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THE GENERALIZATION OF VORONOVSKAJA’S THEOREM
FOR A CLASS OF BIVARIATE OPERATORS

OVIDIU T. POP

Abstract. In this paper we generalize Voronovakaja’s theorem and we
give an approximation property for a class of bivariate operators and
then, through particular cases, we obtain statements verified by the bi-
variate operators of Bernstein, Schurer, Durrmeyer, Kantorovich, Stancu

and Bleimann, Butzer and Hahn.

1. Introduction

In this section, we recall some notions and results which we will use in this
article. Let N be the set of positive integers and Ng = NU {0}.

For m € N, let By, : C([0,1]) — C([0,1]) the Bernstein operators, defined for
any function f € C([0,1]) by

(B )5) = pmsl)] (1)), (1)
k=0

where py, 1 (x) are the fundamental polynomials of Bernstein, defined as follows

po() = ( )at1 -2, (1.2

for any x € [0,1] and any k € {0,1,...,m}.
Let p € Ny. For m € N, F. Schurer (see [15]) introduced and studied in 1962,
the operators Em,p : C([0,1 + p]) — C([0,1]), named Bernstein-Schurer operators,
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defined for any function f € C([0,1 + p]) by

- mtp k
(Bm,pf) (x) = Z ﬁm,k(x)f <m> ) (13)
k=0
where pp, 1 (z) denotes the fundamental Bernstein-Schurer polynomials, defined as
follows
- m+p mtp—
() = (" )1 = a4 = iy alo) (1.4

for any z € [0,1] and any k € {0,1,...,m + p}.
For m € N let the operators M, : Li([0,1]) — C([0,1]) defined for any
function f € L1([0,1]) by

(M f)(2) = (m + 1)me,k(x)/pm,k(t)f(t)dt, (1.5)
k=0 5

for any z € [0,1].
These operators were introduced in 1967 by J. L. Durrmeyer in [7] and were studied
in 1981 by M. M. Derriennic in [5].

For m € N let the operator K,, : L1([0,1]) — C([0,1]) defined for any
function f € Ly([0,1]) by

(K f) (@) = (m+1)S ps() / f(t)t, (1.6)
k=0 J

for any x € [0,1].

The operators K,,, where m € N, are named Kantorovich operators, intro-
duced and studied in 1930 by L. V. Kantorovich (see [8]).

For the following construction see [11].

Define the natural number mg by

max{1,—[B]}, if B€R\Z
mo = (1.7)
max{l,1— (3}, if BeZ.

For the real number (3, we have that

m+ B3> v3 (1.8)
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for any natural number m, m > mg, where

max {1+ 3,{3}}, if BeR\Z
Vg =mo+ 3= (1.9)
max{1 + 3,1}, if geZ.

For the real numbers «, 3, a > 0, we note

1, if a<pg
plh) = (1.10)

a—p
14 , if a>g.
B

For the real numbers o and 3, & > 0, we have that 1 < p(®% and

k+a
0< < pl>h) 1.11
_m+ﬁ_u ( )

for any natural number m, m > mg and for any k € {0,1,...,m}.

For the real numbers a and 3, a > 0, mg and p(®? defined by (1.7) -
(1.10), let the operators P . C([0, p>P]) — C([0,1]), defined for any function
f € C(0, @) by

POA ) @) =S pms @) (22, (1.12)
( ) ,;Jp ¢ (m+6>

for any natural number m,m > mg and for any x € [0, 1].

These operators are named Stancu operators, introduced and studied in 1969
by D. D. Stancu in the paper [16]. In [16], the domain of definition of the Stancu
operators is C([0, 1]) and the numbers « and § verify the condition 0 < a < 3.

