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COMPLETE SUBMANIFOLDS IN A HYPERBOLIC SPACE

SHICHANG SHU

Abstract. In this paper, we study n-dimensional (n > 3) complete sub-
manifolds M™ in a hyperbolic space H""?(—1) with the scalar curvature
n(n — 1)R and the mean curvature H being linearly related. Suppose
that the normalized mean curvature vector field is parallel and the mean
curvature is positive and obtains its maximum on M™. We prove that if
the squared norm ||h||?> of the second fundamental form of M™ satisfies
|h|]> < nH? + (Bx)?, (p < 2), and ||h||*> < nH?+ (Bg)?, (p > 3), then M™
is totally umbilical, or M™ is isometric to S™~!(r) x H'(—1/(r? 4 1)) for
some r > 0, where By and By are denoted by (1.1) and (1.2), respectively.

1. Introduction

Let M}*P(c) be a (n+p)-dimensional space form of constant curvature ¢, M"
be an n-dimensional submanifold in M"*P(c) with parallel mean curvature vector. If
¢ = 0, Cheng and Nonaka [3] obtained some intrinsic rigidity theorems of complete
submanifolds with parallel mean vector in Euclidean space R"*P. If ¢ > 0, Xu
[16] obtained the intrinsic rigidity theorems of these kind of submanifolds in a sphere
S™tP(¢)(c =1). If ¢ < 0, Yu [18] and Hu [10] proved some intrinsic rigidity theorems of
complete hypersurfaces with constant mean curvature in a hyperbolic space H"*1(c)

Let M™ be an n-dimensional complete submanifold with constant normal-

ized scalar curvature in M"*P(c). If ¢ = 0, for hypersurfaces (p = 1), Cheng and
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Yau [6] obtained an intrinsic rigidity theorem of these kind of hypersurfaces in Eu-
clidean space R"*!, and for submanifolds (p > 1), Cheng [4] studied the problem
and obtained a rigidity and classification theorem. If ¢ > 0, Li [10] proved a rigidity
and classification theorem of compact hypersurfaces with constant normalized scalar
curvature in a sphere S"*!(c)(c = 1). As a generalization, Cheng [4] obtained a
rigidity and classification theorem of higher codimension compact submanifolds in
S™*P(¢)(c = 1). If ¢ < 0, the authors [15] studied the submanifolds with constant
normalized scalar curvature in hyperbolic space H"P(c)(¢ = —1) and obtained some
rigidity and classification theorems.

It is well-know that the investigation on hypersurfaces with the scalar curva-
ture n(n—1)R and the mean curvature H being linearly related is also important and
interesting. Fox example, Cheng [5] and Li [11] obtained some characteristic theorems
of such space-like hypersurfaces in a de Sitter space and such compact hypersurfaces
in a unit sphere in terms of sectional curvature, respectively. It is natural and very
important to study n-dimensional submanifolds with the scalar curvature n(n — 1)R
and the mean curvature H being linearly related and with higher codimension in a
space form M™P(c). But there are few results about it. In this paper, we shall in-
vestigate n-dimensional complete submanifolds in a hyperbolic space H"*P(—1) with
the scalar curvature and the mean curvature being linearly related. We shall prove
the following:

Main Theorem. Let M™ be a n-dimensional (n > 3) complete submanifold
with n(n — 1)R = K'H, (H*> > 1) in a hyperbolic space H"P(—1), where k' is a
positive constant. Suppose that the normalized mean curvature vector field is parallel
and the mean curvature H is positive and obtains its mazximum on M™. If the norm

square ||h||? of the second fundamental form of M™ satisfies
8l < nH? + (Bf)?, (p < 2),

and

|a]? < nH? + (Bf)?, (p > 3),
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then M™ is totally umbilical, or M™ is isometric to S"~1(r) x H*(=1/(r?> + 1)) for

some r > 0, where B}; and E}S are denoted by

3H2
Bf=—-(n-2 ,/ H—|— n =1 —n, (1.1)
B n—21/ H \/

2. Preliminaries

(n2 +2n — 2)H? — 6n. (1.2)

