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DIFFERENTIAL SUBORDINATIONS AND SUPERORDINATIONS
FOR ANALYTIC FUNCTIONS DEFINED BY CONVOLUTION
STRUCTURE

G. MURUGUSUNDARAMOORTHY AND N. MAGESH

Abstract. In the present investigation, we obtain some subordination and
superordination results involving Hadamard product for certain normalized
analytic functions in the open unit disk. Relevant connections of the re-
sults, which are presented in this paper, with various other known results

also pointed out.

1. Introduction

Let H be the class of analytic functions in U := {z : |z| < 1} and H(a,n) be

the subclass of H consisting of functions of the form
f(2)=a+anz" +an2" 4.
Let A be the subclass of H consisting of functions of the form
f(2)=z+a2* +....

Let p,h € H and let ¢(r,s,t;2) : C3 xU — C.
If p and ¢(p(2), 2p’(2), 22p"(2); 2) are univalent and if p satisfies the second

order superordination

h(z) < ¢(p(2), 2p'(2), 2°D" (2); 2), (1.1)

Received by the editors: 15.01.2009.
2000 Mathematics Subject Classification. Primary 30C45, Secondary 30C80.

Key words and phrases. Univalent functions, starlike functions, convex functions, differential
subordination, differential superordination, Hadamard product (convolution), Dziok-Srivastava linear

operator.

83



G. MURUGUSUNDARAMOORTHY AND N. MAGESH

then p is a solution of the differential superordination (1.1). (If f is subordinate to
F, then F is superordinate to f.) An analytic function ¢ is called a subordinant if
q < p for all p satisfying (1.1). A univalent subordinant ¢ that satisfies ¢ < ¢ for
all subordinants ¢ of (1.1) is said to be the best subordinant. Recently Miller and
Mocanu [12] obtained conditions on h, ¢ and ¢ for which the following implication

holds:
h(z) < (p(2), 2p'(2), 22" (2); 2) = q(2) < p(2).

For two functions f(z) = 24+ >..-,a,2" and g(z) = 2+ Y .o, b,2", the
Hadamard product (or convolution) of f and g is defined by

(f*9)(2) =2+ ) anbu2" =: (g% ) (2).
n=2

For aj € C (j = 1,2,...,0) and B; € C\{0,-1,-2,...} (j = 1,2,...m), the
generalized hypergeometric function |Fp,(aq,..., o101, .., 0m;2) is defined by the

infinite series

> (@)n - (@)n
Fo(ar,...,a;01,...,0m; 2) == -—
l (al (67 ﬁl 6 Z) 7;) (ﬁl)n(ﬁm)n

(I<m+1;l,meNy:={0,1,2,...}),

Z’ﬂ
nl

where (a), is the Pochhammer symbol defined by

(@) ::F(aJrn): L, (n=0);
" T(a) ala+1)(a+2)...(a+n—1), (meN:={1,2,3...}).

Corresponding to the function
h(ah'"aal;ﬁla"wﬁm;z) =z lFm(ala' "7041;517"' aﬁm;z)a

the Dziok-Srivastava operator [6] (see also [7, 22]) H. (cv,...,qu;B1,- .., Bm) is de-
fined by the Hadamard product

an(ozl,...,al;ﬁl,...,ﬂm)f(z) =h(an,...,q; 81, Bm; 2) * f(2)

=2z = (al)n—l...(al)n_l anz
- *7; Bt Bz (n— 1) (1.2)
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For brevity, we write

H) ] f(2) = H} (a1, ...,00 81, Bm) f(2).

It is easy to verify from (1.2) that
2(Hylaalf(2)) = axHy,fon + 1] f(2) = (a1 = D) Hj, [ea] f(2). (1.3)

Special cases of the Dziok-Srivastava linear operator includes the Hohlov lin-
ear operator [8], the Carlson-Shaffer linear operator L(a,c) [5], the Ruscheweyh de-
rivative operator D™ [17], the generalized Bernardi-Libera-Livingston linear integral
operator (c¢f. [2], [9], [10]) and the Srivastava-Owa fractional derivative operators (cf.
[15], [16]).