In 1980, G. Bleimann, P. L. Butzer and L. Hahn introduced in [4] a sequence
of linear positive operators (L, )m>1, Lm : Cp([0,00)) — Cp([0,00)), defined for any
function f € Cp([0,00)) by

1 " (m k
0 = 2 () (i) (113)
for any z € [0,00) and any m € N, where Cp([0,00)) = {f|f : [0,00) — R, f
bounded and continuous on [0, 00)}.
Let I1,I> C R be given intervals and f : I; X I3 — R be a bounded function.
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The function wietar(f;-,*) : [0,00) X [0,00) — R, defined for any (d1,d2) €
[0,00) x [0, 00) by

wtotal(f;dla(S?) =sup {|f(x,y) - f(xlvy,” : (I’y)7 (x’,y’) € I x I, (114)

|z —a'| <61, |y —y| <62}

is called the first order modulus of smoothness of function f or total modulus of
continuity of function f (see [18]).

The first order modulus of smoothness for bivariate functions has proper-
ties similar to the properties of the first order modulus of smoothness for univariate

functions. Some of them are contained in Lemma 1.1.

Lemma 1.1. The first order modulus of smoothness for bounded function f : Iy x Iy —
R has the following properties:

(1) wiotai([f501,02) < wiotal(f; 01, 0%) for any (41,02), (01, 065) € [0,00) x [0, 00)
such that 61 < 07 and dy < 04;

(1) wiora(f;lt — |7 —y]) < (1+ 673t — z)?) (1+ 65 % (T — 9)?) Wiotal
(f;01,02) for any (61,d2) € (0,00) x (0,00) and any (t,7), (z,y) € I X I5.

For some further informations on this measure of smoothness see for example [18].

2. Preliminaries

Let I,J C R intervals with I N J # (. For m € N we consider the functions
Ppx o J — R with the property that p;, ,(z) > 0 for any » € J, k € {0,1,...,m}
and the linear positive functionals A,, ; : E(I) = R, k € {0,1,...,m}.

Definition 2.1. Let m € N. Define the operator L}, : E(I) — F(J) by
m
(L) (@) =Y P (@) A (f) (2.1)
k=0

for any function f € E(I) and any = € J, where E(I) and F'(J) are subsets of the set

of real functions defined on I, respectively on J.

Proposition 2.1. The operators (L,), ~, are linear and positive on E(I N J).

Proof. The proof follows immediately. O
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Definition 2.2. Let m € N. For i € Ny define T . by

m,i

(Tl (@) = m' (Lit}) () = m" Y 9l (@) Avarc (45) (2.2)
k=0

for any x € INJ, where forx € I, ¢, : [ — R, ¥, (t) =t — x for any ¢ € I.

In the following, let s € Ny, s even. We suppose that the operators (L},), .~

verify the conditions: there exists the smallest a; € [0, 00) so that

T .L*
T L L (2.3)
m— 00 m*=a

foranyx € INJ, j€{0,2,4,...,s+2} and
Qs—gr T g —as <0
Qs_op42 tag —as—2<0 (2.4)

Qs o142t a2 —as—4<0

s
where [ € {0,1,2,...,5}.

Remark 2.1. From the first relation from (2.4), for [ = 0 it results that ap = 0.

Now, we construct with the (L},), .-, operators the bivariate operators of
L*-type.
For m,n € N, let the linear positive functionals Ay, »r ; : E(I x I) — R with

the property

Ay ((=2)' (= 9)") = Api (( = 2)") Apj (+ = ) (2.5)

for any k € {0,1,...,m}, 7€ {0,1,...,n}, 4,1 €{0,1,...,s}, x,y € I, where ” -” and

2 »

* 7 stand for the first and second variable.

Definition 2.3. Let m,n € N. The operator L, , : E(I x I) — F(J x J) defined
for any function f € E(I x I) and any (z,y) € J X J by
(Lrn) (@:9) =D Phse(@)pi () A () (2.6)
k=0 j=0
is named the bivariate operator of L*-type.
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Proposition 2.2. The operators (L:'Lan)mn>1 are linear and positive on

E((IxI)n(JxJ)).
Proof. The proof follows immediately. O
In the following we consider that
(TroLim) () =1 (2.7)

for any x € I'NJ, any m € N.