Let M™ be a n-dimensional complete submanifold in a hyperbolic space

H™P(—1), we choose a local field of orthonormal frames e, -+ ,€,4, in H"TP(—1)
such that at each point of M™ ey, - - ,e, span the tangent space of M™. Let
Wi, ywn4p be the dual frame field, then the structure equations of H"*?(—1) are
given by
n+p
de:—ZwAB ANwp, wap+wpa =0, (2.1)
B=1
n+p n—+p
dwap = — Z wac Awes + 5 Z Kapcpwe Nwp, (2.2)
c=1 C,D=1
Kapop = —(6acdBp — 64DdBC)- (2.3)

Restricting these form to M™, we have

we =0, a=n+1,---,n+p. (2.4)
= hfw;,  h =h, (2.5)
j=1
dw; = — szj ANwj, wij +wji =0, (2.6)
j=1
n 1 n
dwij = — Zwik Nwrj + 5 Z Rijriwr A wi, (2.7)
k=1 ki=1
n+p
Rijii = —(0ir0ji — 0udjx) + Z (hkhG — hithGy)- (2.8)
a=n+1
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The normal curvature tensor R,g;; and Ricci curvature are

n

Rapij = Y _(hGh), — hSihy)), (2.9)
=1
n+p n n
Rjp=—(n=18+ > O_hEh$ — > hihS), (2.10)
a=n+1 i=1 =1
n(n—1)(R+1) =n*H? — ||h|?, (2.11)

where R is the normalized scalar curvature, H is the mean curvature of M™, ||h||? is
the squared norm of the second fundamental form of M™. Define the first and second

covariant derivatives of h{; by

n n n n+p
> hwr = dhS =Y hw; — > hSwki — > hwga, (2.12)
k=1 k=1 k=1 B=n+1
n n n n n—+p
> hSwr = dhgy = hiwn — > hwy — Y bk — Y hwse. (2.13)
=1 1=1 1=1 1=1 B=n+1
The Codazzi equation and Ricci identities are
h%‘k = h?kj = ?ika (2~14)
n n n+p
W = h& = > b Bonire + > he Rojer + Y hii Rgant. (2.15)
m=1 m=1 B=n+1

The Laplacian of h{; is defined by Ahg; = >° hiy,. From (2.14) and (2.15), we get
k=1

n n n n n+p
ARG = higs+ > b Rmigr+ > b Bmgi + Y Y hiRgajk. (2.16)
k=1 k,m=1 k,m=1 k=1 p=n+1

Denote by £ the mean curvature vector field. When £ # 0, since we suppose H > 0,

ent1 = % is the normal vector field on M™. We define S; and S5 by

n n—+p n
Sp= Y (W5 = H6;)?, Se= > Y (hg)* (2.17)
3,7=1 a=n+21i,j=1
Obviously, we have
|h||> = nH? + S + So. (2.18)
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By the definition of the mean curvature vector &, we have
nH:ihZ+17 ih%zo,n+2§a§n+p. (2.19)
From (2.11), (2.17) and (2.18), we get
A(n*H?) = Al[h||* + n(n — 1)AR = A(trH2 ) + AS> +n(n — 1)AR. (2.20)

Hence, from (2.8), (2.9) and (2.16), by a direct and simple calculation we conclude

n

1
§A(trH§H)= > () Z i AR (2.21)
i,5,k=1 i,j=1
=30 B Y A Y - (Y ()
1,5,k=1 1,j=1 i,j=1 i,5=1
n+p n
+nH X:hmﬂﬂﬂmﬁl n?H? — Y > (R = Hoy)h)?
i,j,k=1 B=n+2 1,5=1
n+p

