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ON A GENERAL CLASS OF BETA APPROXIMATING OPERATORS
OF SECOND KIND

VASILE MIHESAN

Abstract. We shall define a general linear transform, from which we ob-
tain as special case the beta second kind transform. We obtain several
positive linear operators as a special case of this beta second kind trans-
form. We apply the beta second kind transform to Baskakov’s operator

B,, and we obtain different generalization of it.

1. Introduction

In this paper we continue our earlier investigations [5], [6], [7], [8], [9], [10]
concerning to use FEuler’s beta function for constructing linear positive operators.
Euler’s beta function is defined for p,q > 0 by the following formula

B(p,q) = /OOO (Ldu (1.1)

1+u)pte

The beta second kind transform of the function f is defined by the following

formula

1 o ypt
Tpof = B /0 s u)p+qf(u)du. (1.2)

We shall define a more general linear transform from which we obtain as
special case the beta second kind transform.
Let us denote by M]0,00) the linear space of functions defined for ¢t > 0,

bounded and Lebesgue measurable in each interval [c, d], where 0 < ¢ < d < 0.
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For a,b € R we define the (a, b)-beta transform of a function f (see [5])

(ab) ¢ 1 o uP~L u®
Sl At (<1+u>a+b)d“’ (13)

where B(:,-) is the beta function (1.1) and f € M]0, c0) such that ’Z;,(,Z’b)|f| < 00.

If we consider in (1.3) @ +b = 0 we obtain the second kind transform of

function f € MJ0, c0)

(@) _ T(a,—a) L B i ayg
T =T B )y T O )

such that T,Sff}| f| < oo. Clearly T,S,aq) is a positive linear functional.
We shall consider here only the special case a = 1.
2. The beta second kind transform. Case a =1

If we put in (1.4) a = 1 we obtain the beta second kind transform

1 o gupl
Toal =T340 = 5og /0 e/ @ (2.1)

for f € M[0,00) such that T}, 4| f| < oo considered by D.D. Stancu [13] (see also [7]).
Remark. If a = —1 we obtain ng;ll)f = T,Elq)f =T, qf (see [7]).
Theorem 2.1. [13] The moment of order k (1 < k < q) of the functional T, , has

the following value

plp+1)...(p+k—1)

Ty ek = , 1<k<aq. 2.2
P =TT ) 22
Consequently we obtain
p p(p+1)
Toeer=——, Tpee2=-—""—""%, q>2. 2.3
e R T 23
p p p

We impose that T}, ;e1 = e1, that is

=z,orp=—x,q=1+—,2>0,
1 « «

a, 8 > 0 and we obtain the following linear positive operators

B_1

(TP f)(x) = 3 ! 6) /OOO( o f(u)du. (2.4)

1+ 8 (z+1
B<x,1+ L+ u)traterd
o o
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Corollary 2.2. One has

TEOD((t—a)%a) = 7o—a(l+a), B>a>0. (25)

—

=2

Proof. It is obtained from (2.3) for p = gx, qg=1+ g, p+qg=1+ g(l + x).

(0.) _ Pafrta) _ P tax o\ _ .. alz+a?)
(T er)(x) = 30 —a) —x2+< —a 22) =22 + o

and

Q

Special cases

1. Let ’Tl(a) be the beta second kind operator defined by

1 & ya~l
() () = / () (2.
« o

The operator (2.6) has been considered by Stancu [13] (see also [1], [2], [7],
[11]) and it is obtained by (2.4) if we choose in (2.4) 8 =1 and « € (0, 1).

Corollary 2.3. [7] One has

«

T (¢~ 2)%50) =
—

z(1+z), ae€(0,1). (2.7)

1
For oo = — we obtain
n

T - s = T,

1

2. Another beta second kind operator it is obtained by (2.4) for 5 = T
x

)

1
B>a,x€ (0,a—l>7a€(0,1)

(@) £y(3) — 1 e
(T ) = A m— AT IO
a(l+z) " ol +x)

where f € M0, 00) such that 7'2(a)|f\ < 00, considered by J. Adell [2] (see also [7]).
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Corollary 2.4. [7] One has

1+ )2 1
T (1 — 2)?2) = 22EH D" LY
(o) = e a <
For a =1/n, n € N we obtain

1/n z(1+ x)?