3. Main results

Theorem 3.1. Let Iy, I C R be intervals, (a,b) € Iy x Iz, n € Ny and the function
f: 1 x I, = R, f admits partial derivatives of order n continuous in a neighborhood
V' of the point (a,b). According to Taylor’s expansion theorem for the function f

around (a,b), for (z,y) € V we have
n ) Pl k
Hen) =Y i (gp -0+ 4 -0) fab (3.)
k=0 """
+p"(z,y)u(z —a,y —b)

where

k
(;’ (x—a>+§y<y—b>) o) = 3.2)

= Z (k> D= zay (a,0)(z — a)* 'y — b,

ke€{0,1,...,n}, p is a bounded function with ( %IHI( ) p(x —a,y —b) =0 and
z,y)—(a,

plz,y) = V(x —a)? + (y - b)2. (3.3)

Then
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and for any 61,62 > 0, we have

lu(z —a,y —b)| < (3.5)

(1+67%(z—a)?) (14652 (y—b)?) (?>Wmuu(6 fzg Nahaa
0

1=

1
gi
n

Proof. If n = 0, it is verified immediately. Let n € N. According to Taylor’s expansion

theorem with the Lagrange’s remainder, we have

n—1 k
) =3 o (ai (z—a)+ a% (v— b)) f(a,b)+ (3.6)
k=0

n!

1/(0 ) "
(gm0t g -n) fen
where (§,m) € V, (&, 7) is on the interval determined by the points (a,b) and (z,y)

and

€ —al <z —al, [n=b <|y—0bl. (3.7)

From (3.1) and (3.6) it results that

u(za,ymll[@(xawﬁy(yb)) £~

nl p"(z,y)

Because |z — a| < p(z,y) and |y — b| < p(x,y), the relation above becomes

oy _of
i —a.y— ) ,Z() G €1) = G (ah)
Jz—an Tty —bf
prHa,y) pila,y)
from where
1 & o f o f
n(x —a,y =) nZ( ) prr (&n)—awiayi(a,b)’- (3:8)
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Taking (3.7) into account, from (3.8) we have that

_of

o f AN
D10y (u,0) D0y (', o)) :

1 G (n
e = a0l < > (%) p{
" i=0

ju—v| <z —al, -0 < Iy—bl},

from where we obtain the relation (3.4).

From (3.4) taking Lemma 1.2 into account, we obtain the relation (3.5). O

In the following we consider the construction from Preliminaries.

Theorem 3.2. Let f: I x I — R be a bivariate function.
If (z,y) e I x I)N(J x J) and f admits partial derivatives of order s continuous in
a neighborhood of the point (x,y), then

lim m® % {(L:‘n’mf) (z,y)— (3.9)

m—0o0

- 1 i ' ai * * * *
o Z miil Z (;) atiflng (.’L‘, y) (Tm,ifle) (x) (Tm,le) (y) = 0.
i=0 T 1=0

If f admits partial derivatives of order s continuous on (I x I) N (J x J) and there
exists an interval K C I N J such that there exist m(s) € N and ko € R depending

on K, so that for any m € N, m > m(s) and for any x € K we have

(Tl ) (@)

mo2t

< (3.10)
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THE GENERALIZATION OF VORONOVSKAJA’S THEOREM
S
wherel € 40,1,..., §+1 , then the convergence given in (3.9) is uniform on K x K
and

ms s

. 1 Z ' az * * * *
- Z W Z (;) atiflj(;Tl (CC, y) (Tm,ifle) (‘T) (Tm,le) (y) S
i=0 T 1=0

