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FIXED POINT THEOREMS FOR MULTIVALUED WEAK
CONTRACTIONS

ALEXANDRU-DARIUS FILIP AND PETRA TUNDE PETRU

Abstract. The purpose of this work is to present some fixed point results
for the so-called multivalued weak contractions. Our results are extensions
of the theorems given by M. Berinde and V. Berinde in [1] and by C. Chifu
and G. Petrusel in [2].

1. Preliminaries

Let us recall first some standard notations and terminologies which are used
throughout the paper. For the following notions we consider the context of a metric
space (X, d).

We denote by é(l}o, r) the closed ball centered in xg € X with radius r > 0,
ie., %(mo,r) ={x e X|d(z,x0) <r}.

Let P(X) be the set of all nonempty subsets of X. We also denote:

P(X):={Y e P(X)| Y #0}; P,(X) :={Y € P(X)| Y is bounded };

P,y(X):={Y € P(X)] Y is closed }.
Let us define the gap functional between A and B by

Dy : P(X) x P(X) — R, U{+00}, Dg(A, B) = inf{d(a,b) | a € A, b€ B}
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(in particular, if g € X then Dy(zg,B) := Dy({zo}, B)) and the (generalized)
Pompeiu-Hausdorff functional
H;: P(X)x P(X) =Ry U{+o0}, Hy(A,B)= max{slelng(a ,B), bude(A b)}.

If T: X — P(X) is a multivalued operator, then 2 € X is called fixed point
for T if and only if z € T'(z) and strict fixed point if and only if T'(x) = {z}. The set
Fix(T) :={x € X|x € T(x)} is called the fixed point set of T and SFix(T) := {x €
X|{z} = T(x)} is the strict fixed point set of T

If X is a metric space, then the multivalued operator T : X — P(X) is said
to be closed if and only if its graph Graph(F) := {(z,y) e X x X : y € F(x)} is a
closed subset of X x X.

Let (X, d) be a metric space and T : X — P(X) be a multivalued operator.
T is said to be a multivalued weak contraction or multivalued (6, L)-weak contraction

(see [1]) if and only if there exists § €]0,1[ and L > 0 such that
H(T(x),T(y)) <0-d(z,y) +L-D(y,T(x)), for all z,y € X.

The aim of this article is to extend some fixed point results for multivalued
weak-contractions given by M. Berinde and V. Berinde in [1] and by C. Chifu and
G. Petrugel in [2]. Our results are also in connection to some other theorems in this

field, see [3], [5].

2. Main results
Our first result is a local one and it extends the theorem given by M. Berinde
and V. Berinde in [1], to the case of a metric space endowed with two metrics.

Theorem 1. Let X be a nonempty set, p and d two metrics on X, xg € X, r >0

and T : gp(xo, r) — P(X) be a multivalued operator. We suppose that:

(1) (X,d) is a complete metric space;

(iii

)
(ii) there exists ¢ > 0 such that d(x,y) < c¢- p(x,y), for each x,y € Ep(xo,r);
) T ( o(20,7),d) = (P(X), Hq) is closed;

)

(iv) T is a multivalued (0, L)-weak contraction with respect to p;
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(v) Dp(zo,T(x0)) < (1 —0)r.
Then we have:

(a) Fix(T) # 0;

(b) there exists a sequence (Tn)nen C Ep(xo,r) such that:
(bl) i1 € T(xy), n €N;
(b2) z, 4o e Fixz(T), as n — oo;
(b3) d(zp,x*) <c-0™-r, for eachn € N.

Proof. By (v), we have that there exists 1 € T'(z¢)such that
p(zo, 1) < (1= 0)r. (1)
Since T is a (f, L)-weak contraction we have that
H,(T(x0),T(x1)) <0-p(xo,z1) + L-Dy(x1,T(x0)) =0 - pxo,z1) <0-(1—0)-r.

Thus, for x1 € T(xg) there exists xo € T(x1) such that

plxy,x2) <O-(1—0)-r. (2)
By (1) and (2) we obtain that

p(xo,x2) < p(xo,x1) + p(x1,22) < (1 —=80) -7 +0-(1-0)-r=(1— 92)r.

