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FIXED POINT THEORY FOR MULTIVALUED GENERALIZED
CONTRACTION ON A SET WITH TWO b-METRICS

MONICA BORICEANU

Abstract. The purpose of this paper is to present some fixed point results

for multivalued generalized contraction on a set with two b-metrics. The

data dependence and the well-posedness of the fixed point problem are

also discussed.

1. Introduction

The concept of b-metric space was introduced by Czerwik in [2]. Since then

several papers deal with fixed point theory for singelvalued and multivalued operators

in b-metric spaces (see [1], [2], [7]). In the first part of the paper we will present a fixed

point theorem for Ćirić-type multivalued operator on b-metric space endowed with two

b-metrics. Then, a strict fixed point result for multivalued generalized contraction in

b-metric spaces is proved. The last part contains several conditions under which the

fixed point problem for a multivalued operator in a b-metric space is well-posed and

a data dependence result is given.

2. Preliminaries and auxiliary results

The aim of this section is to present some notions and symbols used in the

paper.

We will first give the definition of a b-metric space.
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Definition 2.1 (Czerwik [2]) Let X be a set and let s ≥ 1 be a given real number.

A function d : X ×X → R+ is said to be a b-metric if and only if for all x, y, z ∈ X

the following conditions are satisfied:

1. d(x, y) = 0 if and only if x = y;

2. d(x, y) = d(y, x);

3. d(x, z) ≤ s[d(x, y) + d(y, z)].

A pair (X, d) is called a b-metric space.

We give next some examples of b-metric spaces.

Example 2.2 (Berinde see [1])

The space lp(0 < p < 1),

lp = {(xn) ⊂ R|
∞∑

n=1

|xn|p < ∞},

together with the function d : lp × lp → R,

d(x, y) = (
∞∑

n=1

|xn − yn|p)1/p,

where x = (xn), y = (yn) ∈ lp is a b-metric space.

By an elementary calculation we obtain: d(x, z) ≤ 21/p[d(x, y) + d(y, z)].

Hence a = 21/p > 1.

Example 2.3 (Berinde see[1])

The space Lp(0 < p < 1) of all real functions x(t), t ∈ [0, 1] such that:∫ 1

0

|x(t)|pdt,∞,

is a b-metric space if we take

d(x, y) = (
∫ 1

0

|x(t)− y(t)|pdt)1/p, for each x, y ∈ Lp,

The constant a is as in the previous example 21/p.

We continue by presenting the notions of convergence, compactness, closed-

ness and completeness in a b-metric space.

Definition 2.4 Let (X, d) be a b-metric space. Then a sequence (xn)n∈N in X is

called:
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(a) Cauchy if and only if for all ε > 0 there exists n(ε) ∈ N such that for each

n, m ≥ n(ε) we have d(xn, xm) < ε.

(b) convergent if and only if there exists x ∈ X such that for all ε > 0 there

exists n(ε) ∈ N such that for all n ≥ n(ε) we have d(xn, x) < ε. In this

case we write lim
n→∞

xn = x.

Remark 2.5

1. The sequence (xn)n∈N is Cauchy if and only if lim
n→∞

d(xn, xn+p) = 0, for

all p ∈ N∗.

2. The sequence (xn)n∈N is convergent to x ∈ X if and only if lim
n→∞

d(xn, x) =

0.

Definition 2.6

1. Let (X, d) be a b-metric space. Then a subset Y ⊂ X is called

(i) compact if and only if for every sequence of elements of Y there

exists a subsequence that converges to an element of Y .

(ii) closed if and only if for each sequence (xn)n∈N in Y which

converges to an element x, we have x ∈ Y.

2. The b-metric space is complete if every Cauchy sequence converges.

We consider next the following families of subsets of a b-metric space (X, d):

P (X) := {Y ∈ P(X)| Y 6= ∅};

Pb(X) := {Y ∈ P (X)| diam(Y ) < ∞},

where

diam : P (X) → R+ ∪ {∞}, diam(Y ) = sup{d(a, b), a, b ∈ Y }

is the generalized diameter functional;

Pcp(X) := {Y ∈ P (X)| Y is compact};

Pcl(X) := {Y ∈ P (X)| Y is closed};

Pb,cl(X) := Pb(X) ∩ Pcl(X)
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We will introduce the following generalized functionals on a b-metric space

(X, d). Some of them were defined in [2].