|t

2 s
S ; (?) (Kot + kar12) (ks—o1 + ks—a112)-

. (s w o°f 1 1
o total \ Grs=igri " JoBs NP

1=

for any (z,y) € (K x K), any natural number m, m > m(s), where

s = — s— - 5_2:
B max{a 22t Qo — 2( 5

1 s
S(as—opatago—as—4) 116{@ 1, 7}}

Proof. Let m,n € N. According to Taylor’s theorem for the function f around (z,y),

we have

160 =305 (5 0= 0+ - (=) Foai) 4 ETIue =7 =),

from where

(}) geciga e -2y =) (312
-

i=0 " 1=0

+

ps(t77—)ﬂ(t -, T = y)a

where p is a bounded function and ( )hH(l )u(t —z,7—y)=0.
t,7)—(z,y
Because Ay, 5k, is linear positive functional and verifies (2.5), from (3.12) we have

Amani(f ZZ,Z(')% Fmigat @A (=2 ™) Ay (= 9)) +
+Am”kd (p ( )Mmy)

where figy : (I x I) N (J x J) = R, pgy(t,7) = p(t —z,7 —y) for any (¢,7) €
(I xI)n(J xJ).
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Multiplying by py;, ,.(z)p}, ;(y) and summing after k, j, where k € {0,1,...,m}, j €
{0,1,...,n}, we obtain

(L;kn,nf) (:L'a y) =

- Z il Z (> oti— 1871 z,y) mzl-,z % (Trtl,iflL:n)(‘T) (T;,IL:L)(Z/)‘*'

+ Z prn,k(x)pi,j(y)flm,n,k,j (P°( 5 ¥ty )

k=0 j=0

from which
mo— s [ (L;mf) (z,y)— (3.13)

N Z mzll Z <> oti— l@rl 2,y) (Trizi L) (@) (T L) ()| =
= (Bm,mf)(2,9),

where

(Rm Mf) T,y)= Z me k pm,] )Ammb,k,j (r°(, *)wa) . (3.14)

k=0 j=0

Then

|( m mf)(il' y | <m T Z me k: pm,g ) |Am,m,k,j (pé( ) *):“zy)| 9

k=0 j=0

from where

|(Rim ) (z,y)] < (3.15)

<m0 N N D k(@9 () Ao (0° (%) iy )

k=0 j=0
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According to the relation (3.5), for any 01,02 > 0 and for any (¢,7) € (I xI)N(J xj),

we have that

|y (8, 7)| = [t — 2,7 —y)| <

1
< (L0077 —2)" + 6,7 (r = y)* 0,78, (t —2)* (T —)°) -
L (s 0*
. Z <i>wtotal (8759 7:]; i a51352>
=0
and taking p*(t,7) = (?) (t —2)*2!(r — 3)* into account, (3.16) results

Am,m,k,j (p*(-s |N"cy| <

Z(?){ me (057 Ay (V2 + (3.16)
=0
+51_2Am,k (1/};72l+2) ( ) 2Am k(¢s 2l) m](¢21+2)

O A (092) A (6°7) |

S as
> (j)wtotal <8ts Zfa - 751,52)

=0

From (3.15) and (3.16), it results that

|( m,mf)( )|
S % ( ) I;)Z()pm k pm,] )|:Am’k (w;*ﬂ) Am,j (wsl) +

A 225 Ay (6 5% 62 A (629

s o9
+ 6;2552Am’k (w;_2l+2) Am,j (w§l+2):| Z (j) Wtotal (3#*1{97'1 ;617 62) )

=0
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1
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s
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Ss—
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l
1=0

ms—2l m2l

& () (el e

Tr;,s—21+2L:1) (2) (T;L,ZlL:n) (y)

(
(7

+ 05

)

ms—2l+2

* *
m s—2le)

+
m?2l

(2) (T ars2lin) W)

+ 672652

3 (o

ms—2l

+
m2l+2

ms—20+2 m2l+2

(T;§m+2L;)<x>(T;2H2L;)<ywﬁ

an
W a51762> )