Hence x5 € B,(xz0,7).
Proceeding inductively, we can construct a sequence (zn)nen C B,(zo,T)

having the following properties
Tnt1 € T(zy), n €N, (3)
P Xy, Tpyr) <O - (1—0) -7 (4)
We want to prove that (z,,),en is a Cauchy sequence. Let p € N. Then we have
P(Tns Totp) < p(Tn, Tog1) + oo+ P(Togp—1, Tnip)
< 0"-(1-0)-r-(1+0+..+0"1

= 9" (1-0P).
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Letting n — oo, since 6 €]0, 1[, we have that p(x,, Zn1p) — 0. Thus (z,)nen
is a Cauchy sequence with respect to the metric p. By (ii) we have that (z,)nen
is a Cauchy sequence with respect to the metric d, too. Since (X,d) is a complete
metric space, there exists #* € X such that z, 2 2% as m — oo. It remains to
show that «* € Fix(T). Since Graph(T) is closed with respect to (X, d) we get that
x* € Fix(T).

We already proved that p(zy, Znyp) < 0" -1 - (1 —6P), By (ii), we have that
there exists ¢ > 0 such that d(z,, Tnip) < ¢ p(Tp, Tnyp) < c-0"-r- (1 —0P). Letting

p — oo we obtain that d(x,,z*) < c¢- 60" -r, for each n € N. O

We can state the above result on a set endowed with one metric.

Theorem 2. Let (X,d) be a complete metric space, xg € X, r > 0 and
T: E(xo,r) — P(X) a multivalued (0, L)-weak contraction. We assume that

D(xg,T(x0)) < (1 —0)r.

Then we have:
(a) Fiz(T) # 0;
(b) there exists a sequence (T )nen C Ep(xoﬂ") such that:
(b1) an €T (z,), neN;
(b2) x, 4o e Fix(T), as n — oo;
(b3) d(zp,x*) <™ -r, for each n € N.
In what follows we continue with a global version of Theorem 1 for multivalued
(0, L)-weak contractions on a set with two metrics.
Theorem 3. Let X be a nonempty set, p and d twp metrics on X and T : X — P(X)
a multivalued operator. We suppose that
(i)
(i) there exists ¢ > 0 such that d(x,y) < c¢- p(x,y), for each z,y € X;
) T:(X,d) — (P(X), Hy) is closed;

(X,d) is a complete metric space;

(iii
(iv) T is a multivalued (0, L)-weak contraction.
Then we have:
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(a) Fiz(T) # 0;
(b) there exists a sequence (xp)neny C X such that:
(bl) Tny1 € T(xn)7 n e N;

(b2) z, 4oy e Fix(T), as n — oo.

Proof. Fix 2y € X, choose r > 0 such that D,(xo,T(z0)) < (1—6)r. The conclusion

follows from Theorem 1. O

The following homotopy result extends some results given by M. Berinde, V.
Berinde in [1] and C. Chifu, G. Petrusel in [2].
Theorem 4. Let (X, d) be a complete metric space and U be an open subset of X. Let
G :U x [0,1] — P(X) be a multivalued operator such that the following assumptions
are satisfied:
(i) = ¢ G(x,t), for each x € OU and each t € [0, 1];
(ii) G(-,t): U — P(X) is a (0, L)-weak contraction, for each t € [0,1];

(iil) there exists a continuous, increasing function ¢ : [0,1] — R such that
H(G(2,1), G, ) < [0(t) — (s)], for all z € T

(iv) G:U x [0,1] — P(X) is closed.
Then G(-,0) has a fized point if and only if G(-,1) has a fized point.

Proof. Suppose that z € Fiz(G(+,0)). From (i) we have that z € U. We define the

following set:
E :={(z,t) € U x [0,1]]x € G(z,1)}.

Since (z,0) € F, we have that E # () . We introduce a partial order on F defined by:
2
(2,8) < (9, 5) if and only if < s and d(z, ) < 22 [b(s) ~ (D).
Let M be a totally ordered subset of E, t* := sup{t |(x,t) € M} and
(Zn, tn)nen € M be a sequence such that (x,,t,) < (Tpt1,tny1) and &, — t* as

n — 0o. Then

2
AT, Tp) < m[z/)(tm) —(t,)], for each m,n € N*;, m > n.
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Letting m,n — +oo we obtain that d(z,, ) — 0, thus (2, )nen- is a Cauchy
sequence. Denote by x* € X its limit. Since x,, € G(xp,t,), n € N* and G is closed,
we have that z* € G(z*,t*). From (i) we obtain that z* € U, so (z*,t*) € E.