1. D : P (X)× P (X) → R+ ∪ {+∞},

D(A,B) = inf{d(a, b)|a ∈ A, b ∈ B},

for any A,B ⊂ X.

D is called the gap functional between A and B. In particular, if

x0 ∈ X then D(x0, B) := D({x0}, B).

2. δ : P (X)× P (X) → R+ ∪ {+∞},

δ(A,B) = sup{d(a, b)| a ∈ A, b ∈ B}.

3. ρ : P (X)× P (X) → R+ ∪ {+∞},

ρ(A,B) = sup{D(a,B)|a ∈ A},

for any A,B ⊂ X.

ρ is called the (generalized) excess functional.

4. H : P (X)× P (X) → R+ ∪ {+∞},

H(A,B) = max
{

sup
x∈A

D(x,B), sup
y∈B

D(A, y)
}

,

for any A,B ⊂ X.

H is the (generalized) Pompeiu-Hausdorff functional.

Let (X, d) be a b-metric space. If F : X → P (X) is a multivalued operator,

we denote by FixF the fixed point set of F , i.e. Fix(F ) := {x ∈ X|x ∈ F (x)} and

by SFixF the strict fixed point set of F , i.e. SFixF := {x ∈ X|{x} = F (x)}.

Lemma 2.7 [4] Let (X, d) be a b-metric space and let A,B ∈ P (X). We suppose that

there exists η ∈ R, η > 0 such that:

(i) for each a ∈ A there is b ∈ B such that d(a, b) ≤ η;

(ii) for each b ∈ B there is a ∈ A such that d(a, b) ≤ η.

Then

H(A,B) ≤ η.
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Lemma 2.8 [4] Let (X, d) be a b-metric space and let A ∈ P (X) and x ∈ X. Then

D(x,A) = 0 if and only if x ∈ Ā.

The following results are useful for some of the proofs in the paper.

Lemma 2.9 (Czerwik [2]) Let (X, d) be a b-metric space. Then

D(x,A) ≤ s[d(x, y) + D(y, A)], for all x, y ∈ X, A ⊂ X.

Lemma 2.10 (Czerwik [2]) Let (X, d) be a b-metric space and let {xk}n
k=0 ⊂ X.

Then:

d(xn, x0) ≤ sd(x0, x1) + ... + sn−1d(xn−2, xn−1) + sn−1d(xn−1, xn).

Lemma 2.11 (Czerwik [2]) Let (X, d) be a b-metric space and for all A,B,C ∈ X

we have:

H(A,C) ≤ s[H(A,B) + H(B,C)].

Lemma 2.12 (Czerwik [2])

(1) Let (X, d) be a b-metric space and A,B ∈ Pcl(X). Then for each α > 0

and for all b ∈ B there exists a ∈ A such that:

d(a, b) ≤ H(A,B) + α;

(2) Let (X, d) be a b-metric space and A,B ∈ Pcp(X). Then for all b ∈ B

there exists a ∈ A such that:

d(a, b) ≤ sH(A,B).

3. Main results

The fist main result of this paper is a fixed point theorem.

Theorem 3.1 Let X be a nonempty set, d and ρ two b-metrics on X with constants

t > 1 and respectively s > 1 and let F : X → P (X) a multivalued operator. We

suppose that:

(i) (X, d) is a complete b-metric space;

(ii) There exists c > 0 such that d(x, y) ≤ c · ρ(x, y), for all x, y ∈ X;

(iii) F : (X, d) → (P (X),Hd) is closed;
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(iv) There exists 0 ≤ α < 1
s such that

Hρ(F (x), F (y)) ≤ αMF
ρ (x, y),

for all x, y ∈ X, where

MF
ρ (x, y) = max

{
ρ(x, y), Dρ(x, F (x)), Dρ(y, F (y)),

1
2

[Dρ(x, F (y)) + Dρ(y, F (x))]
}

.

