lz[0,1], the space

n
k
of bounded and integrable functions on [0, 1] were introduced by Durrmeyer
[5] and extensively studied by Derriennic [3] and other researchers (see
[1]-[3], [5], [6], [8])- It turns out that the order of approximation by these
operators is, at best, O(nil) however smooth the function may be. In order
to improve the rate of approximation we consider an iterative combination
Tn.x(f;t) of the operators M, (f;t). This technique was given by Micchelli
[9] who first used it to improve the order of approximation by Bernstein
polynomials B, (f;t). In the paper [1] some direct theorems in ordinary
and simultaneous approximation for the operators T), 1 (f; t) in the uniform
norm, have been established. The paper [10] is a study of some direct
results in the L,— approximation by the operators Ty x(f;t). The object
of the present paper is to study the corresponding inverse theorem in L,—

approximation by the operators T, i (f;t).

1. Introduction

For f € L,[0,1],1 < p < oo the operators M,, can be expressed as
1
Ma(F38) = [ Walu0)f(0)du
0
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n
where W, (u,t) = (n+ 1) an,k(t)pn,k(u) is the kernel of the operators.
k=0
For m € N° (the set of non-negative integers), the mth order moment for the

operators M, is defined as
fon,m (t) = My (uw—1)"5t)

The iterative combination T, i, : L,[0,1] — C'*°[0, 1] of the operators is defined as

k

Tl i) = (1= 1= 3009 (£30) = S0 () sy, ke,

r=1
where M? = I and M" = M, (M!~1) for r € N.
Throughout the present paper we assume that I = [0,1] and I; = [a;, b;],
i=1,230<a; <az <az <by <by <b <1andby C we mean the positive
constant not necessarily the same at each occurrence.

In [10], we obtained following direct theorem:

Theorem 1. Ifp > 1, f € L,[0,1]. Then for all n sufficiently large there holds

1
Tk (f52) = fllz, (1) < Ck (wzk <f7 ﬁapa I1~) +n_k||pr[o,1]> ; (1.1)

where Cy, is a constant independent of f and n.
Remark 1. From above theorem it follows that if wor(f,7,p,I2) = O(T%) as 7 — 0
then | Tn x(f,.) = fllo, () = O(n=%/?) as n — oo, where 0 < a < 2k.

The aim of this paper is to establish a corresponding local inverse theorem
for the operators T}, x(f,%) in the L,—norm i.e. the characterization of the class of
functions for which || T,x(f,.) = fllz, () = O(n=*/2) as n — oo, where 0 < o < 2k.

Thus we prove the following theorem (inverse theorem):

Theorem 2. Let f € L,[0,1],1 < p < o0, 0 < a <2k and | T x(f,.) — fllz, 1) =
O(n=/2) as n — oco. Then, wor(f,7,p, I2) = O(7®) as T — 0.

2. Preliminaries

In this section we give some results which are useful in establishing our main
theorem.
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Lemma 1. [1] For the function pn, m(t), we have

(1—2t)

fino(t) =1, g1 (t) = o)

and for m = 1 there holds the recurrence relation
(n 4 m + 2)pnmi1 () = (1 =) { gt () + 2mpin -1 (8) } + (m+ 1)(1 — 2) pi i (2).

Consequently,

(1) tn,m(t) is a polynomial in t of degree m;

(ii) for every t € [0, 1], tnm(t) = O (nlm+1/2) “where 8] is the integer part
of B.
Lemma 2. [8]For the function py, (t), there holds the result

(L=t D" (pi(t) = Y n'(k—nt) g (t)pnk(t),
2i+j<m
4,4>0

where D = < and q; ,,(t) are certain polynomials in t independent of n and k.

Lemma 3. [1] For k,l € N, there holds T, 1 ((u —t)';t) = O(n™").

