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ON THE CONVERGENCE RATES OF PICARD, MANN AND
ISHIKAWA ITERATIONS OF GENERALIZED CONTRACTIVE
OPERATORS

JOHNSON O. OLALERU

Abstract. The convergence rates of Picard, Mann and Ishikawa iterations
have been compared by several authors for a class of quasi-contractive
maps defined on an arbitrary closed convex subset of a Banach space (e.g.
[1], [3] and [10]). In this paper, a comparison of the convergence rates of
those iterations are studied for a more general class of operators called the

generalized contractive operators.

1. Introduction

Let X be a real Banach space, and C' a nonempty convex subset of X. Let

T be a self map of C, and let p,, zo, Yo, 2o € C. The Picard iteration is defined by
Pnt1 = Tpn. (1)
The Mann iteration (see [7]) is defined by
Tpy1 = (1 — an)xy + anTay. (2)
The Ishikawa iteration (see [6]) is defined by
Ynt1 = (1= an)yn + anTzy 3)
zn = (1= Bn)yn + BnTyn (4)
where {a,,} C (0,1), {8,} C[0,1).
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Definition 1. [18]. Let (X,d) be a metric space. T : X — X will be called a
Zamfirescu operator if there exist the real numbers a, b, ¢ satisfying 0 < a < 1, 0 <
b, ¢ < 1/2 such that for each pair z,y € C, at least one of the following is true:

(i) d(Tz, Ty) < ad(z,y);

(ii) d(Tz, Ty) < bld(x, Tx) + d(y, Ty)];

(iii) d(Tx, Ty) < cld(z, Ty) + d(y, Tz)].
Definition 2. [4]. Let T' be a mapping of a metric space (X, d) into itself. A mapping

T is called a quasi — contraction if for some 0 < k < 1 and all z,y € X,
d(Tz,Ty) < kemaz{d(z,y);d(z, Tx);d(y, Ty); d(z, Ty); d(y, Tx)}. (5)

Clearly a Zamfirescu operator is a quasi-contraction map. Quasi-contraction
map is one of the most general contractive maps. For results on quasi-contraction
maps see [4-5],[14-15] and [17].

Definition 3. [8]. Let T be a mapping of a metric space (X,d) into itself. A
mapping 7" will be called a generalized contractive operator if for some 0 < k < 1 and

all z,y € X,
d(Tz,Ty) < k.maz{d(z,y); d(x,Tx);d(y, Ty); d(x, Ty) + d(y, Tx)}. (6)

A generalized contractive operator is more general than a quasi-contraction
as can be seen from the following example.
Example. [8]. Let X = R with the usual metric. Define T': X — X by Tz = x.
Clearly T is a generalized contractive operator. In fact, d(z, Ty)+d(y, Tx) = 2d(z,y),
d(Tz,Ty) = d(z,y). Let k = 3. Then d(Tz,Ty) < k{d(z,Ty) + d(y, Tz)}. However
T is not a quasicontraction.

The Ishikawa iteration and the Mann iteration converge to a fixed point of
T when T is a Zamfirescu operator defined on a closed convex set of a Banach space
(see [2], [9]). The Picard iteration converges faster than the Mann iteration [3] while
the Mann iteration converges faster than the Ishikawa iteration [1] when dealing
with the same class of Zamfirescu operators defined on a closed convex subset of a
Banach space. In [5] it was shown that the Ishikawa iteration converges to the fixed
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point of T" when T is a quasi-contraction map defined on a closed convex set of a
Banach space. Also the Picard iteration converges faster to the fixed point of T' than
the Mann iteration [10] while the Mann iteration converges faster than the Ishikawa
iteration [11] when T is a quasi-contraction. That answers the question posed in [3].
In this paper, we investigate the convergence rate of the Picard, Mann and Ishikawa
iteration when dealing with a more general class of operators called the generalized
contractive operators (6). It was proved that the Picard iteration converges to the
fixed point of T' faster than the Mann iteration and the Mann iteration converges
faster than the Ishikawa iteration when T is a generalized contractive operator. It
should be noted that the Picard iteration converges to the fixed point of 7" when T is
a generalized contractive operator [13] while both the Ishikawa and consequently the
Mann iterations of this class of maps also converges to the fixed point of T' [12].