Then we have:

1. FixF 6= ∅;

2. For all x ∈ X and each y ∈ F (x) there exists (xn)n∈N such that:

(a) x0 = x, x1 = y;

(b) xn+1 ∈ F (xn);

(c) d(xn, x∗) → 0, as n →∞ where x∗ ∈ F (x∗);

Proof. Let 1 < q < 1
sα be arbitrary. For arbitrary x0 ∈ X and for x1 ∈ F (x0) there

exists x2 ∈ F (x1) such that:

ρ(x1, x2) ≤ qHρ(F (x0), F (x1)) ≤ qαMF
ρ (x0, x1).

So we have

ρ(x1, x2)≤qα·max

{
ρ(x0, x1),Dρ(x0, F (x0)),D(x1, F (x1)),

1

2
[Dρ(x0, F (x1))+Dρ(x1, F (x0))]

}
.

Suppose that the max = ρ(x0, x1). Then we have

ρ(x1, x2) ≤ qαρ(x0, x1).

Suppose that the max = Dρ(x0, F (x0)). Then we have

ρ(x1, x2) ≤ qαDρ(x0, F (x0)) ≤ qαρ(x0, x1).

Suppose that the max = Dρ(x1, F (x1)). Then we have

ρ(x1, x2) ≤ qαDρ(x1, F (x1)) ≤ qαρ(x1, x2).

So ρ(x1, x2) = 0 and thus x1 ∈ FixF.
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Suppose that the max = 1
2 [Dρ(x0, F (x1)) + Dρ(x1, F (x0))]. Then we have

ρ(x1, x2) ≤ qα
1
2
Dρ(x0, F (x1)) ≤ qα

1
2
ρ(x0, x2)) ≤

qα

2
s[ρ(x0, x1) + ρ(x1, x2)].

So we have ρ(x1, x2) ≤ qαs
2−qαsρ(x0, x1).

For x2 ∈ F (x1) there exists x3 ∈ F (x2) such that:

ρ(x2, x3) ≤ qHρ(F (x1), F (x2)) ≤ qαMF
ρ ρ(x1, x2)

Suppose that the max = ρ(x1, x2). Then we have

ρ(x2, x3) ≤ qαρ(x1, x2) ≤ (qα)2ρ(x0, x1).

Suppose that the max = Dρ(x1, F (x1)). Then we have

ρ(x2, x3) ≤ qαDρ(x1, F (x1)) ≤ qαρ(x1, x2) ≤ (qα)2ρ(x0, x1).

Suppose that the max = Dρ(x2, F (x2)). Then we have

ρ(x2, x3) ≤ qαDρ(x2, F (x2)) ≤ qαρ(x2, x3).

So ρ(x2, x3) = 0 and thus x2 ∈ FixF.

Suppose that the max = 1
2 [Dρ(x1, F (x2)) + Dρ(x2, F (x1))]. Then we have

ρ(x1, x2) ≤ qα
1
2
Dρ(x1, F (x2)) ≤ qα

1
2
ρ(x1, x3)) ≤

qα

2
s[ρ(x1, x2) + ρ(x2, x3)].

So we have

ρ(x2, x3) ≤
qαs

2− qαs
ρ(x1, x2) ≤ [

qαs

2− qαs
]2ρ(x0, x1).

We can construct by induction a sequence (xn)n∈N such that

ρ(xn, xn+1) ≤ max{(qα)n, [
qαs

2− qαs
]n}ρ(x0, x1), for all n ∈ N.

