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FIXED POINT THEORY FOR MULTIVALUED GENERALIZED
CONTRACTION ON A SET WITH TWO »-METRICS

MONICA BORICEANU

Abstract. The purpose of this paper is to present some fixed point results
for multivalued generalized contraction on a set with two b-metrics. The
data dependence and the well-posedness of the fixed point problem are

also discussed.

1. Introduction

The concept of b-metric space was introduced by Czerwik in [2]. Since then
several papers deal with fixed point theory for singelvalued and multivalued operators
in b-metric spaces (see [1], [2], [7]). In the first part of the paper we will present a fixed
point theorem for Cirié—type multivalued operator on b-metric space endowed with two
b-metrics. Then, a strict fixed point result for multivalued generalized contraction in
b-metric spaces is proved. The last part contains several conditions under which the
fixed point problem for a multivalued operator in a b-metric space is well-posed and

a data dependence result is given.

2. Preliminaries and auxiliary results

The aim of this section is to present some notions and symbols used in the

paper.

We will first give the definition of a b-metric space.
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Definition 2.1 (Czerwik [2]) Let X be a set and let s > 1 be a given real number.
A function d : X x X — R} is said to be a b-metric if and only if for all z,y,z € X
the following conditions are satisfied:

1. d(z,y) = 0 if and only if x = y;

2. d(z,y) = d(y,x);

3. d(z,z) < s[d(z,y) + d(y, 2)]-
A pair (X, d) is called a b-metric space.

We give next some examples of b-metric spaces.
Example 2.2 (Berinde see [1])

The space 1,(0 < p < 1),

lp ={(zn) CR| Z |zn|? < o0},
n=1

together with the function d: [, x [, — R,
d(l‘, y) = (Z |xn - yn‘p)l/pv
n=1

where = (z,,),y = (yn) € [, is a b-metric space.
By an elementary calculation we obtain: d(z, z) < 2Y/P[d(x,y) + d(y, 2)].
Hence a = 2'/7 > 1.

Example 2.3 (Berinde see[1])
The space L,(0 < p < 1) of all real functions z(t), t € [0, 1] such that:

1
/ ()Pt oo,
0

is a b-metric space if we take
1

) = ([ [olt) = y(®P a7, for each .y € L,
0

The constant a is as in the previous example 2'/7.

We continue by presenting the notions of convergence, compactness, closed-
ness and completeness in a b-metric space.
Definition 2.4 Let (X,d) be a b-metric space. Then a sequence (x,)nen in X is
called:

4
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(a) Cauchy if and only if for all € > 0 there exists n(¢) € N such that for each
n,m > n(e) we have d(z,,z,) < &.

(b) convergent if and only if there exists € X such that for all € > 0 there

exists n(e) € N such that for all n > n(e) we have d(z,,z) < €. In this

case we write lim z,, = x.
n—oo

Remark 2.5

1. The sequence (z,)nen is Cauchy if and only if lim d(x,,zp4p) = 0, for
all p e N*.

2. The sequence (2, )nen is convergent to z € X if and only if lim d(z,,z) =
n—oo
0.

Definition 2.6

1. Let (X, d) be a b-metric space. Then a subset Y C X is called
(i) compact if and only if for every sequence of elements of Y there
exists a subsequence that converges to an element of Y.
(ii) closed if and only if for each sequence (z,)nen in Y which
converges to an element x, we have z € Y.

2. The b-metric space is complete if every Cauchy sequence converges.

We consider next the following families of subsets of a b-metric space (X, d):
PX):={Y e P(X)| Y # 0};

Py(X) :={Y € P(X)| diam(Y) < o0},

where
diam : P(X) — Ry U {oo}, diam(Y) = sup{d(a,b),a,b € Y}

is the generalized diameter functional;

P, (X):={Y € P(X)| Y is compact};

P,y(X):={Y € P(X)] Y is closed};

Pb,cl(X) = Pb(X) n Pcl(X)



MONICA BORICEANU

We will introduce the following generalized functionals on a b-metric space

(X,d). Some of them were defined in [2].