The definitions and the methodology of Berinde [3], also used in [1] and [10],
will be adopted .
Definition 4. [3]. Let {a,}"=5° and {b,, }7=5° be two sequences of real numbers that
converge to a and b respectively, and assume there exists

. lan—a
= nh_)rr;o ||be||

If I = 0, then we say that {a, }"=5° converges faster to a than {b,}7=5° to b.
Definition 5. [3]. Let {u, }'=5° and {v, }I=5° be two fixed point iteration procedures
that converge to the same fixed point p on a normed space X such that the error

estimates

lun —p|| < an, n=0,1,2,.... (7)
and

lvn —pll < bp, n=0,1,2,.... (8)

are available, where {a,}"=5° and {b,}'=5° are two sequences of positive numbers
(converging to zero). If {a,}n=5° converges faster than {b,}7=5°, then we say that
{un }"=5° converges faster to p than {v, }"=5°.
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2. The main results

Theorem 1. Let K be a nonempty closed convex subset of a Banach space X and let
T: K — K be a generalized contractive operator (6). Then

1) T has a unique fized point p in X;

2) The Picard iteration {p,} defined by Tp, = pny1 converges to p for any
Do € K;

3) The Mann iteration {x,}, defined by 11 = (1—ap)zp+a,Ta,, n=1,2,...
such that Y a, = 00, converges strongly to p for any z, € K;

4) The Picard iteration converges to p faster than Mann iteration.
Proof. For the proofs of 1) and 2) see ([13]). The Ishikawa iteration of T' converges
to p [12]. By setting 3, = 0 for all n, it is clear that the Mann iteration converges
too.

We now proof (4). Since T is a generalized contractive operator (6), then,

1Ty = Tzl| < kmaz{|ly — x|, [z — T, [ly — Tyl
lz =Tyl + lly = T[]}

If [Ty = Tz| < klly — Tyl|, then
1Ty = Tl| < k{lly — =l + |z = Tl + | Tz — Tyl }

and so,
k
1Ty = Tall < 7= Ally — 2]l + [lo = T]}. (9)

If|Ty — Tx| < k{||lz — Tyl + [ly — Tz|]}, then,
1Ty = Tx|| < k{llz — Tl| + | Tz = Tyl + [ly — 2| + [l — Tz}

which, after computing, gives

k
1T =Tyl < 7= Ally — «ll + 2]z — Tf]}. (10)
Denote § = max{k, 1%} = 2. Then in view of (9) and (10), inequality (6) gives
1Ty — Tx| < &{lly — || + 2|z — Tz} (11)
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Suppose p is a fixed point of T, then, if z = p and y = p,,, from (11) we obtain
ITpn = pll < éllpn —pl- (12)

If we assume Picard approximation technique in (11) by assuming that Tp, = pn41

for all n, we obtain
||pn+1 - p” < 6||pn - p”
which inductively gives
[Pnt1 —pll < 6"[lp1 —pll, n>0. (13)
Following the same procedure in proving (10), it can be shown that

|72 — Ty|| < iz =yl + 20|}y — Ta] (14)

for all x,y € K where § = %
Let {x,}n=5° be the Mann iteration as defined in the Theorem and z, € K

arbitrary. Then

[Zne1r —pll = [[(1 = an)zn + anTe, — (1= ay + an)p)
= H(l —ap)(Tn —p) + O‘n(Txn _p)H
< (I —=ap)llzn —pll + anl| T2y — p). (*)

If x =pand y =z, in (14) we obtain
[Tzn = pll < Ollzn = pl| + 20|[zn — pll = 35|20 — pl|
and therefore by (*) we obtain
|Tnt1 — pll < [1 = an + 3dan]||zn — p|| < [1 4 3da, + 0]||lzn —p|l, n=0,1,2,..
which implies that

|znt1 — ol < H[[l + 30ay + 0]||z1 — p||, n=0,1,2,... . (15)
k=1

In order to compare {p, } and {x,} we must compare 6" and [],_,[1 + 3das, + 4].
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We first note that § < 1 + 3day, + 9§ for each k. Therefore m < 1 for

each k. Hence

6’n
[Th [+ 36auy + 0]

— 0.