We will prove next that the sequence (xn)n∈N is Cauchy, by estimating

ρ(xn, xn+p).
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We consider first that the maximum is (qα)n. So we have:

ρ(xn, xn+p) ≤ sρ(xn, xn+1) + s2ρ(xn+1, xn+2) + ...+

+ sp−1ρ(xn+p−2, xn+p−1) + sp−1ρ(xn+p−1, xn+p)

≤ s(qα)nρ(x0, x1) + s2(qα)n+1ρ(x0, x1) + ...+

+ sp−1(qα)n+p−2ρ(x0, x1) + sp−1(qα)n+p−1ρ(x0, x1)

= s(qα)nρ(x0, x1)[1 + sqα + ... + (sqα)p−2 + sp−2(qα)p−1]

≤ s(qα)nρ(x0, x1)[1 + sqα + ... + (sqα)p−2 + sp−1(qα)p−1]

= s(qα)nρ(x0, x1)
1− (sqα)p

1− sqα
.

But 1 < q < 1
sα . Hence we obtain that:

ρ(xn, xn+p) ≤ s(qα)nρ(x0, x1)
1− (sqα)p

1− sqα
→ 0,

as n →∞. So (xn)n∈N is Cauchy and xn → x ∈ X.

We consider now the maximum A := [ qαs
2−qαs ]n. So we have:

ρ(xn, xn+p) ≤ sρ(xn, xn+1) + s2ρ(xn+1, xn+2) + ...+

+ sp−1ρ(xn+p−2, xn+p−1) + sp−1ρ(xn+p−1, xn+p)

≤ sAnρ(x0, x1) + s2An+1ρ(x0, x1) + ...+

+ sp−1An+p−2ρ(x0, x1) + sp−1An+p−1ρ(x0, x1)

= sAnρ(x0, x1)[1 + sA + ... + (sA)p−2 + sp−2Ap−1]

≤ sAnρ(x0, x1)[1 + sA + ... + (sA)p−2 + sp−1Ap−1]

= sAnρ(x0, x1)
1− (sA)p

1− sA
.

But 1 < q < 1
sα and we obtain that:

ρ(xn, xn+p) ≤ sAnρ(x0, x1)
1− (sA)p

1− sA
→ 0,

as n →∞. So (xn)n∈N is Cauchy in (X, ρ).
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From (ii) it follows that the sequence is Cauchy in (X, d). Denote by x∗ ∈ X

the limit of the sequence. From (i) and (iii) we get that d(xn, x∗) → 0, as n → ∞

where x∗ ∈ F (x∗). The proof is complete. �

For the next results let us denote

NF
ρ (x, y) = max

{
ρ(x, y), Dρ(y, F (y)),

1
2

[Dρ(x, F (y)) + Dρ(y, F (x))]
}

.

The second main result of this paper is:

Theorem 3.2 Let X be a nonempty set, d and ρ two b-metrics on X with constants

t > 1 and respectively s > 1 and let F : X → P (X) a multivalued operator. We

suppose that:

(i) (X, d) is a complete b-metric space;

(ii) There exists c > 0 such that d(x, y) ≤ c · ρ(x, y), for all x, y ∈ X;

(iii) F : (X, d) → (P (X),Hd) is closed;

(iv) There exists 0 ≤ α < 1
s such that

Hρ(F (x), F (y)) ≤ αNF
ρ (x, y),

for all x, y ∈ X;

(v) SFixF 6= ∅.

Then we have:

1. FixF = SFixF = {x∗};

2. Hρ(Fn(x), x∗) ≤ αnρ(x, x∗), for all n ∈ N and for each x ∈ X;

3. ρ(x, x∗) ≤ s
1−sαHρ(x, F (x)), for all x ∈ X;

4. The fixed point problem is well-posed for F with respect to Dρ and with

respect to Hρ, too.

Proof. 1. We suppose that x∗ ∈ SFixF. Let y ∈ SFixF. Then we have

ρ(x∗, y) = Hρ(F (x∗), F (y))

≤ α ·max{ρ(x∗, y), Dρ(y, F (y)),
1
2
[Dρ(x∗, F (y)) + Dρ(y, F (x∗))]}

≤ α ·max{ρ(x∗, y),
1
2
[ρ(x∗, y) + ρ(y, x∗)]} = αρ(x∗, y),
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for all x ∈ X. So we have that ρ(x∗, y) = 0 and in conclusion x∗ = y.