1. D: P(X) x P(X) — Ry U {400},
D(A, B) = inf{d(a,b)|a € A,b € B},

for any A, B C X.
D is called the gap functional between A and B. In particular, if
xo € X then D(zo, B) := D({x0}, B).
2. §: P(X)x P(X)— Ry U{+oc0},

d(A, B) = sup{d(a,b)| a € A, b € B}.
3. p:P(X)x P(X) — Ry U {+ool,
p(A, B) = sup{D(a, B)la € A},

for any A, B C X.
p is called the (generalized) excess functional.

4. H: P(X) x P(X) — Ry U {400},
H(A, B) = max {sup D(x,B),sup D(A, y)} ,
z€A yeB

for any A, B C X.

H is the (generalized) Pompeiu-Hausdorff functional.

Let (X, d) be a b-metric space. If F': X — P(X) is a multivalued operator,
we denote by FizF the fixed point set of F, i.e. Fiz(F) :={z € X|z € F(z)} and
by SFixF the strict fixed point set of F', i.e. SFizF :={zx € X|{z} = F(z)}.
Lemma 2.7 [4] Let (X, d) be a b-metric space and let A, B € P(X). We suppose that
there exists n € R,n > 0 such that:

(i) for each a € A there is b € B such that d(a,b) < n;

(ii) for each b € B there is a € A such that d(a,b) <n.

Then

H(A,B) <.
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Lemma 2.8 [4] Let (X,d) be a b-metric space and let A € P(X) and x € X. Then
D(z,A) =0 if and only if x € A.
The following results are useful for some of the proofs in the paper.

Lemma 2.9 (Czerwik [2]) Let (X, d) be a b-metric space. Then
D(z,A) < sld(z,y) + D(y, A)], for allz,y € X,AC X.

Lemma 2.10 (Czerwik [2]) Let (X,d) be a b-metric space and let {xi}}_, C X.
Then:

d(xn, x0) < sd(xo, 1) + ... + 8" d(Tn_2, 2pn_1) + 8" d(xp_1, 1)

Lemma 2.11 (Czerwik [2]) Let (X,d) be a b-metric space and for all A,B,C € X

we have:
H(A,C)<s[H(A,B)+ H(B,(C)].
Lemma 2.12 (Czerwik [2])

(1) Let (X,d) be a b-metric space and A, B € Py(X). Then for each a > 0
and for all b € B there exists a € A such that:

d(a,b) < H(A, B) + o

(2) Let (X,d) be a b-metric space and A, B € P.,(X). Then for allb € B

there exists a € A such that:
d(a,b) < sH(A, B).
3. Main results

The fist main result of this paper is a fixed point theorem.
Theorem 3.1 Let X be a nonempty set, d and p two b-metrics on X with constants
t > 1 and respectively s > 1 and let F : X — P(X) a multivalued operator. We
suppose that:
(i) (X,d) is a complete b-metric space;
(ii) There exists ¢ > 0 such that d(x,y) < c- p(x,y), for all z,y € X;
(i) F:(X,d) — (P(X),Hy) is closed;
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(iv) There exists 0 < a < % such that
H,(F(z), F(y)) < oM, (z,y),
for all x,y € X, where

Mf<x’y) = max {p(xvy)7DP(x7F(m))7Dp(va(y))’ % [Dp(x’F(y)) + Dp(y7F(m))]} .

Then we have:

1. FizF # 0;

2. For all z € X and each y € F(x) there exists (xn)nen such that:
(a) xp =z, 21 = y;
(b) zni1 € F(wn);

(¢) d(zn,z*) — 0, as n — oo where x* € F(z*);

Proof. Let 1 < ¢ < i be arbitrary. For arbitrary zp € X and for z1 € F(xg) there

exists x5 € F(z1) such that:

p(x1,22) < qH,(F(x0), F(x1)) < gaMy (o, 21).

So we have

plx1, x2)< qa~max{p(wo, x1),Dp (w0, F(20)),D(x1, F(x1)),

N | =

Dy (0, F(m>>+Dp<a:1,F<xo>>]}.

Suppose that the maz = p(xg,x1). Then we have
p(x1,22) < qop(zo, 21).
Suppose that the maxz = D,(x¢, F'(zo)). Then we have
p(z1,72) < gaDpy(wo, F(x0)) < gap(zo, 1)
Suppose that the maz = D,(z1, F(z1)). Then we have
p(x1,22) < qaDp(z1, F(21)) < gap(w1, 22).