LYt -2)%e) = S, w<n- L.

3. Let ’Zé(a) be the operator defined by

7. - L *__ue! dt, 2.9
(T 1)(@) B(1;1+1>/0 rEEtiOL 29)
(0% axr

1
x € (O,), a € (0,1).
a

1
The operator (2.9) is obtained by (2.4) if we choose in (2.4) 8= —.
x
Corollary 2.5. One has

21+2) 1
T ((t = o)) = 20T D) -
5 ((t—x)%52) I —ar ' x<a
For a =1/n, n € N we obtain
2
n 1
7 >(<t—m>2;x>=ix,§_+f), r<n.

4. For 8 = H—Lx >, x € (1fa,oo), a € (0,1) we obtain by (2.4) the

following operator

2

(7L 1)) = 1 [T e @)
s 2w o GewE U
a(l +x)’ a(l+ )
Corollary 2.6. One has
@) (¢ — 22 0) = 2D o
7:L ((t m)7x)_z_a(1+x)7 x>1—06'
For a =1/n, n € N we obtain
W) oy gy = A2 1
(e x)’x)_(nfl)xfl’ S

94



ON A GENERAL CLASS OF BETA APPROXIMATING OPERATORS OF SECOND KIND

5. Let 7’5(“) be the operator

+1 1+u)
a | azx

(@) £y (1) — 1 * ww!
(75 f)(x)_B(Hx T )/0 ( %Hf(u)du (2.11)

1
a € (0,1), a > 0. The operator (2.11) is obtained by (2.4) if we put in (2.4) § = — =

Corollary 2.7. One has

xT

2
(@) /(s 22 ax®(l+x)
T2 ((t z)’x)iil—i—(l—a)m’ x> 0.
Fora=1/n,n €N,
T(l/")((t—x)z'z):;.
> ’ n(l+z)—=x

6. For 8 =z, z € (a,00), a € (0,1) we obtain by (2.4) the following operator

-2

o) ’U,Iail
TON@ = —r— | T (12
o(G3)

(07

Corollary 2.8. One has

%(a)((t—z)Z;x) 7ax(1+x)7 T > a.

T r-a
For a =1/n, n € N we obtain

1 1
T (- = D s

ne—1" n’

7. Let ’]'7(0‘) be the beta operator defined by
x<1a+z) 1

(T f) () = ! T T e (213)
7 B(x(1+w) 1+1+$)/o (1+u) s+

a o

a € (0,1), x > 0. The operator (2.13) is obtained by (2.4) if we put in (2.4) 5 = 1+=.
Corollary 2.9. One has

7—7(a)((t _ o)) = ax(l+x)

= , x>0.
l—a+zx
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For a =1/n we obtain

z(l+x)

T - a)se) =

1
8. Another beta second kind operator is obtained for § = it > q,
x
Vi+4d/a—-1
ze <o,+2/0‘>, a e (0,1)
7 ! QLY 2.14
(T D)) = —— 1 ATt (LAY
B , +1
a(l+z) ax(l+z)

Corollary 2.10. One has

2 2 _
%(a)((tiw)%m)_ ox (1+£C) x<\/1+4/oz 1'

S l-ax(l+a)’ 2
For a =1/n, n € N we obtain

n 22(1 + z)?
7;;(1/ )((t _ a’:)Z;l‘) — n_(x(H_)x)7 x(l +x) <n.