+ > Z R R — (R ()2

B=n+2 i,5,k=1

n+p n n—+p n

1
D M SN TR Sl SFTIVE 22
a=n+21,j,k=1 a=n+21,j=1
n+p n n+p n n+p
=2 2 (P =m > D ()P 4nH Y te(HagaH7)
a=n+214,j,k=1 a=n+21i,j=1 a=n+2
n+p n+p
= > [tr(Hop1Ho)? = Y N(HoHg— HgH,)
a=n+2 a,B=n+2
n+p n+p n+p
S [ HH)P Y w(HenHa)? — Y w(H2 H).
a,B=n+2 a=n+2 a=n+2

We need the following lemmas:
Lemma 2.1 ([12], [1]). Let p;, i = 1,--- ,n be real numbers, with > p; = 0 and
Su?=p3%>0. Then
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and equality holds if and only if either (n — 1) of the numbers p; are equal to
B/\/n(n —1) or (n—1) of the numbers u; are equal to —B/+/n(n —1).

Lemma 2.2 ([14]). Let A, B be symmetric n X n matrices satisfying AB = BA,
and trA =trB =0. Then

n —

trA2B| < )(uA?)(trB?)%. (2.24)

n(n—1
Lemma 2.3 ([4]). Let ai, - ,an,bi;(i,7 = 1,2,--- ,n) be real numbers satisfying
Z?:l a; = 0, Z?:l b” = 0, ZZj:l b,?] =b and bij = bﬂ(’é,] = 1,2, cee ,n). Then

n

—(zn: biiai)2 + zn: b?jaiaj — Z b?]af > — zn:afb (2.25)
=1 =1

ij=1 ij=1
Lemma 2.4 ([9]). Let A1, Ag,--- , A, be (nxn) symmetric matrices (p > 2). Denote
Sap = trAaAf, Sa = Saa = N(As),S = S1+ -+ Sp. Then

n p
2 3 2
— < - .
QBE:1N(AQAI3 AgAa)-i-a;:lSaﬂ < 25 , (2.26)

and the equality holds if and only if one of the following conditions hold: (1) A; =
Ay =--- = A, =0; (2) Only two of A1,---, A, are different from zero. Assuming
Ay # 0,45 #0,A3 = --- = Ay = 0. Then S11 = S, and there exists (n x n)

orthogonal matrix T such that

1 0 0 -~ 0 01 0 0
0 -1 0 - 0 100 0
TAT = % 0 0 0 -+ 0|, 74,7 = % 0 0 0 0
0 0 0 -- 000 -~ 0

In order to represent our theorems, we need some notations, for details see
Lawson [8] and Ryan [13]. First we give a description of the real hyperbolic space
H"1(c) of constant curvature ¢(< 0).

For any two vectors = and y in R"*2, we set

9(x,y) = 2191 + - + T 1Ynt1 — Tnt2Ynt2,
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(R"*2 g) is the so-called Minkowski space-time. Denote p = \/—1/c. We define
H" M c) = {x € R""? | g(x,2) = —p*, wpy2 > 0},

Then H"1(c) is a simply-connected hypersurface of R"2. Hence, we obtain a model
of a real hyperbolic space.

We define

My ={z € H" ' (c) | x; = 0},

My ={x € H" ' (¢c) | z1 = r > 0},

My ={z € H"*'(¢) | 2p42 = Tnt1 + p},

My={x e H""'(c) |2} + -+ a2, =1> > 0},

Ms ={z € H" " (¢) |2} + -+ 2}, =17 >0,
Pt —al, = —p® — 12}

My,--- ,Ms are often called the standard examples of complete hypersurfaces in
H"1(c) with at most two distinct constant principal curvatures. It is obvious that
My, -+, My are totally umbilical. In the sense of Chen [2], they are called the hyper-
spheres of H""1(c). M3 is called the horosphere and My the geodesic distance sphere
of H""1(c). Ryan [13] obtained the following:
Lemma 2.5 ([13]).  Let M™ be a complete hypersurface in H"'(c). Suppose
that, under a suitable choice of a local orthonormal tangent frame field of TM™, the
shape operator over TM™ is expressed as a matriz A. If M™ has at most two distinct
constant principal curvatures, then it is congruent to one of the following:

(1) My. In this case, A = 0, and M, is totally geodesic. Hence My is
isometric to H™(c);

(2) My. In this case, A = \/J/Zip%mfm where I,, denotes the identity matrix
of degree n, and My is isometric to H™(—=1/(r* + p?));

(3) M3. In this case, A = %In, and Ms is isometric to a Fuclidean space R";

(4) My. In this case, A = \/mfm My is isometric to a round sphere
S™(r) of radius r;
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(5) Ms. In this case, A = M @& plp_k, where A = /1/p?2+1/r2, and

- 1/p? - : k n—k(_ 2 2
,u—ix/m,Mg; is isometric to S*(r) x H* *(—=1/(r* + p?)).

3. Proof of main theorem

For a C?*-function f defined on M™, we defined its gradient and Hessian (fi;)
by

df =Y fiwi, Y fijw; =dfi+ Y fijwji. (3.1)
i=1 j=1 =1
Let T = )" T;jw; ® wj be a symmetric tensor on M" defined by
Tij = 7’7,H5U - h;l;—l. (32)

Follow Cheng-Yau [6], we introduce operator [J associated to T acting on f by
af = Z Tijfij = Z (nHoi; — b5 fij.- (3.3)
i,j=1 ij=1
By a simple calculation and from (2.20), we obtained

n

OnH) =Y (nHé; — hiiH ) (nH)y; (3.4)
i,j=1
1 L
:iA(nzHQ) —n?|VH|? = Y hi (nH)y;
i,j=1

1 1 1 o
=5n(n—1)AR+ §A(trﬂg+1) + A8, - n?|VH|? = Y bt (nH)s;.
i,=1
By making use of the similar method in [5], we prove the following:
Proposition 3.1. Let M™ be an n-dimensional submanifold in a hyperbolic space

H"P(=1) with n(n — 1)R = K'H(kK' = const. > 0). If the mean curvature H > 0,

then the operator

L=0-(k/2n)A

18 elliptic.
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Proof. For a fixed a, we choose a orthonormal frame field {e;} at each point in M"

so that hg; = A{*d;;. From (2.19), we have, for any i,

(RH=XT1— K J2n) =) " Anth — \pt

J

(D Y09 4 22 1))/
> Z )\;H—l - /\;L+1

- (1/2)[—2 xph? Z)\”H n(n —1)]/(nH)
:[(Z /\;}4-1)2 _ )\;H-l(z )\;_H-l)

= (1/2) Y AN 4 (1/2)n(n — D) (nH) !
I#j
:[Z(W1>2 (1/2) YA A+
I#j

— AT Z/\"“ (1/2)n(n — 1)](nH) ™!

=D+ (1/2) >0 AN 4 (1/2)n(n — 1)) (nH) !

7 L
=1/ A2+ QA2 4l - 1)](nH) ™' > 0.
JFi j#i

Thus, L is an elliptic operator. This completes the proof of Proposition 3.1.
Proposition 3.2. Let M"™ be a n-dimensional submanifold in a hyperbolic space
H"*P(=1) with n(n — 1)R = k'H, (k' = const. > 0). If the mean curvature H > 0,
then

IVR* = n?||VH]?.

Proof. Since H > 0, we have ||h||? # 0. In fact, if ||2> = D2 (A$)? = 0 at a point of
M™, then A\$ = 0 for all ¢ and « at this point. This implies that H = 0 at this point.
This is impossible.
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From (2.11) and n(n — 1)R = k'H, we have

K'ViH =2n"HV;H -2 hi;hi

kji»
J,k,«
1 /
(3% - =D Wi
7.k,
1 o a
(k' —nHPIVH|? = (3 highte* < Y0602 30 (0> = [nIPIvh)?.
i gk« i,7,0 i,7,k,a

Therefore, we have

/

k
IVA|* = n?[[VH|? >[(5 = n*H)* = o? | AP VH|* g
2 IIhH

_ ()2 +n?(n—1)]|VH|?