So p(x1,x2) = 0 and thus =7 € FizF.
8
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Suppose that the maz = $[D,(zo, F(x1)) + D,(z1, F(x0))]. Then we have

1 1 «
p(r1,22) < qo‘§Dp(x0aF(xl)) < qa§P(3007332)) < %S[P(Jﬂo#ﬁl) + p(x1, 22)].

233“;30(330, 7).

For x5 € F(x1) there exists x3 € F(x3) such that:

So we have p(x1,z2) <

p(xg,23) < qH,(F(x1), F(22)) < qaM[ p(x1, 32)
Suppose that the maz = p(x1,x2). Then we have
p(x2,23) < qap(z1,v2) < (q)°p(xo, 21).
Suppose that the maz = D,(z1, F(z1)). Then we have
p(w2,23) < qaD,(x1, F(21)) < qap(x1,22) < (qa)?p(xo, 1)
Suppose that the maxz = D,(x2, F'(x2)). Then we have
p(r2,73) < qaD (72, F(z2)) < gap(z2, 73).

So p(z2,x3) = 0 and thus x5 € FizF.
Suppose that the maz = §[D,(z1, F(x2)) + D,(z2, F(x1))]. Then we have

1 1 «
p(r1,22) < qoéiDp(xl,F(@)) < qaiﬂ(iﬂh%)) < %S[P(iﬂhﬁz) + p(z2, 23)].

So we have

Qs oS
(w1, 72) < [k

p(x2,23) < I2p(x0,71).

2 —qas 2 —qas

We can construct by induction a sequence (x,)nen such that

plns Tni1) < maz{(ga)", [32——]"}plwo, a1), for all n € N.

2 — qu
We will prove next that the sequence (x,)nen is Cauchy, by estimating

P(Zn, xnﬂ))'
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We consider first that the maximum is (ga)™. So we have:

P(Trs Tngp) < $p(Tn, Tng1) + 87 p(Tng1, Tnga) + ot
+ Spilp(xn-i-p—% Tntp-1) + Spilp(xnﬂ)—lv Tntp)
< s(qa)"p(xo, x1) + 5°(q)" p(wo, 1) + oo
+ 8271 (qa)" P2 p(xg, 1) + 8P (qa)" TP p(xo, 1)
= s(qe)" p(wo, 21)[1+ sqa+ ... + (sqa)’ ™2 + 5" 72 (ga)? ']

< 5(q0)" plao, 21)[1 + sq0 + .. + (sqa)"~% + 57~ (ga)?~!

1= (sq0)

= s(ga)"p(zo, 21)—— g0

But 1 <g¢< i Hence we obtain that:

1 — (sqa)?
nyLn < " 5 —_ Q
Pl Pniy) < 5(40)"plao,0) L
as n — 00. S0 (xn)nen is Cauchy and z,, — = € X.
We consider now the maximum A := [7222-]". So we have:

2—qas

P Tngp) < 8p(Tn; Tnt1) + 82 p(Tnt1, Tnya) + ot
+ Sp_lp(xnﬂif% Tptp—1) + sp_lp(anFh Tpip)
< sA"p(xg, 1) + sSSA  p(xg, 1) 4+ ..+
4+ sPTLAMTP 2 (g mq) + sPTLAMTP T (g, 1)
= 5A"p(z0, x1)[1 + sA+ ... + (sA)P72 4 P72 AP

< sA"p(wg, 21)[1 + SA+ ...+ (sA)PT2 4 5P AP

1—(sA)P

= sA"p(wo, 1) 1_sA

Butl<g< i and we obtain that:

1—(sA)P

p(-rnvxn-i-p) < sA"p(wg, 1) 1_sA

— 0,

as n — 00. S0 (Tn)nen is Cauchy in (X, p).