From the fact that M is totally ordered we have that (z,t) < (z*,t*), for
each (z,t) € M. Thus («*,¢*) is an upper bound of M. We can apply Zorn’s Lemma,
so F admits a maximal element (zg,ty) € E. We want to prove that ¢ty = 1.

Suppose that tg < 1. Let » > 0 and ¢ €]to, 1] such that B(zg,r) C U and
7= —2-[(t) — 1(tp)]. Then we have

—1-0
D(m07G(ant)) é D(xO,G(iﬂoﬂfo)) +H(G(.’E0,t0),G($07t))
< v -t =TT 1)

Since E’(xo,r) C U, the multivalued operator G(-,t) : E(mo,r) — P.(X) satisfies
the assumptions of Theorem 1 for all ¢ € [0,1]. Hence there exists = € lé(xo,r)
such that € G(x,t). Thus, by (i), we get that (z,t) € E. Since d(zg,z) < r =
25 [0(t) — ¥(to)], we have that (z,t0,) < (z,t), which is a contradiction with the
maximality of (xo, o). Thus to = 1.

Conversely, if G(+,1) has a fixed point, by a similar approach we can obtain

that G(-,0) has a fixed point too. O

In 2006 A. Petrugel and I. A. Rus (see [4]) extended the notion of well-posed

fixed point problem from singlevalued to multivalued operators, as follows.

Definition 1. (A. Petrusel, I. A. Rus, [4]) Let (X,d) be a metric space, Y C P(X)
and T : Y — Py(X) be a multivalued operator. The fized point problem is well-posed
for T with respect to D iff:
(a) Fiz(T) = {z"};
(b) If z, € Y, n € N and D(xy,,T(z,)) — 0 as n — oo, then x, — z*, as
n — 00.
The following result is a well-posed fixed point theorem for multivalued (6, L)-
weak contractions on a set endowed with one metric.
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Theorem 5. Let (X,d) be a complete metric space T : X — Py(X) is a multivalued
(0, L)-weak contraction with 0 + L < 1. Suppose that SFix(T) # 0. Then the fized

point problem is well-posed for T with respect to D.

Proof. First we want to prove that Fiz(T) = SFiz(T) = {z*}. Let * € SFiz(T).
Clearly SFixz(T) C Fixz(T). Thus, we only have to prove that Fix(T) = {a*}. Let
x € Fix(T) with z* # . Then
d(z*,x) = D(T(¢"),x) < H(T(«"),T(x))
< 0-d*,x)+ L -D(z,T(z"))
= 0-d@@*,z)+ L -d(zx,z2*)= (0 + L) - d(z,z").
Since 6 + L < 1 this is a contradiction, which proves that Fiz(T) = {z*} and hence
Fix(T) = SFix(T) = {z*}.
Let * € SFix(T). Suppose D(x,,T(x,)) — 0, as n — co. Let (2, )nen and
(Yn)nen be two sequences such that y,, € T'(z,). Then we have
d(xna :C*) < d(xnv yn) + d(yn7 l’*) = d(l’n, yn) + D(yn; T(I*))
< d(xp,yn) + HT(z,),T(z")).

Taking the infimum over y,, € T'(z,,) we have

d(xpn, z")

IN

D(z,, T(xy)) + H(T (x,), T(x™))

IA

D(xy, T(x,)) + 0d(zp, z*) + LD(x,, T(z*))

D(xy, T(x,)) + 0d(xy, 2*) + Ld(xy,, ).

Thus (1 — 0 — L)d(zp,z) < D(xy,, T(x,)). Since § + L < 1, we have that

d(xp,x™) (2, T(z)) — 0 as n — 0.

<—D

—1-0-1L
O

Remark 1. The above result give rise to the following open question: in which con-

ditions the fized point problem for (0, L)-weak contractions is well-posed with respect

to D, where 0 €]0,1] and L > 0 (i.e., for 6 + L > 1, too).
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Remark 2. It is also an open problem in the case of (0, L)-weak contraction, in which

conditions takes place the following implication

SFix(T) # 0 = Fiz(T) = SFiz(T) = {z*}.
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