= > 0.
[4

||h||2 -

This completes the proof of Proposition 3.2.

Proof of Main Theorem. By making use of the similar method in [4], we choose a
local orthonornmal frame field {ej,- - , e, } such that h”Jr1 = \id;j. Let p; = A\; — H.
Then il wi =0, anlluf = f:l)\f —nH? =trH2, , —nH? = S;. By Lemma 2.1, we

get

nH > hEPRIERE =nH Y A = 3nH?S) + n*H* + nH Yy (3.5)

i,5,k=1 i=1 i=1
-2
30 i28, +n2it — =2 g3,
n(n—1)
From Lemma 2.3, we obtain
n+p n n—+p n
Yo = HophGY + > LY (AR (RGP (3.6)
B=n+2 ,j=1 B=n+2 i,5,k=1
n—+p n n+p n
YD Y LY = A ()%
B=n+2 i=1 B=n+2 ik=1
n+p n
= > {- Zul 2057 (i — 1))
B=n+2 i=1 i,k=1
n—+p
Z {- Z#z Z = —515.
,8 n+2 i=1 i,7=1

144



COMPLETE SUBMANIFOLDS IN A HYPERBOLIC SPACE

Hence from (2.21), (3.5), (3.6) we have

n n

1
5A(trH3l+1) > > (hrh? Z hiH (nH); nZA2 Oox? (37
i,j.k=1 i,j=1 i=1
-2
+ TL2H2 + 3TLH251 +n2H4 — M (Sl)% — 5152
n(n —1)
= > (hih? Z hi (nH);
i,7,k=1 2,j=1
+ Sl{—n+nH2 n H\/ Sl
n(n -1)

Let M™ be complete connect submanifold in H"™P(—1) with positive mean
curvature. Suppose that the normalized mean curvature vector % is parallel in
T+M™. If we choose e, 41 = %, then want1 = 0, for all a. Consequently Rany1jk = 0.

From (2.9) we have
Zhg;hf,jl Zh htt (3.8)
Hence, we obtain
H.H, 41 =Hp11H,. (3.9)

Weset B = Hy1—HI, (I is the unit matrix) then trB = 0, since trH, = 0(a > n+1).
By (3.9) we get for a« >n+ 1, H,B = BH,. By virtue of Lemma 2.2, we see that

-2
te(H2B)| < —~— 2 6 H2V0B?, a>n+ L. (3.10)
n(n —1)
Since
tr(H2B) = tr(H2H,41) — HtrH2, a>n+ 1, (3.11)
trB? = trH.,, —nH? = S;. (3.12)

By (3.10), (3.11) and (3.12), we have
—2
tr(H2H, 1) < (H + ——e\/S)teH2, (0> n+ 1). (3.13)
n(n—1)
From Lemma 2.4 and definition of S5

n+p n+p 3
— Y N(HoHp— HgHy)— > [tr(HoHpg)* > —553. (3.14)
a,B=n+2 a,Bf=n+2
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When p = 2, we have

n-+p n+p
> N(HoHp— HgHo) — Y [tr(HaHpg)]* = —S3. (3.15)
a,B=n+2 a,B=n+2

For a fixed a,n + 2 < a < n + p, we choose a local orthonormal frame field

{e1, -+ ,en} such that hg; = Afd;;. Thus, we have Z A =0 and trH2 = Z()\f‘)2

i=1 i=1
Let B=H,+; —HI = (b”) We have bij = bﬂ(l,j =1,2,--- ,71)7 Z b;i = 0 and
=1

21 b2 = S1. Since A, b;;(i,j =1,2,--- ,n) satisfy Lemma 2.3, from Lemma 2.3, we
0.