T’;L,Ql‘FQL;’L) (y)

maz2t

+652(T;JWL;)<x>(

m&s—2t

+ 672652

m2i+

(T;Z,sszzLTn) () (T:q,2l+2L:n) (y)

- mas—2z+&2l+2*as*2+

ms—2i+2 Fagiya—as—4 |,

s
S

: § . |Wtotal
1

=0

‘We have

ms—21+2

of
<8ﬁ—%%4’&’%)'

me2i+2

65 S *(as—2l+2 + g —as — 2)7

/Bsg_*

1
2

(qs—2142 + aopyo — s — 4)

+
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S
for any le {07 ]-7 RN 5}, from where ﬂs +as—2l+2 + oo —os — 2 S 07 2ﬁs +as—2l+2 +

S

Q942 —as —4 <0, for any [ € {0, 1,..., 5} Replacing [ with [ 4+ 1 in the relation

Bs + as—oi42 + ag — as — 2 < 0, we have 85 + as—o; + g2 — as — 2 < 0. From the

first inequality from (2.4) and from the inequalities above, we have
m&s—ataa—as <] mPstas—airetan—as—2 < 1,

mPstas—aitazia—as—2 <1, m2Bstas—2irotazipa—as—4 <1,

S
where [ € {0,1,...,5}.

1
Considering §; = §o = ——, we have
VmPs

(Tomailin) @) (Tl @)

1 (/2
|(Bo,m f) (7, y)] < 5 Z (?) Py o + (3.17)
=0
(ThomaaLin) @) (TrmLin) )
+ +
ms—20+2 meet
(Thocanin) @) (Thasalin) )
+ ms—21 me2i+2 +
(T;L,572Z+QL:R) (z) (T;,21+2L:n> (y)
+ m&s—21+2 me2i+2 i

(s y *f 1 1
e\ )\ or—ior T imBe  Nmpe )

K2

Taking (2.3) into account and considering the fact that

lim w oy 1 ! =w 887]”'00 =0
Mmoo total 8t5_7;67'7; ) m ) m — Wtotal 8ts_i87'i s Uy — Y%

i€40,1,...,s}, from (3.17) we have that

lim (R mf)(z,y) = 0. (3.18)

m—00

From (3.13) and (3.18), (3.9) follows.
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If in addition (3.10) takes place, then (3.17) becomes

[(Rym f)(z, )| < % ; <%) (ko + kapyo)(ks—21 + ks—2142)- (3.19)

ZS: s o°f 1 1

. Wtota ; - ’

=0 ) total 3t5*137'1 \/mﬂs \/mﬂs

for any m € N, m > m(s) and for any (z,y) € K x K, from which, the convergence

from (3.9) is uniform on K x K. From (3.13) and (3.19), (3.11) follows. O

Corollary 3.1. Let f: I x I — R be a bivariate function.
If (x,y) e I x I)N(J x J) and f is continuous in (x,y), then

lim (L}, /) (2.) = f(2.y). (3.20)

m— 00

If f is continuous on (I x I)N(J % J), and there ezists an interval K C INJ
such that there exist m(0) € N and ky € R depending on K so that for any m € N,
m > m(0) and any x € K we have that

( %,21121) (z)

me2

then the convergence given in (3.20) is uniform on K x K and

(i) @)= )| <Ok (i e e ) (322

for any (z,y) € K x K, any m € N, m > m(0).

Proof. Tt results from Theorem 3.2 for s = 0 and one verifies immediately that Gy =