Using the results of Miller and Mocanu [12], Bulboaci [4] considered certain
classes of first order differential superordinations as well as superordination-preserving
integral operators (see [3]). Further, using the results of Mocanu [12] and Bulboaca [4]
many researchers [1, 18, 19, 20, 21] have obtained sufficient conditions on normalized
analytic functions f by means of differential subordinations and superordinations.

Recently, Murugusundaramoorthy and Magesh [13, 14] obtained sufficient
conditions for a normalized analytic functions f to satisfy

Hy,[en] f(2) (f * ®)(2)

(2) f#0)(z)

)

) < al2), @) < < aa(2)

q1(z) < (
and
Hlon +1](f * @) (2)

Hi ] (f * ¥)(2)
where ¢1, g2 are given univalent functions in U with ¢;(0) = 1 and ¢2(0) = 1.

q1(z) < =< q2(2)
The main object of the present paper is to find sufficient condition for certain
normalized analytic functions f(z) in U such that (f * ¥)(z) # 0 and f to satisfy

H}[aa](f * ®)(2)
H Joq +1](f * ¥)(2)

q(z) < =< q2(2),

o0
where ¢1, g2 are given univalent functions in U and ®(z) = z + > \p2", ¥(z) =
n=2

o0

z4+ > pnpz™ are analytic functions in U with A, > 0, u, > 0 and A, > p,. Also, we
n=2

obtain the number of known results as their special cases.
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2. Subordination and Superordination results

For our present investigation, we shall need the following:

Definition 2.1. [12] Denote by @, the set of all functions f that are analytic and
injective on U — E(f), where

B(f) = {¢ € ou : lim f(2) = o)

and are such that f/'(¢) # 0 for ¢ € U — E(f).

Lemma 2.2. [11] Let g be univalent in the unit disk U and 6 and ¢ be analytic in a
domain D containing q(U) with ¢(w) # 0 when w € q(U). Set

P(z) = 2q¢'(2)p(q(2)) and  h(2) :=0(q(2)) +9(2).
Suppose that

1. ¥(2) is starlike univalent in U and

2. Re{i’;((;))} >0 forzel.

If p is analytic with p(0) = ¢(0), p(U) C D and

0(p(2)) + 20 (2)8(p(2)) < 0(a(2)) + 2¢' (2)b(a(2)), (2.1)
then
p(z) <q(2)
and q is the best dominant.
Lemma 2.3. [4] Let g be convex univalent in the unit disk U and ¥ and ¢ be analytic
in a domain D containing q(U). Suppose that
1. Re{¥(q(2))/¢(q(2))} >0 for z €U and
2. Y(2) = z2¢'(2)(q(z)) is starlike univalent in U.
If p(2) € H[q(0),1] N Q, with p(U) C D, and F(p(z)) + 2zp' (2)e(p(2)) is univalent in
U and
9(q(2)) + 24 (2)¢(a(2)) < 9(p(2)) + 2p'(2)p(p(2)), (2.2)
then q(z) < p(z) and q is the best subordinant.

Using Lemma 2.2, we first prove the following theorem.
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DIFFERENTIAL SUBORDINATIONS AND DIFFERENTIAL SUPERORDINATIONS

Theorem 2.4. Let &,V € A, v4 # 0, 71, V2, 3 be the complex numbers and q be
convex univalent in U with q(0) = 1. Further assume that

Re{?yi + 22004 (1 + Zq”(z))} >0 (2el). (2.3)

Ya q'(2)

If f € A satisfies

Y(f, @, 9, 1,72, 73 74) < M+ 7207 (2) + 130(2) + 722d (2), (2.4)
where
T(fa (I)v \Pa Y1572, 73, 74)
H [on](f®)(2) [a1](f*P)(2)
RAE (Hin,[alJlrl](f*‘P)(Z)) T vE [aliu(fwxz)
— w1+ (f*®) (2) H, [on +2](fx¥)(2)
=1+ (o S — (e + D S + 1) (2:5)
% ( HL [on](f*®)(2) )
HI lai +1](F*V)(2)
then
H} [on +1](f * 0)(2)
and q is the best dominant.
Proof. Define the function p by
H! P
Bl D) (26)

z) =
PO H o + 10 ) (3)
Then the function p is analytic in & and p(0) = 1. Therefore, by making use of (2.6),

we obtain

Hiyloa](f + ®)(2) >2+ Hjyloa](f + ®)(2)
H o0 +1](f * ¥)(2) SHfor + (7 + )()