Lemma 4. If f € L,[0,1] then there holds the estimate

where [c,d] is any closed interval contained in (0,1).

dm

dtm <O £l 00,

Ly[e,d]

(T (f; @)

Proof. We have

1
dm m

G QI 0) = S [ Wl )M )
0

1

Tl+ anll Z nl(yzt( %,jm x/pnu Mk 1 f7 ) U, (21)

21+j<m 0
1,720

Using Holder’s inequality for summation, we obtain

1

dm

e (Mk(f t)) ‘ Cn+1) Z Z Py ()0 |y — nt) /p,w(u)du
0

=0 2i+j<m
i,j 20
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1

1/p
X(/pn,u( )| MY (fiu Ide>

0

<C(n+1)1—1/q Z ni(ipn7y(t)\u—nt|qj)l/q

2i+j<m v=0
4,520

n 1 1/p
x(an,,,(t)/pw ) METL(f50) | du)

v=0 0

<C(n+1)YP Z n'.n?/?

2itj<m
1,70
n 1 1/17
X(an,u(t)/pnv )| MY (fru |de>
v=0

0
Therefore, applying Fubini’s theorem, we get

< C(n+1)YPpm/2x
Ly[e,d]

d n 1 1/p
(/ > pault / M %“)lppn,u(u)dudt>
v=0

d

<Cln+ 1>1/pnm/2{ )y ( [ pustt dt) x

v=0

1 1/p
(ot e
0

T, 1/p
< Cnm/Q{/an’y(u)|Ms_1(f;u)|pdu}

<Cnm/2||Mk Y(fiu) ), o[0,1] Cnm/2||f||Lp[o,1]-

(ME(f:t )’

[t

Since T}, are linear combinations of the iterates M,,, and the r.h.s.

independent of k, the lemma follows from (2.3).

(2.2)

(2.3)

in (2.3) is

Lemma 5. If f € L,[0, 1] is such that f(™=1) € AC(I) and f(™ € L,(I), then

nk fa ))H <]\4||f(7n)||Lp[0,1]7

H dtm Lyle,d]
where [c,d] C (0,1).

156

O



INVERSE THEOREM FOR AN ITERATIVE COMBINATION

Proof. It is sufficient to find the estimate for ;;:L (MF(f;e)). Thus, we have

dm . - dm
(Mn(fv.)) = dtim[
m—1 (,L)t am

_ o

il dtm

dtm My, (M (frun ) w); )]

(Mo (M (g = )5 0);1))]
=0

I TS —"

The term inside the summation is polynomial of degree (m — 1) and hence vanish.
In order to estimate the second term we break the integral as follows. There exists a

non-negative integer r = r(n) such that r/y/n < max|uy —t| < (r +1)/4/n. Hence,

we get
1 Uk
I = /Wn(uk,uk,1)|uk—t|m_1 /‘f(m)(wﬂdw duy,
0 t
i t ’% t+%
< { Wi (g, wpe—1)|ug, — ™ / ff(m)(w)|dwduk
=0\, .7 f

Vn t
+ /Wn(uk,uk,l)mk—ﬂm—l / |f<m>(w)\dwduk} (2.4)

gL L
Ve Ve

Now, |ux — t| > 1/4/n and

m—+3

3 X X
|Uk _ t|m+3 < Z (m: )|Uk _ 'Uzk—1|7”+3_é|ukfl _ tla
s=0

Hence a typical term of (2.4) is estimated as

I+1
-+
m—+3 v

< Z / W (g, wge—1) | g — wp—1|™ 2" ug—y — ¢|”

1

(") [ )

t
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m+3 ng 1 v e
- (m)
S z_:o ¢ 4 p(m+3—r)/2 / ’ (w)] dw

Proceeding recursively we reach

n 1
= (TL+ 1) Z Zniqi,j,m(t)(y - TLt pn 1/ (/pn,u ul |U1 - t| dul)
0

2i+j<m p=0
n? 1 m
X lji’n(m+377ﬂ)/2 ( / |f( )(w)| d’lU>

1,720
Using Holder’s inequality and moment estimates for M,,, we obtain

PENES]