2—a27k0:1. O

In the Application 3.1 - 3.4, we consider that Pk = Pmk, m € N and
k €{0,1,...,m}. By particularization and applying Theorem 3.2 and Corollary 3.1,
we give convergence and approximation theorem for some bivariate operators. In
all applications we give the convergence theorem for s = 2 and the approximation
theorem for s = 0. In every application we have as = 1 and ko = 1.
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Application 3.1. We consider I = J = K = [0,1] and for any m € N, let the

k
functionals A, : C([0,1]) = R, Anx(f) = f(m), for any f € C([0,1]), k €

{0,1,...,m}. In this application, we obtain the Bernstein operators.
We have that
(Tp.. B =m me k(@ ( - x) =Tm,i(x), (3.23)
€[0,1], m € N, i € Ny,
B;(x) = [z(1 — 2))Bl (a2 + by), (3.24)
J
=]z 3.25
a] |:2:| ’ ( )
j € N07 T e [07 1]7
0, if jisevenorj =1
a; = 5] ok — 1)1 (3.26)
—(j—=1n" m, if 7 is odd, j > 3,
k=1
1, if 7=0
bj=9 (G-DW if j iseven, j > 2 (3.27)
1 5] (o — 1)1
(=1 —— if jisodd, j>
2(] ) k:1(2k_2)”7 1 ]180 7;7*37
and
1\
ko = <4) b + 1, (3.28)

1 € Ny (see [9] and [12]).
Let m,n € N. The operator By, ,, : C([0, 1] x[0,1]) — C([0, 1] x [0, 1]) defined
for any function f € C([0,1] x [0,1]) and any (x,y) € [0,1] x [0,1] by

m n

(Bon)o9) = 3 3 (@)t (2. 1) (329)

k=0 j=0
is named the bivariate operator of Bernstein type.
On verify immediately that the condition (2.4), (3.10) and (3.22) take place

and then Theorem 3.2 holds for the bivariate operators of Bernstein type.
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We have that T, 0(z) = 1, Tpa1(z) = 0, Tyyo(z) = ma(l —z), m € N,
1 19
€ [0,1] and then ko = 1 and ky = T
Theorem 3.3. Let f:[0,1] x [0,1] — R be a bivariate function.
(2) If (z,y) € [0,1] x [0,1] and f admits partial derivatives of second order

continuous in a neighborhood of the point (z,vy), then

= AT )+ MY ),

If f admits partial derivatives of second order continuous on [0,1] x [0, 1],
then the convergence given in (3.30) is uniform on [0,1] x [0, 1].

(i) If f is continuous on [0,1] x [0,1], then

(B )a9) = £ < 2ot (1= =) (3.31)
for any (z,y) € [0,1] x [0,1], any m € N.

Application 3.2. We consider I = J = K = [0, 1]. For any m € N, let the functionals

1
Apmi + L1([0,1]) = R, A k(f) = /pmk t)dt, for any f € Lq([0,1]),
0
k €{0,1,...,m}. In this case, we obtain the Durrmeyer operators.

We have that

1
(Tp, i M) (x) = (=1)'m’(m + 1 me e /pm,k (z —t)'dt, (3.32)
k=0 0
€[0,1], m e N, i € Ny,
oy = B] ; (3.33)
J! .
o [z(1 — )2, if j is even
5 .
Bj(z) = (3.34)

(1—2x)[ (1—=)]=, if j is odd
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Jj € Ng, 2 € [0,1], and in the same way from Application 3.1

l
ot = (D (217?' +1, (3.35)

1 € Ny (see [5] and [12]).
Let m,n € N. The operator M,,, : L1([0,1] x [0,1]) — C([0,1] x [0,1])
defined for any function f € Ly([0,1] x [0,1]) and any (x,y) € [0, 1] x [0, 1] by

=m+D)n+1)> Y pmr(@)pni(y) /pm,k(t)pn,j(s)f(t, s)dtds
0

k=0 j=0
is named the bivariate operator of Durrmeyer type.

The Theorem 3.2 holds for these operators.