2. We take in the condition (iv) y = x∗. Then we have:

Hρ(F (x), F (x∗)) ≤α ·max{ρ(x, x∗), Dρ(x∗, F (x∗)),
1
2
[Dρ(x, F (x∗)) + Dρ(x∗, F (x))]}

= α ·max{ρ(x, x∗),
1
2
[Dρ(x, F (x∗)) + Dρ(x∗, F (x))]}.

If the maximum is ρ(x, x∗) we have that Hρ(F (x), x∗) ≤ αρ(x, x∗).

If the maximum is 1
2 [Dρ(x, F (x∗)) + Dρ(x∗, F (x))] we have that

Hρ(F (x), x∗) ≤ α

2
[Dρ(x, F (x∗)) + Dρ(x∗, F (x))]

=
α

2
[Dρ(x, F (x∗)) + Hρ(F (x∗), F (x))]

≤ α

2
[ρ(x, F (x∗)) + Hρ(F (x∗), F (x))].

So we obtain Hρ(F (x∗), F (x)) ≤ α
2−αρ(x, x∗).

We take now max{α, α
2−α} = α and obtain Hρ(F (x∗), F (x)) ≤ αρ(x, x∗), for

all x ∈ X.

By induction we obtain

Hρ(Fn(x), x∗) ≤ αnρ(x, x∗), for all x ∈ X.

Consider now y∗ ∈ FixF. Then ρ(y∗, x∗) ≤ Hρ(F (y∗), x∗) ≤ αnρ(y∗, x∗) →

0, as n →∞. Hence y∗ = x∗.

3. ρ(x, x∗) ≤ s[Hρ(x, F (x)) + Hρ(F (x), x∗)] ≤ sHρ(x, F (x)) + sαρ(x, x∗).

So we obtain

ρ(x, x∗) ≤ s

1− sα
Hρ(x, F (x)).

4. Let (xn) be such that Dρ(xn, F (xn)) → 0, as n →∞. We will prove that

ρ(xn, x∗) → 0, as n →∞.

Estimating ρ(xn, x∗) we have

ρ(xn, x∗) ≤ s[ρ(xn, yn) + Dρ(yn, F (x∗))] ≤ s[ρ(xn, yn) + Hρ(F (xn), F (x∗))],

for all yn ∈ F (xn) and for each n ∈ N.
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Taking inf
yn∈F (xn)

we obtain

ρ(xn, x∗) ≤ s[D(xn, F (xn)) + H(F (xn), F (x∗))] ≤ sD(xn, F (xn)) + sαρ(xn, x∗).

Hence we have ρ(xn, x∗) ≤ s
1−sαD(xn, F (xn)) → as n →∞. So xn → x∗. �

We will next give a data dependence result.

Theorem 3.3 Let X be a nonempty set, d and ρ two b-metrics on X with constants

t > 1 and respectively s > 1 and let F, T : X → P (X) two multivalued operators. We

suppose that:

(i) (X, d) is a complete b-metric space;

(ii) There exists c > 0 such that d(x, y) ≤ c · ρ(x, y), for all x, y ∈ X;

(iii) F : (X, d) → (P (X),Hd) is closed;

(iv) There exists 0 ≤ α < 1
s such that

Hρ(F (x), F (y)) ≤ αNT
ρ (x, y),

for all x, y ∈ X;

(v) SFixF 6= ∅;

(vi) FixT 6= ∅;

(vii) There exists η > 0 such that Hρ(F (x), T (x)) ≤ η, for all x ∈ X.

Then

Hρ(FixF, F ixT ) ≤ sη

1− sα
.

Proof. Let x∗ ∈ SFixF and y∗ ∈ FixT. We have that

ρ(y∗, x∗) ≤ Hρ(T (y∗), x∗) ≤ s[Hρ(T (y∗), F (y∗)) + Hρ(F (y∗), x∗)]

≤ s[η + Hρ(F (y∗), F (x∗))] ≤ s[η + αρ(y∗, x∗)].

Hence we have ρ(y∗, x∗) ≤ sη
1−sα . �
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