VvV1i4+4da—1

9. Forﬂo:(1+x)>oz,:c€( 5

,oo), a € (0,1) we obtain by
(2.4) the following operator

2
z2(1+x)
[e3 1

1 /°°
B<x2(1+x) z(1+ ) +1> o (1+U)M+1
«

)
«

(T3 f)(x) = Fu)du.  (2.15)

1
Corollary 2.11. T, ((t — )% z) = m, z(l+z) > a.

For a = 1/n, n € N we obtain

z(1+x)

LYV - %) = ST

nx(l+z) > 1.
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: (P,q) p _
3. The functional B,”" f =T, ,(B,f)

Now let us apply the transform (2.1) to the Baskakov operator B, defined

by [3]
/n+k—1 z* k
B, = —f( = . 1
e =3 (") e () (3.)
Theorem 3.1. [7] The 7, , transform of B,f can be expressed by the following
formula
(nt k=1 k@ (K
BPOf =T, (B.f) = (" ) z 3.2
S =ToalBnd) kZ:O k (p+Q)n+kf n (3.2)
where (a)m =ala+1)...(a+m—1).
Theorem 3.2. [7] One has
) 1 ppt+qg—1)
B#de, — P pag, . PPF = . ¢>2 (33
e = -0a-2 T a-ne-y 7 6

B

:xvorngmaq:]-—’_aa

We impose that Br(Lp’Q)el = e1, that is

x> 0; a,8 >0, a < 8 and we obtain from Theorem 3.1 and Theorem 3.2 the
following results.
Corollary 3.3. One has
N = (n+k—1\ (o, k
e =3 (" e () (3.)
k=0

where

b@m@%:&M%+a%~wx+%AiMXﬁ+®W+2®~-W+n®
.k (BA+2)+a) (Bl +z)+2a)...(B(1+2)+ (n+k)a)

Corollary 3.4. One has

an+p z(1+x)
00—« n
an+p z(1+x)

B ((t — 2)%z) = —a — f>a (3.5)

(BePe)@) =z, (B Pen)(w) = o +
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Special cases
1. If we put in (3.4) 8 =1, a € (0,1), we obtain the operator considered by
D.D. Stancu [13] (see also [1], [7])
N S (n+k—1\ (@ k
cen@ =3 (" dnwr (£) (36)
k=0

o) zz+a)...(z+(k—-1Da)(1+a)...(1+na)
ke = lI+z+a)(l+z+2a)...14+z+ (n+k)a)
Corollary 3.5. One has

1+an z(l+zx)
-« n

Ci((t— )% 2) =
For a=1/n, n € N, we obtain

O (1~ %) =

2. Another operator it is obtained by (3.4) for § =

1
¢ (0.5-1)
o

1
— 1
7z @O

(D) f) (= fj(”““ ) di)(x)f (fj) (38)

k=0
(2) = zz+a(l+a)...(c+(k-1Dall+2)1+a(l+2z)...(1+na(l+2x))
n.k 1+a)(1+2a)...1+ (n+k)a)(1 + x)ntk
Corollary 3.6. One has

o oy 1+na(l+42) z(1+x) 1
D@ ((t —2)%z) = —a(lt 1) e xG(O,al).

For a=1/n, n € N, we obtain

/) (¢ — 2)2: ) = _
Dn ((t .’E) 7x) n—1—ux 5 (O,TL ]_)
3. Let E,(f“) be the operator defined by
N Z/n+k—1\ (a k
Een@ =3 (" )dnws (5) (59)

k=0
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I+a)(1+2a)...014+ (k- 1)1+ ax)...(1+nax) gk
lI+z+az)..l+z+ (n+k)ax)

a € (0,1), z € (0,1/a). This operator is obtained by (3.4) for 8 = 1/z.