Yo+ 1]+ B)(2) L fos +2)(f < 9)()
”4(1 HE o ](f + ) (2) Hiyfor + 1)(f = ) (2) 1)

HY [on](f * ) (2)
- (an[al +1](f*‘1/)(2))

=1 +720%(2) + 13p(2) + 122’ (2). (2.7)

71-1—’72(

— (a1 +1)

By using (2.7) in (2.4), we have

Y1+ 7207 (2) + v3p(2) + 112D (2) < M1+ 7207 (2) + 130(2) + Yazd (2). (2.8)
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By setting
O(w) ==y, + 7w (2) + 3w and  G(w) := 4,
it can be easily observed that 6(w) and ¢(w) are analytic in C—{0} and that ¢(w) # 0.
Hence the result now follows by an application of Lemma 2.2. O

Whenl =2, m=1, a; =a, ag =1 and ; = ¢ in Theorem 2.4, we state the

following corollary.

Corollary 2.5. Let &,V € A. Let v4 # 0, 1, 2, v3 be the complex numbers and q
be convex univalent in U with q(0) = 1 and (2.3) holds true. If f € A satisfies

Ti(f, @, 9, v1,72,73,74) <71 +720%(2) + 13q(2) + 1124 (2)

where
Ti(fy @0, v1,72,93,7) = 4+ (a% (a +1)%“)
* (TS ) 9
2.9

then

L(a, c)(f * ®)(2)
Lla+1,0)(f *¥)(2)

=< q(2)

and q is the best dominant.

By fixing ®(z) = (2) = 1%

corollary.

Corollary 2.6. Let v4 # 0, 71, 2, 73 be the complex numbers and q be convex
univalent in U with ¢(0) = 1 and (2.3) holds true. If f € A satisfies
2
mla]f(2) > H;,[en] f(2)
el e B N
" 72(H5[1+Hf@) P HL o+ 1)

H! [a1+ 11/(2) H. [0 +2)f(2) H. [on]f(2)
”“( H 1] (2) Hin[041+1}f(2)+1) (Hma1+11f<z>>

<M+ 7120%(2) + 739(2) + Ya2d (2),

— (a1 +1)
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then
H}[a1]f(2)
AL fon + /() 1)

and q is the best dominant.

By takingl =2, m=1, a1 =1, as =1 and 5; = 1 in Theorem 2.4, we state
the following corollary.
Corollary 2.7. Let &,V € A. Let v4 # 0, 1, 2, 73 be the complex numbers and q
be convez univalent in U with ¢(0) =1 and (2.3) holds true. If f € A satisfies

(F+0)(2) \*, (F+D)(2) Af0)(x) A 0)(2)
e (Z(f*\l/)’(2>> e

Fuy) | W R SE T e
<71+ 7203 (2) +739(2) + 112¢' (2),

then

and q is the best dominant.
By fixing ®(z) = ¥(z) in Corollary 2.7, we obtain the following corollary.

Corollary 2.8. Let ® € A. Let v4 # 0, v1, Y2, v3 be the complex numbers and q be
convex univalent in U with ¢(0) =1 and (2.3) holds true. If f € A satisfies

(f x @)(2) >2+ (f x ®)(2) 2fx2)(2) _ 74Z(f * ®)"(2)
(fx@)(2))  2(fx@)(z (f +®)(2) (f+®)(2)

=<7+ 7207 (2) +739(2) + 7124 (2),

Y1+72 (z ) (73 —74) + 74

then

and q is the best dominant.

By fixing ®(2) = 1% in Corollary 2.8, we obtain the following corollary.

Corollary 2.9. Let v4 # 0, 71, 72, 73 be the complex numbers and q be convex
univalent in U with ¢(0) = 1 and (2.3) holds true. If f € A satisfies
)\ ) 2f'(z) _ z2f"(2)
@) T T T
<71+ 7262 (2) +734(2) + 7a2d (),

71 +’Yz(
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then
f(2)
zf'(2)

< q(2)
and q is the best dominant.

Remark 2.10. For the choices of 71 = v2 = 0 and 3 = 1 in Corollary 2.9, we get the
result obtained by Shanmugam et.al [19].