1iMy— oo

This shows that the Picard iteration converges faster than the Mann iteration.
Corollary 1. [10]. Let K be a nonempty closed convex subset of a Banach space X
and let T : K — K be a quasi-contraction map (5). Then

1) T has a unique fized point p in X;

2) The Picard iteration {p,} defined by Tp, = pny1 converges to p for any
Do € K;

3) The Mann iteration {x,}, defined by 11 = (1—ap)zp+ e, T2y, n=1,2,...
such that Y a, = 00, converges strongly to p for any z, € K;

4) The Picard iteration converges to p faster than Mann iteration.
Corollary 2. [3, Theorem 4]. Let X be a Banach space, K a closed convex subset of
X, and T : K — K a Zamfirescu operator. Then

1) T has a unique fized point p in X ;

2) The Picard iteration {p,} defined by Tp, = pnp+1 converges to p for any
Do € K;

3) The Mann iteration {x,}, defined by 11 = (1—ap)zp+anTa,, n=1,2,...
such that Y a,, = 00, converges strongly to p for any z, € K ;

4) Picard iteration converges faster than Mann iteration.

Observe that Corollary 1 is more general than Corollary 2 which is the main

result in [3].
Theorem 2. Let K be a nonempty closed convex subset of a Banach space X and let
T : K — K be a generalized contraction map (6). Let {z,} and {yn} be the Mann
and Ishikawa iterations respectively defined by (2) and (3)-(4) for xo, yo € K with
{an} and {B,} real sequences such that 0 < ay,, Bp, <1 and > o, = 0. Then {x,}
and {yn} converge strongly to the unique fixed point of T, and moreover, the Mann
iteration converges to the fixed point of T faster than the Ishikawa iteration.
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Proof. The Ishikawa iteration (3)-(4) converges strongly to the unique fixed point
of T (e.g. see [12]). Consequently, if 3, = 0 for all n, the Mann iteration converges
strongly to the unique fixed point of T'. Since the fixed point of T is unique [13], then
both iterations must converge to the same fixed point which we denote by p.
It is not difficult to see that the quasi-contraction map satisfies the following
inequalities
Tz = Tyl < {2 =yl + 2}z — T} (16)
1Tz — Tyl < 6{llx — yll + 2lly — T'=[|} (17)

for all 2,y € K where § = max{k, 12} = .
Let {x,} be the Mann iteration associated with T, then, in view of (2), we

have
[#nt1 =pll < (A = an)lzn = pl + an| Tz, = pll. (18)
Suppose z = p and y = x,, (16) becomes
T2 = pll < 6llan = pl- (19)
In view of (18) and (19), we have
[€nt1 = pll < (1= an)llzn = pll + andllzn = pl = [1 = an(l = )flzn —pll.  (20)
Hence
lzner —pll < TI1 = ar(@ = Ol llzr —pll, n=0, 1, 2,.... (21)
k=1

It is clear that

1—ap(l—6)>0Vk=0,1,2,.. (22)
Similarly, let {y,} be the Ishikawa iteration defined in (3)-(4), then, we have
[Ynt1 = pll < (1= an)llyn = pll + an|[Tzn = pl- (23)
If x =pand y =z, in (17), we have

T2, — pll < 6l[2n — pll + 20[|2n — pl| = 302 — p- (24)
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If x =pand y =y, in (17), we have
I Tyn — pll < 6llyn — pll + 26/|lyn — pll = 36]yn — pl.
We know by (4) that
l[2n = pll < (1= Bu)llyn — Pl + BullTyn — pl|-

In view of (23)-(26), we have

lyn+1 —pll < (1= an)llyn — pll + 30|20 — pl|
< (1= an)llyn — pll + 36an[(1 = Ba)llyn — pll
+ 5n||Tyn _pll]

(1 = an)llyn — pll + 360n (1 = Ba)lyn — pll

3dan Bpl[Tyn — pl|

= [(1—an) +36an(1 = B,) + 90, ,0%] lyn — 1l
[1— an(1 =30+ 36,0 — 96,6°)].lyn — pl|

= [1—an(l—30)(1+3B,0)]lyn — pll ()

Since (1 —38)(1 + 383,0) < 1 —96% < 1, it is clear that

+

1—on(1—26)(1428,0)>0¥n=0,1,2, ..

We consider the following two cases.

Case (1). Let ¢ € (0,1/3]. Hence
1— an(1—38)(1+38,0) <1V n=0,1,2,..

(**) then becomes

[Yn+1 =Pl < [lyn —pll V 0
and hence

Yn+1 —pll < llyr —pll V n.