Corollary 3.7. One has

en'f,l (z) =

1 1 1
E@((t -2 = 2ot olde) o 1
1—ax n «

For a =1/n, n € N, we obtain

1 2
EY((t—2)? 1) = e+ , xT<n.
n—ux
4. For 8 = 1-1-%7 a € (0,1), z > % we obtain by (3.4) the following
operator
(oo}
o n+k—1\ . k
on@ =3 (" e () (3.10)
k=0

f(a)(x) _ 22(22+a(l1+2)) ... (22 + (k- Da(l+2))(x + a(l +2))... (z+na(l+z))
ok (z+a)(z+2a)...(z+ (n+ k)a)(1 + )"tk
Corollary 3.8. One has

an(l+z)+x a

FM((t—2)%2) = it

1—a’

1
For a = —, n € N, we obtain
n

)y a2,y T+ 2)(1+22) 1
EVM((t—x)?2) = RS r>—
5. Let G be the operator
Nt k — o k
@en@ =3 (" dnws (5) (3.11)
k=0
95112(55) _ (1—|—a:)(1+:c—|—o¢)...(1+x+(k:—l)a)(l—l—x—i—a:n)...(l—i—x—i—na:r)-xk.

(1+2)2+ax)(1+2)2+2az)...((1+2)2 + (n+ k)ax)

1
The operator (3.11) is obtained by (3.4) if we put in (3.4) 5 = * w’
x

a€(0,1), z>0.
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Corollary 3.9. One has

ant+1+z z(l+x)
l+z—ax n

G ((t—x)w) =
For a =1/n, n € N, we obtain

» w1+ a)(+ 20)
G/ ((t —2)?z) = n+(n—1)z

6. For 8=z, a € (0,1), z € (o, 00) we obtain by (3.4) the following operator
N (n+k—1 k
@ =Y (" s (5) (3.12)
k=0

h oz)(m) _ 22(2? +a)... (22 + (k— Da)(z + a)(z +2a) ... (v + na)
nk (zl+2)+a)...(z(1+2)+ (n+ k)a)

Corollary 3.10. One has

1
HO (= gy ) = 2b T 2042)
r — n

For a =1/n, n € N, we obtain

1+ x)? 1
HQO (- )2y = TEFT) 1
n((t—2)% @) w1
7. Let K\ be the operator
o n4k—1\ (o k
=3 ("7 R (5) (3.13)

k=0

_z(l4x)(z(l+2)+a)... (z(l+2)+(k—Da)(l+z+a)...(1+2+na)
B (1+2z2)24+a)(1+2)2+2a)...(1+2)2+ (n+k)a)
The operator K™ is obtained by (3.4) if we put in (3.4) f =1+z, a € (0,1),

z € (0,00).
Corollary 3.11. One has

an+x+1 z(1+x)

K ((t —2)%2) =
wo (- a)he) =T -

For a =1/n, n € N, we obtain
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1
. F = — 1 1 1 i 4) th
8. For m(1+x),a€(0, ), ax(l +z) < 1 we obtain by (3.4) the
following operator
N S (n+k—1\ (a k
@ =3 ("7 inwr (£) (3.14)

k=0

1) (2) = i A+a(l+z))...0+ (k—Da(l+z)(1+az(l +))...(1+ naz(l + z))z*

par 1+ az)(1+2az)...(14+ (n+ k)ax)(1 + z)»tk

Corollary 3.12. One has

anz(l+z)+1 z(1+x)

Lt —x)% ) = 1 1.
(e - aPs0) = TEADEL HED - au14a) <
For a =1/n, n € N, we obtain
1 1 1
LOM (= 2y = SO r2Q b D) =y o

n—xz(l+x)

9. Another operator it is obtained for § = z(1+x), a € (0,1), z(1+z) > o

N = (n+k—1\ (@ k
o =3 (" ) miier (7) .15
m @ (z) = 2?(1+z)(2®(1+2)+a) ... (22 (1 4+ z) + (k — Da)(z(1+z) + ) ... (:c(lJr:r)Jrna).
ok (z(1+2)?+a)...(z1+2)>+ (n+ k)a)

Corollary 3.13. One has

an+z(l4+2z) z(l1+42x)

(@) (4 — )2 2) = )
MY ((t —x)%x) (it 0)—a — z(1+2) > a.
For a=1/n, n € N, we obtain
1 1 1

ne(l+x)—1
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