We have
(T 0Mm) (z) =1,
(15 M) ( )_m(1—2x)
m,1m ) () = m+2
2m —3)x(l —x) + 2
(T’:L,QM?’YL) (I):mQ ( ) ( ) s mEN,

(m+2)(m+3)
By(z) =1, Bi(z)=1-2z, Bs(z)=2z(1-2z), =z€][0,1],

3 7
kg = 5 and k4 = 1
(see [12]).
Theorem 3.4. Let f:[0,1] x [0,1] — R be a bivariate function.
(1) If (xz,y) € [0,1] x [0,1] and f admits partial derivatives of second order

continuous in a neighborhood of the point (x,y), then

lim 0 [(Mpp,m f) (2, y) = f(2,9)] = (1 = 22) f,(x, )+ (3.37)

+ (1 =2y) fy(x,y) +2(1 —2) f2 (2, y) +y(1 —y) f2(x, ).
If f admits partial derivatives of second order continuous on [0,1] x [0, 1],
then the convergence given in (3.37) is uniform on [0, 1] x [0,1].
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(i) If f is continuous on [0,1] x [0,1], then

(WD) = Fo)] < o (=)o 339
for any (x,y) € [0,1] x [0,1], any natural number m, m > 3.
Application 3.3. We consider I = J = K = [0, 1]. For any m € N, let the functionals
A+ L1([0,1]) — R,

Amp(f) = (m+1) [ f(t)dt,

k
m+1

for any f € L1([0,1]), ¥ € {0,1,...,m}. In this case, we obtain the Kantorovich

operators.

‘We have

(T:;L,OKm) (I) =1,

(T;LJKm) = (1 - 2%),

2(m + 1)

m \2(1—z)*+2°+3ma(l —z)
(T8n) (@) = ()

meN, zel0,1],

m+1 3 ’
1—2x
BO(‘T) = 17 Bl(z) = 9 BQ(I) = .’,E(l - ‘T)7 WS [Oa l]a
3
ko=1and ky = 3 (see [12]).

Let m,n € N. The operator K,,, : L1(]0,1] x [0,1]) — C([0,1] x [0,1])
defined for any function f € Ly([0,1] x [0,1]) and any (x,y) € [0, 1] x [0, 1] by

(Kmnf)(z,y) = (3.39)
D)D) s @)pns () / £(t, s)dtds
k=05=0 .

is named the bivariate operator of Kantorovich type.
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Theorem 3.5. Let f:[0,1] x [0,1] — R be a bivariate function.
(2) If (z,y) € [0,1] x [0,1] and f admits partial derivatives of second order

continuous in a neighborhood of the point (x,vy), then

Jim o (Ko f)(2,9) = f(2,9)] = ! _22:6 fo(z,y)+ (3.40)
+ 1 —22?/ f;(x,y) + w oz, y) + @ f;lz(:c,y)

If f admits partial derivatives of second order continuous on [0,1] x [0,1], then the
convergence in (3.40) is uniform on [0,1] x [0, 1].

(#) If f is continuous on [0,1] x [0,1], then

‘(Km,mf)(mvy) - f(x,y)‘ S 4wtotal <f7 % ) jﬁ) 9 (341)

for any (z,y) € [0,1] x [0,1], any natural number m, m > 3.
Application 3.4. Let I = [0, u(*®], J = K = [0,1] (see (1.7)-(1.10)).
For any m € N, m > my, let the functionals A,, j : C([0, u(*?]) — R,

k+ «a
Am’k(f):f(m-i-ﬁ)’

for any f € C([0,u*?]), k € {0,1,...,m}. In this case, we obtain the Stancu
operators.

We have that

m(a — Bx)
m+ 5

9

(Tra P () =

2 1— _ 2
(T’;‘;L,QPT(na’ﬁ)) (z) = i (mml;)(zoz Fo) ], meN, m>my,

Bo(z) =1, Bi(z)=a—Fz, By(z)==z(l—=z), z€][0,1].