By taking ¢(z) = iigi (-1 < B < A <1)in Theorem 2.4, we have the

following corollary.

Corollary 2.11. Assume that (2.3) holds. If f € A and

1+ Az 1+ Az (A—B)z
Y(f, ®, U 2
(fs @, %, y1,72,73,74) <M +72(1+Bz) tBT g, +74(1+BZ)2,
then
H [on](f * ®)(2) 14+ Az
H! [ap +1](f x¥)(z) 1+ Bz
and iigz is the best dominant.

Now, by applying Lemma 2.3, we prove the following theorem.

Theorem 2.12. Let &,V € A. Let 71, v2, 73 and v4 # 0 be the complex numbers.

Let g be convex univalent in U with q(0) = 1. Assume that

2
Re {73 n ”q(z)} > 0. (2.10)
V4 Y4

Ll * z .
Let f € A, % € Hlg(0),1]NnQ. Let Y(f, ®, U, v1,72,73,74) be univalent
iU and

71 + ’Yzq2(2) + 73Q(z) + ’}/4qu(2) < T(fa (I)7 \117 71a72773a,y4)7 (211)

where Y(f, ®, U, v1,7v2,v3,74) s given by (2.5), then

H,,aa](f * ®)(2)
Hi[on +1](f * ¥)(2)

q(z) <
and q is the best subordinant.

Proof. Define the function p by

! a1 * z
o(o) i fenllf = 2)(2)

= or - 0 0) (3 (2.12)
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Simple computation from (2.12), we get,

Y(f, @, 9, v1,72,73,74) = 71 + 720 (2) + Y3p(2) + Y42’ (2),

then

Y1+ 72@?(2) + 739(2) + Y22 (2) < 71 + Y2p?(2) + Y3p(2) + 722D (2).

By setting ¥(w) = v1 + Yow? + 3w and ¢(w) = 74, it is easily observed that
Y(w) is analytic in C. Also, ¢(w) is analytic in C — {0} and that ¢(w) # 0.
Since ¢(z) is convex univalent function, it follows that
ﬁ’(Q(Z))} {73 272 }
Re{ =R—=+—¢q(2)p, >0, z€U.
Ha(2)) 7t 31
Now Theorem 2.12 follows by applying Lemma 2.3. ]

When ! =2, m =1, a1 =a, as =1 and 5y = ¢ in Theorem 2.12, we state
the following corollary.
Corollary 2.13. Let &,V € A. Let 1, v2, 73 and 4 # 0 be the complex numbers.
Let q be convex univalent in U with ¢(0) = 1 and (2.10) holds true. If f € A
Lﬁz(i)lc,)c()}z;f\)ll()z()z) € H[q(o)? 1] N Q Let Tl(f’ (bv \I’a 71772)73774) be univalent in U and
M+ 720%(2) +730(2) + 1a2¢' (2) < T1(f, D, 8, 1,792,793, 74),
where Y1 (f, ©, W, v1,72,73,74) is given by (2.9), then

L(a,c)(f = ®)(2)
Lia+1,0)(f *¥)(z)

q(z) <
and q is the best subordinant.
Whenl =2 m=1,a; =1, a; =1 and f; = 1 in Theorem 2.12, we derive
the following corollary.
Corollary 2.14. Let &,V € A. Let v1, v2, v3 and 4 # 0 be the complex numbers.
Let q be conver univalent in U with ¢(0) = 1 and (2.10) holds true. If f € A,

*®P)(z
% € H[q(0),1]N Q. Let

(f*®)(2) \*, (f*D)(2)
e (z(fwwz)) NEIEEIIE

. A )() A (2)
p 08 TN E Sy T )
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be univalent in U and

Y1+ 720%(2) + 139(2) + 1124 (2)

G2\, (Fx®)() [ AP A 0)()
<t (z(f \I')’(Z)>+Z(f*‘l/)’(z) {”3 WENTEE ) )
then

(f  9)(2)
1) =2 o)

and q s the best subordinant.
By fixing ®(z) = ¥(2) in Corollary 2.14, we obtain the following corollary.