get

n-+p n-+p n+p

= Y [r(Hpr Ho)P + Y tr(HppHo)? = Y tr(HZ, H2) (3.16)
a=n+2 a=n+2 a=n+2
n+p

= Y {~[tr((Hpsr — HDHL) + tr[(Hpyy — HI)H,)? — tr[(Hpq — HI)?H2]}
a=n+2
n+p

= Y {~[te(BH.)]* + tr(BH,)* — tr(B*H2)}
a=n+2
n—+p

= > {- Zb“)\a +Zb ;)Q—bej(x )2}

a=n+2 i=1

n+p n n n+p
> D XY= =81 ) teHE =515,
a=n+2 =1 i,5=1 a=n-+2

Therefore, by (2.22), (3.13), (3.14) and (3.16), when p > 3, we get

n+p n (

%Aszz S0 (W) +So{-n+nH?—

H\F 51—752 b (3.17)
a=n+21i,5,k=1 % (

When p = 2, from (2.22), (3.13), (3.15), (3.16), we have

n+p n

585> S S ()P4 Safn 4 -

H\F 51— S5}, (3.18)
a=n+21,j,k=1 \% (
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Case 1. If p =1, we have Sy = 0,51 = ||h]|?> — nH?2. Therefore, by (3.4), (3.7) and

Proposition 3.2, we have
1
O(nH) =§n(n— DAR+ | Vh|? —n?||VH|]? (3.19)

—|—Sl{—n—|—nH— n(n_2) H+/S; —Sl}

Vn(n —1)

Z%n(n —DAR+ ||g||*{—n +nH? - n=2)

n(n—1)

where ||g|? is a non-negative C?-function on M™ defined by ||g||? = ||h||* — nH?.

Hlgll - llglI*},

Therefore, from (3.19), we have

nLH =n|[0H — (k' /2n)AH] (3.20)
=0(nH) — (1/2)n(n — 1)AR
n(n — 2)

>[9P {(—n + nH? Hlgll — llal*)
n(n —1)
=|lglI*Pu(lgl).
where
nin — 2
Pallgl) = —n + ni® — =D gy~ gl (3.21)
n(n —1)

Since H? > 1, we know that Py has two real roots B}, and B}, given by
g H H

1 n n3H?2
BE= -2,/ —H+ |- 3.22
n=—3n =20 in—1 " (3:22)

Therefore, we know that

Pr(llgl) = (lgll = B)(=llgll + By).

Clearly, we know that ||g|| — By > 0. From the assumption of Main Theorem, we
infer that Pg(|lg|]) > 0 on M™. This implies that the right-hand side of (3.20) is
non-negative. From Proposition 3.1, we know that L is elliptic. Since H obtains its
maximum on M™, from (3.20), we have H = const. on M™. From (3.20) again, we
get |lgl|?Pu(|lgl]) = 0. Therefore, we have [|g||> = 0 and M™ is totally umbilical, or
Py (Jlgll) = 0. In the latter case, we infer that the equalities hold in (3.20), (3.19)
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and (2.23) of Lemma 2.1. Therefore, we know that (n — 1) of the numbers \; — H
are equal to ||g||/y/n(n — 1). This implies that M™ has (n — 1) principal curvatures
equal and constant. As H is constant, the other principal curvature is constant as
well. Therefore we know that M™ is isoparametric. From the result of Lemma 2.5,
M™ is isometric to S~ 1(r) x HY(—1/(r? 4+ 1)) for some r > 0.

Case 2. If p =2, from (2.18), we have

Sy < ||h|)* —nH?. (3.23)

From (3.4), (3.7), (3.18), (3.23), Proposition 3.2 and (2.18) we have

1 n(n
O(nH) >=n(n — 1)AR+ (S1 + S2){-n+nH?> - ——==H\/5; — (51 + 52)
(TL )_277,(71 ) ( 1 2){ nTn \/’II(T 1 2
(3.24)
1 n(n — 2)
>-n(n—1)AR+ ||g||>{—n +nH?> — ——=—H]||g|| — |l9|I*},
> Jnln — DAR+ gl s ol = ol
where [jg|* = [hl|? — nH?2.
Therefore, from (3.22), we have
nLH =0(nH) — (1/2)n(n — 1)AR (3.25)

n(n — 2)

vn(n—1)