(T3, 2P ) (2)

There exists a natural number m(0) such that <

5
— 1= ko for any
natural number m, m > m(0), any z € [0,1] and ky =1 (see [13]).
103



OVIDIU T. POP

For the real numbers o1, as, 31, B2 with a1 > 0 and as > 0, my, ma, (@A)
and z(*2:%2) are defined through
max{1l, —[6;]}, if B; e R\Z

m; = : (3.42)
max{1,1—3;}, if B, €Z

max {1+ 3;,{8:i}}, if B; eR\Z

max{l + ﬁi; 1}, if ﬁz eZ
1, if a; <5
(ai,B:) —
PSS | (3.44)
1+ , ity > B
Vi

where ¢ € {1,2}.
Let the bivariate operators P,(n%"“(a‘*"?) : C([0, plorP] x [0, ploz:P2)]) —
C([0,1] x [0,1]) defined for any function f € C([0, u(*#1)] x [0, u(@2:52)]) by

AR k4+ar jHas
P(alvﬁl)(a21ﬁ2) x,y)= E E e ()P < , ) , 3.45
< m,n f)( y) kzojzop ,k( )p ) (y>f m+61 n+52 ( )

for any (z,y) € [0,1] x [0, 1] and any natural numbers m,n, m > m; and n > ma.
These operators are named the bivariate operators of Stancu type.
Theorem 3.6. Let f : [0, u(*80)] x [0, u(®2:52)] — R be a bivariate function.
(3) If (z,y) € [0,1] x [0,1] and f admits partial derivatives of second order

continuous in a neighborhood of the point (z,vy), then

Timm [P0 £) (w,9) — f(ay)] = (3.46)
= (o1 = fiz) fr(2,y) + (ag — Bay) f, (z, y)+
M) g gy + L o),

If f admits partial derivatives of second order continuous on [0,1] x [0,1], then the
convergence given in (3.46) is uniform on [0,1] x [0, 1].

(#) If f is continuous on [0,1] x [0,1], then

81 1 1
’(Pfsmof}ﬁﬁl)(azﬁﬂf> (l',y) - f(xay)’ S T6 Wtotal <f7 ﬁ ) m) ) (347)
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for any (z,y) € [0,1] x [0,1], any natural number m, m > m(0).
For the particular case from this applications (see [13]), we obtain the
Voronovskaja’s type theorem and approximation theorem for the bivariate operator

of Bernstein, Schurer and Schurer-Stancu.

Application 3.5. In this application, I = J = [0, 00) and for any m € N, we consider

k
. m €z .
() = <k>(1—|—x)m for any € [0,00), k& € {0,1,...,m}, the functionals
k
Ak Cp([0,00) = R, Ak (f)=f — g defined for any f€Cp([0,00)) and

ke{0,1,...,m}. We obtain the Bleimann, Butzer and Hahn operators.
We have

(T 0Lm) (x) =1,

where K = [0,b], b > 0 and m(0) = 24(1 + b) (see [14]).
Let m,n € N. The operator Ly, : Cg([0,00) x[0,00)) — Cp([0, 00) x[0, 00))

defined for any function f € Cg([0,00) x [0,00)) and any (z,y) € [0,00) x [0,00) by

(L f)(@,y) = (3.48)

N <1+m>"3<1+y>nii(7z> (?>f<m+ﬁk7n+ij>

k=0 j=0

is named the bivariate operator of Bleimann-Butzer-Hahn type.
Theorem 3.7. Let f:[0,00) x [0,00) — R be a bivariate function.
(2) If (z,y) € [0,00) x [0,00) and f admits partial derivatives of second order

continuous in a neighborhood of the point (z,vy), then

7r}£noom [(Lm,mf)(x’ y) - f(.’L', y)] = (349)
= MR gy 4+ LD )
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(i) If f is continuous on [0,00) x [0,00) and b > 0, then

|(Lm,mf)(xv y) - f(l‘, y)‘ < (3'50)

< [1+8b(1+b)% + 16b*(1 + b)*] wiota (f; % , %) ,

for any (z,y) € [0,b], any natural number m, m > 24(1 + b).

Remark 3.1. From the Theorem 3.2 - 3.7, for (ii) results the uniform convergence

of the bivariate operators.
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