NG
1 m
dtm[/W ur, O =17 <m+3>/< / f )(w)dw> dm]

t

1+1

J2—s/2 g
C’Z nm+“ ( / !f(m)(w)ldw>

t
This implies
- 1 m m

<0 ZZH‘le( )HL »[0,1] CHf( )HL »[0,1]
Lp[z3,y5] 1=0

H A (i)

dtm

This completes the proof of the lemma. |

3. Proof of the main theorem

Proof. We prove the theorem by induction on k.
When k = 1 the operator 75, , becomes the well known Bernstein Durrmeyer

operator M, for which we prove the inverse result. Thus, we prove that

IMa(F1) = FO)ly ) = O (n77%) = wa (£ 1) = 0 (%) ;0 < a < 2

158



INVERSE THEOREM FOR AN ITERATIVE COMBINATION
Let g € Cg° be such that suppg € (az,by) with g(t) = 1 on I3. Further, let f = fg.
Now,
18270,y < JA2FE) = MalF: )1+ ATV, ) = Db (1)

In Il

(fg)(t) — My (f(u)(g(t) + (u—t)g'(t) + ...); 1)
=g(t) (f(t) = Mn(f;1)) — g'(t) M, (f (w)(u —t);8) + ... (3.2)

By hypothesis,

IMa(f58) = FB) g, 1y = O (n772) (3.3)

and by dual moment estimate,

1Mo (f ()= 05D, 1) = N1/, (3.4)

Now

_ d?
I = ||AZM, (f;t 2 @(

)HLp(h) < Mn(fat))

Ly(I1)

d2

d? _
a2 (Mn(fmt))

2 ﬁ (Mn(f__ f?wt))

2

+ 7
Lp(I1)

<rT

Lp(ll)

<7 (mealn ) + o wa(o. ) (3.5)

en(n) < 47 (nd 2 et )
 wi(r f) = O (v |In 7)) (3.6)
We use (3.6) in (3.2) and (3.3). Now,
My, (f(u)(u—1t);t)) = My ((f(u) = f()(u—1);1))
+  JO)Mp((u—1t);t)
< M, (Ju—t lnju— ] ;) + O (i)

< Mn(|u—t|2€;t)+0<i>:0< ! )

nl—e
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From,(3.1),(3.2) and (3.3)

= wy(1, f) =0 (72_6) .

Hence theorem is proved for k = 1.

Now, suppose it is true for a certain k i.e.

war(f, 7,p, I2) = O(%) (3.7)
Let
1T k1 (fs2) = fllo, ) = O(n~(+2)/2) (3.8)
We will show that
wort2(f, 7 p, o) = O(1°7?)

Let a1 < 21 <22 <23 < a2 <by <yzs <y2 <y <by and g € C§° be such that

supp g € (z2,12) with g(t) = 1 on [x3,ys3]. Further, let f = fg. Then we have

[AF 2T kir (Pt ey < AT 2@ = Tk a (5O

2k+2 ﬁ T FF -t
T dt2k+2( k1 (f = fo2kt2:t))
Lyp[xh,y5)
2k+2 ﬁ T r . 39
+ 7 di2k+2 ( n,k+1(fn,2k+2a )) ( . )
Lp[af/myé]

where xf, = 259 and y}, = yo + (2k + 2)7.

For the first term, we have the estimate

|\A3k+2(f(t) - Tn,k+1(f§ t))HL,J[mg,m] <C Hf(t) - Tn,kJrl(]F; t))HLp[zg,y;]

<C

< () '
F®)g(t) = Tt (f(u) [Z gt (u— t)z} ; t)

il

Lp[w5,y5]

< Ollgll i taat 15O = T (Dl g

'Lty 1 Tnpr (F () (w = ) gy + - (3.10)
Using smoothness of f in second term of (3.10), we get
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T (F@) @ =038, g

2k—1 ;
f(z)(t) . 1
< —=T, —t)5t) + oy
; g Dok (=050 + oy,
X Tpis1 ((u . t)zle—l /(f(2k—1)(w) _ f(2k—1)(t)) dw ;t)
t Lyp[zh,ys5)
k
2k—1
O(rn) +0 3 farg (=
/‘f(Qk 1) f(2k—1)(t)‘dw ;t)
Lplx,y5]
1
O( =) + | (Ju— 12"
X / ‘ FER=D () — f(zk’l)(t)’dw;t) (3.11)
t Lyp[z5,y5]
Now, we have
p

u — t|2h

!