10
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From (ii) it follows that the sequence is Cauchy in (X, d). Denote by z* € X
the limit of the sequence. From (i) and (iii) we get that d(z,,z*) — 0, as n — oo
where * € F(2*). The proof is complete. O

For the next results let us denote

NF (o) = mas {00, Dy F ). 5 1D F4) + D, FGa))] |

The second main result of this paper is:
Theorem 3.2 Let X be a nonempty set, d and p two b-metrics on X with constants
t > 1 and respectively s > 1 and let F : X — P(X) a multivalued operator. We
suppose that:
(i) (X,d) is a complete b-metric space;
ii) There exists ¢ > 0 such that d(x,y) < c- p(x,y), for all x,y € X;
(i) F: (X,d) — (P(X), Hd) is closed;
iv)

There exists 0 < a < = L such that

for all x,y € X;
(v) SFizF # 0.
Then we have:
FixF = SFixF = {z*};
H,(F"(x),z*) < a"p(x,x*), for alln € N and for each x € X;
p(x,x*) < =°=H,(z, F(x)), for all x € X;

L e

The fized point problem is well-posed for F' with respect to D, and with
respect to H,, too

Proof. 1. We suppose that z* € SFizF. Let y € SFixF. Then we have
p(a®sy) = Hy(F(z"), F(y))
< a-max{p(z*,y), D,(y, F(y)), %[Dp(x*a F(y)) + Dp(y, F(27))}
< - maz{p(e* ), 31 9) + ply, 2]} = aple” ),

11
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for all x € X. So we have that p(z*,y) = 0 and in conclusion z* = y.

2. We take in the condition (iv) y = «*. Then we have:
* * * * 1 * *
Hy(F(z), F(27)) sa-maz{p(z, "), Dp(z”, F(27)), 5 [Dp(z, F(27)) + Dp(a”, F(z))]}

[Dp(, F(x%)) + Dy(", F(2))]}-

N | =

= o max{p(z,z"),

If the maximum is p(z,z*) we have that H,(F(z),z*) < ap(z,z*).
If the maximum is §[D,(z, F(z*)) + D,(z*, F(x))] we have that

H,(F(2),a") < S[D,(x, F(a")) + Dy(a", F(a))]

- %[Dp(fc,F(x*)) + Hy(F(27), F(2))]

< %[p(x, F(z*)) 4+ Hy(F(2*), F(z))].

So we obtain H,(F(z*), F(r)) < 5% p(z,z*).
We take now maz{c, %=} = a and obtain H,(F(z*), F(z)) < ap(z,z*), for
all z € X.

By induction we obtain
H,(F"(z),z*) < a"p(z,z*), for all z € X.

Consider now y* € FizF. Then p(y*,z*) < H,(F(y*),z*) < o"p(y*, z*) —

0, as n — oo. Hence y* = z*.
3. p(x7x*) S S[Hp(.’I},F(J?)) +HP(F(x)7$*)] S SHP<x7F($)) —I—Sap(x,m*).

So we obtain

Pl ") < §=Hy(w, F()).

— sa
4. Let (xy,) be such that D,(z,, F(z,)) — 0, as n — oo. We will prove that
(@, x*) — 0, as n — oo.

Estimating p(z,,,z*) we have

p(n, %) < 8[p(xn, yn) + Dp(yn, F(27))] < slp(@n, yn) + Hy(F(24), F(z7))],

for all y,, € F(x,) and for each n € N.

12
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Taking inf we obtain
yn€F (xy)

(T, %) < s[D(xy, Fxy)) + H(F (xy,), F(2¥))] < sD(xy, F(x,)) + sap(zy, x

D(xp, F(z,)) — as n — 00. So x, — z*. O

* s
Hence we have p(z,,1*) < 1=~

We will next give a data dependence result.

Theorem 3.3 Let X be a nonempty set, d and p two b-metrics on X with constants

t > 1 and respectively s > 1 and let F,T : X — P(X) two multivalued operators. We

suppose that:
(1) (X,d) is a complete b-metric space;
(if)
(iil) F:(X,d) — (P(X), Hd) is closed;
)

(iv) There exists 0 < a < L such that

H,(F(x), F(y)) < aN} (z,y),

forall x,y € X;
(v) SFizF # 0;
(vi) FizT #0;
(vii) There exists n > 0 such that H,(F(z),T(z)) <n, for all z € X.

Then
s1N

— S«

H,(FizF, FizT) <
Proof. Let * € SFixF and y* € FizT. We have that
ply", ") < Hp(T(y"),x%) < s[Hy(T(y"), F(y")) + Ho(F(y*),z")]
< sln+ Hy(F(y"), F(z"))] < sln+ap(y”, =7)].

O

Hence we have p(y*,z*) <

l-sa”

There exists ¢ > 0 such that d(z,y) < c- p(z,y), for all z,y € X;

13
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