If we compare the coefficients of (21) and (30), and using Definition 5 so that

n

ap, = H[l —ag(l1—=9)] and b, =1,

k=1
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we have limy,_, o0 (an/by) =0

Case (ii). Let 6 > 1/3. In this case we have

1 —an(1—36)(1+383.0) <1—a,(1—957) (32)
and so (**) becomes

lym1 = pll < 11— an(1 = 96%)]llyn — pIl ¥ n. (33)
Hence .

[Yn+1 —pll < H [1 - ar(1 =98]y - pll. (34)

Comparing (21) and (34) and using Deﬁmtlon 5, we have

an = H[l —ap(l—9)] and b, = H[l — ag(1 —96%)). (35)
k=1 k=1
Clearly, a,, > 0 and b, > 0V n and = =[],_, 11;:’271192% Also

min|[l — ak(l —6),k=1,2..n
max[l — ag(l —99),k = 1.2..n]

1—ap(1-9) min[l—ay(1-6), k=1,2....n] \n . Qn
Since [[j—; 1= an(1-952) < (mam[kak(kg&), =i my) then limy, o052 = 0.

<1

Therefore in both cases {a,,} converges faster than {b,,} and hence the Mann
iteration converges faster than the Ishikawa iteration to the fixed point p of T

In view of Theorems 1 and 2, we have the following results.

Corollary 3. Let K be a nonempty closed convexr subset of a Banach space X and
let T: K — K be a generalized contractive map (6). Then

1) T has a unique fized point p in X ;

2) The Picard iteration {p,} defined by Tp, = pny1 converges to p for any
Do € K;

3) The Picard iteration converges faster to the fized point of T than Mann
iteration (2); and the Mann iteration converges faster than the Ishikawa iteration
(3)-(4)-

Corollary 4. Let K be a nonempty closed convexr subset of a Banach space X and
let T: K — K be a quasi-contraction (5). Then

1) T has a unique fized point p in X;
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2) The Picard iteration {p,} defined by Tp, = pny1 converges to p for any
Do € K;

3) The Picard iteration converges faster to the fized point of T than Mann
iteration (2); and the Mann iteration converges faster than the Ishikawa iteration
(3)-(4)-

Corollary 5. ([1],[3]). Let K be a nonempty closed convex subset of a Banach space
X and let T : K — K be a Zamfirescu operator. Then

1) T has a unique fized point p in X;

2) The Picard iteration {p,} defined by Tp, = pny1 converges to p for any
Po € K;

3) The Picard iteration converges faster to the fized point of T than Mann
iteration; and the Mann iteration converges faster than the Ishikawa iteration (3)-(4).
Remarks. 1. The technique of our proofs is due to [3] and has been used by several
authors, e.g. see [16].

2. Ishikawa iteration has two parameters, {«, } and {8, }; the Mann iteration has only
one parameters {a,} while the Picard iteration has none. It appears that the more
the parameters for an iteration process, the slower the rate of convergence. At least
this is true in the case of Picard, Mann and the Ishikawa iterations when applied to
generalized contraction maps. It is therefore an open problem whether this conjecture
is true for other known iteration procedures and for a more general class of operators.

3. A generalized contraction map (see [14-15]) is a map satisfying the inequality
[Tz —Ty|| < QM (x,y)), (36)

where @ is a real-valued function satisfying
(a) 0 < Q(s) < s for each s > 0 and Q(0) =0,
(b) @ is non-decreasing on (0, c0),

(c) g(s) = s/(s — Q(s) is non-increasing on (0, o),

M(z,y) = maz{|lz —yll, [« = Tzl |y = Tyll, [l = Ty, lly = T} (37)
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The Mann and the Ishikawa iterations are equivalent when dealing with
generalized contraction maps [15] i.e. if the Mann iteration converges to the fixed
point of T, then the Ishikawa iteration converges to the fixed point of T and if
the Ishikawa iteration converges, then the Mann iteration converges to the fixed
point of T. It is still an open problem as to which of the iterations converges
faster when T is a generalized contraction map. Suppose (37) is replaced with
M(z,y) = maz{|le - yll, llz — Tall,ly — Ty, = — Tyll + |y — Te|}, will the Mann
and the Ishikawa iterations still be equivalent? Will the Mann iteration still converge

faster than the Ishikawa iteration to the unique fixed point of 17
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