/u \f@’“*l)(w) - f(z’“’”(t)’ dw|;
t

//\

‘f(2k 1) w) — k= 1)( )‘dw

1 1
1/p
/Wnutdu (/Wnut

0 0

1 u
< /Wn(u t)
0

p/q
/dw
1
/Wn u t |u—t|(2k Dp+p/a
0

B

u p
f(2k71)(w) o f(2k:71)(t)‘ dw

t

du (3.12)

/ | £ (w) — O+ (1)) duw

Now, in order to estimate the quantity in the right, we divide the integral once
again as in Lemma 5 and use the moment estimates given in Lemma 1. Thus, from
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(3.12) we get the following

t+ 4L

T v 2
n _
I < Z{ / T4|u7t|4+(2k 1)p+p/an(u,t)
1=0 e
1
P
% / ’f(Qkfl)(w)_f(Zkfl)(t) dw du

t
o ] e - s )
=T
t+%
< r an 1 (2k—1) k1) |7 4
h Z 14 p2+(2k=1)p/2+p/2q f (w) — f (t)| dw
1=0 J
t
p
+ / ‘f(Zk—l)(w) — peRD (g dw) (3.13)
Now,
vy T
/ / ‘f(Qk—l)(w) _f(%_l)(t)‘pdwdt _ //‘f(Qk—l)(x_'_t) B f(%_l)(t) pdmdt
w’z t s w’z
Yz 1 1
= //‘f(Qk_l)(aj—‘rt) _f(Qk_l)(t)‘pX(I) dodt < /l'apX(,fE) dx
w/z 0 r
(where y is the characteristic function of [0, (I + 1)/ \/ﬁ])
H P (1 +1)Po+1
= // ‘f@k—l)(l' +1)— f(2k—1)(t)’ x(z)dtdr < C——F75—, (where0 < 0 < 1).
n 2
0 x

(3.14)
Combining (3.12),(3.13) and (3.14), we get
162
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;t)

< ol 1 i+ 1o
= lzljn2+(2k*1)p/2+p/2q n(Po+1)/2
=0

< C(n~(kH0/2) (3.15)

Mn(lu 2k /u ‘f(Qk—l)(w) _ f(2k—1)(t)‘ dw

Lplas,ys]

Similarly the rest terms in (3.10) give the required order.

By (3.8), (3.11) and (3.15) we obtain the estimate

_ _ 1 1
2k+2 . _
IAZ*2F ) = Tapsr (FO)| e < € {nk+l+w}

1
CW. (3.16)

Combining (3.9), (3.16), Lemma 4 and Lemma 5 and in view of properties of the

Steklov means we get

7 1 1 _
||A3k+2f(t)”Lp[x27y2] < Cinkw/z 4 p2h+2 <nk+1 + W>w2k+2(f,77, [z2,Ya])
Taking 7 < r
w2k+2(fa T, [an y?]) = O(r2k+9) (317)

This implies that f(*%) exists and belongs to Lip 6. This is reiterated into second
term of (3.10) as

2k (1) ) u
f) =Y - 04 gy [ 0 (7O w) - 00 du
2 y
Thus we get

C
Tk (F) @ =831 oy oy S 72707

This implies wo 2(f, 7, p, [T2,y2]) = O(r?*+179) which further implies
wakr2(f,7,p, I2) = O(T*F1H9),

Thus the theorem is completed by induction. O
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