Corollary 2.15. Let ® € A. Let v1, 72, v3 and v4 # 0 be the complex numbers.
Let q be conver univalent in U with q¢(0) = 1 and (2.10) holds true. If f € A,
L € Hg(0),1]N Q. Let

(F*2)(2) \*, (=) [~ d(f*2)(x)  2(f*D)"(2)
i (Srans) Hairer e e

be univalent in U and

Y1+ 7126°(2) + 13q(2) + 742 (2)

«0)(2) \?, (f=®)(2) [ Af+0)(2)  2(fxD)(2)
A <Z(f*¢>)’(Z)> o)) [”3 WAN TR (f*é)’(Z)}’
then
CRF T

and q is the best subordinant.

By fixing ®(z) = % in Corollary 2.15, we obtain the following corollary.

Corollary 2.16. Let v1, 72, v3 and 4 # 0 be the complex numbers. Let q be convex

univalent in U with ¢(0) =1 and (2.10) holds true. If f € A, Z’}Ef;) € H[q(0),1] N Q.
f(=)

2 ! "
Let v1 + 72 (ZJ}(@)) + zfg(z) [(73 — Y1) + Y4 Z}C(S) — Y4 ZJ{,((Z;)} be univalent in U and

Y1+ 726 (2) + 13q(2) +va2d (2) <

f N\, f2) - 2f'(2)  z2f"(2)
Zf’(Z)> T [”3 WUy T f’(Z)]’

it +72<
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DIFFERENTIAL SUBORDINATIONS AND DIFFERENTIAL SUPERORDINATIONS

then

and q is the best subordinant.

By taking ¢(z) = (1 + Az)/(1+ Bz) (-1 < B < A <1) in Theorem 2.12, we

obtain the following corollary.

Corollary 2.17. Assume that (2.10) holds true. If f € A, % €

H[q(0),1]1NQ. Let Y(f, ®,9, v1,72,73,74) be univalent in U and

1+ Az
1+ Bz

1+A42  (A-B)z

2
) Jrfygl—&-BzJr%(l—i—Bz)Q

71 +72( <rr(fa (I)y\pa ’71772373774%

then
L4 As B o](f + 9)(2)
1+ Bz  H.[ag +1)(f *U)(2)

1+Az

B 1s the best subordinant.

and

3. Sandwich results

We conclude this paper by stating the following sandwich results.

Theorem 3.1. Let q1 and g2 be convexr univalent in U, v1, Y2, v3 and 4 # 0 be
the complex numbers. Suppose qo satisfies (2.3) and q, satisfies (2.10). Let ®,¥ €

1
A. Moreover suppose % € H[L,1NQ and Y(f, ®, T, v1,72,73,74) s

univalent in U. If f € A satisfies

Y1+ 7201 (2) + v3q1(2) + 72201 (2) < Y(f, @, Y1,72,73,74)

<M + 7205 (2) + V302(2) + 425 (2),
where T(f, ®,T, v1,72,73,74) @s given by (2.5), then

H,,loa](f * @) ()
HiJon +1](f * ¥)(2)

q1(z) < < q2(2)

and q1, qo are respectively the best subordinant and best dominant.
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By taking

1+ Az
=——(-1<B; <A <1
q1(2) 1+B1z( < B 1<1)

and

1+AQZ
=——"="(-1<B Ay <1
q2(2) 1+Bgz( < By <Ay <1)

in Theorem 3.1 we obtain the following result.
Corollary 3.2. Let ®,V € A. If f € A,
(f*2)(z)

2(f =) (2)

and Y(f, ®,9, v1,7v2,73,7v4) s univalent in U. Further

14+ Az (A1 — By)z
73 V4 5

e H[L1NQ

1+A12’
14+ Bz

71+ 72( )2+
= T(fa (I)vl:[la 717723’73774)
1 + AQZ 2 1 + AQZ (A2 - BQ)Z
1+BQZ) +’731+B22+’Y4(1+B22:)2
where Y (f, ®, U, y1,7v2,v3,74) s given by (2.5), then
1+Alz< (f x®)(2) <1+A22
1+ Bz z2(f*U)(2) 1+ Baz

<71+ 72

1+A1z 14+Asz
1+B1z’ 14+Bsz

and are respectively the best subordinant and best dominant.

We remark that Theorem 3.1 can easily restated, for the different choices of

(I)(Z)a \II('Z)a lvm7 ag, Qg,...00, 617627 s /6m and for V1,725,735 V4-
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