>[lgl*{-n +nH?* - Hlgll —llgl*}

=lgll* P llgl)),

where Py (||g||) is denoted by (3.21). Py (||g||) has two real roots B}, and Bj; denoted
by (3.22). Therefore, we know that

Pu(llgll) = (lgll = Bp)(=llgll + Bj)-

Since ||g||—-Bg > 0, from the assumption of Main Theorem, we infer that Py (||g||) > 0
on M™. This implies that the right-hand side of (3.25) is non-negative. By making use
of the same method in Case 1, we can obtain | g||?Pg(||g||) = 0. Therefore, we have
llgl]> = 0 and M™ is totally umbilical, or Py (||g||) = 0. If Py (||g||) = 0, we infer that
the equalities hold in (3.25), (3.24), (3.23) and (2.23) of Lemma 2.1. If the equality
holds in (3.23), we have S; = ||h||> —nH?. This implies S = 0. Since e,, 41 is parallel
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on the normal bundle T+ (M™) of M™, using the method of Yau [17], we know that
M™ lies in a totally geodesic submanifold H"*1(—1) of H"*P(—1). If the equality

holds in Lemma 2.1, by making use of the same assertion as in the proof of Case 1, we

infer that M™ has two distinct principal curvatures and is isoparametric. Therefore,

from Lemma 2.5, we know that M™ is isometric to S"~1(r) x H'(—=1/(r? + 1)) for

some 7 > 0.

Case 3. If p > 3, from (3.4),(3.7),(3.17),(3.23) and Proposition 3.2, we have

O(nH) Z%n(n - 1)AR + (81 + S2){—n +nH?

1
H\/ 51 +SQ 55%

n(n —
\/n(n—

1
Zin(n —~1AR+ (S; + So){—n + nH?

n(n — 2)
———H\/S1 — (S1+S2)} — = S’ +S
\/n(n——l LS} - 5 (5 )
1
Zin(n —~1)AR+ (S; + So){—n + nH?

-2 3
- 20D g TRl - 28+ )
Vvn(n —1) 2
1 n(n —2)
=—n(n—1)AR+ ||g|*{-n +nH?* - ————H||g| -
3= DAR+ gl 2l
where |gl[? = [[2]* — nH?.
Therefore, we have
nLH =0(nH) — (1/2)n(n — 1)AR
n(n — 2 3
> gl {—n + ni? - 22D gg) - g1y
Vvn(n—1) 2
_ 3 nep2 2 _ 2 n(n-2) TPt
=59l {5 (nH" —n) — 5 NZCED) Hlgll — [lglI"}
3
=§||9||2QH(||9||),
where
2 2 n(n—2)
= ZmH? —n)— =222 myigll — gl

3 2
Slgl?},

(3.26)

(3.27)
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Since H? > 1, we know that Q(||g]|) has two real roots EE and E}} given by

~ 1 1

Therefore, we know that

Qu(lgl) = (llgl = Bi)(~llgll + Bf;)-

Clearly, we know that ||g|| — Eff > 0. From the assumption of Main Theorem, we
infer that Qg (|lg|l) > 0 on M™. This implies that the right-hand side of (3.27) is
non-negative. From Proposition 3.1, we know that L is elliptic. Since H obtains its
maximum on M™", from (3.27), we have H = const. on M™. From (3.27) again, we
get ||l9I?Qu(|lg|]) = 0. Therefore, we have ||g||> = 0 and M™ is totally umbilical, or
Qu(llgll) =0. If Qu(|lg]]) = 0, we infer that the equalities hold in (3.27), (3.26) and
(3.23). Therefore, we know that

S1 = ||h||2 — TLH2, Sy =51+ Ss.

From (2.18), this implies that S = 0 and S; = 0. Therefore, we have ||g||* =
|h||> = nH? = 0 on M™ and M™ is totally umbilical. This completes the proof of

Main Theorem.
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