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SOME RESULTS ON TRANSFORMATIONS GROUPS
OF N-LINEAR CONNECTIONS IN THE 2-TANGENT BUNDLE

GHEORGHE ATANASIU AND MONICA PURCARU

Abstract. In the present paper we study the transformations for the co-
efficients of an N-linear connection (definition 1.1) on the tangent bundle
of order two, T?M, by a transformation of a nonlinear connection in T2 M.
We prove that the set 7 of these transformations together with compo-
sition of mappings isn’t a group. But we give some groups of 7, which
keep invariant a part of components of the local coefficients of an N-linear
connection. We also determine the transformation laws of the torsion and
curvature tensor fields, with respect to the transformations of the group
In CT.

1. The N-and JN-linear connections on tangent bundle of order two

Let M be a real C°°-manifold with n dimensions and (T2?M,m, M) its 2-
tangent bundle, [1]. The local coordinates on 3n-dimensional manifold T?M are
denoted by (z?, y(M?, y?) = (z,yM, yP) = u, (i =1,2,..n).

Let (%, %, %) be the natural basis of the tangent space TT?M at
the point v € T?M and let us consider the natural 2-tangent structure on T2M,

J: x(T?*M) — x(T?M) given by

0 7] 7] 0 0
/ <6$1) - Oy’ d (ay(l)i> - ay(z)w‘] (ay@)i) =0. (1.1)

We denote with N a nonlinear connection on 72M with the local coefficients

(N%,NY) (6,5 =1,2,...,n), [7], [§].
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Hence, the tangent space of T2M in the point w € T?M is given by the direct

sum of the linear vector spaces:
T,T>M = No(u) ® Ni(u) ® Va(u), Yu € T>M. (1.2)

An adapted basis to the direct decomposition (1.2) is given by

1) 1) 1)
{M(sy(l)(Sy(Q)} (1.3)
where:
) o) j 0 j O
s = o — Zyjiiay(m —Timv

o) _ 9 j_ 9

syMi — 9y - ]Yiay(z)jy (14)
) _ lé]

Sy(@i T Pyt

Let us consider the dual basis of (1.3):
{da', oy ™", 6y}, (15)

where
Szt = da?,
Vi _ g,(1)i i 70d
2)i _ 3.(2)i i 7,.(1)j i j j
Sy = dy@i +]Yzjdy( )iy (];[j _~_]\17szlmj)de.

Definition 1.1. (/1/-[3]) A linear connection D on T?>M, D : x(T*M) x
X(T?M) — x(T?M) is called an N-linear connection on T?M if it preserves by par-
allelism the horizontal and vertical distributions Ny, N1 and Vo on T?M.

An N-linear connection D on T2M is characterized by its coefficients in the

adapted basis (1.3) in the form:

D s %: L'L ) D ) — Ll]k ) D 9 — L’L]k 9

Sk jk dxi> é%k Sy(Di Sy(Dis a%k Dy @7 Eers
(00) (10) (20)
o __ i [ [ _ 4 6 0 _ % 0
by 507 = Clik o D wymr = O gyon D gyem = Ck gy
sy(D (o1) sy(1) 1) ) (215
6 _ ) 8 6 _ i 1) o __ % a
Gy 07 Jk W’D 9 sy(Mi Cjk §y(1)mD 9 y@i Cjk By
ay(2) 2y(2) EWE)
(02) (12) (22)
(1.7)
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The system of nine functions

DF(N) = (Lijkv Lijka Lijk» Cijkv Cijkv Cijka Cijk? Cijkv Cijk )a (1-8)
00) (10) (200 (01) (1) (21) (02) (12) (22)
are called the coefficients of the N-linear connection D.
Generally, an N-linear connection DT'(N) on T?M is not compatible with

the natural 2-tangent structure J given by (1.1).

Definition 1.2. An N-linear connection D on T?M is called JN -linear

connection if it is absolute parallel with respect to D:

DxJ =0, VX € x(T?M). (1.9)

Theorem 1.1. (Gh. Atanasiu, [1]) A JN-linear connection on T?M is
characterized by the coefficients JDT'(N) given by (1.8), where

(00) (10) (20)

Cijk = Cijk = Cijk (= Cijk)? (1.10)
(01) (11) (21) 1

Cijk = Cijk = Cijk (: Cijk)'

(02) (12) (22) (2)

It results that a JDT'(N)- linear connection on T?M has three essentially

coefficients:
JDL(N) = (L';,, C"1., C'1 ). (1.11)
1 @
Obvious, the geometrical theory on 2-tangent bundle (72M, m, M) with the
N- linear connection [1]-[3], [15], generalize on that with the JN-linear connection

(cf.with R. Miron and Gh. Atanasiu [5]-[8]; see, also M. Purcaru [12], [13]).

In the following we use the N-linear connections, only.
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2. The set of transformations of N-linear connections

Let DI'(N) be an N-linear connection on T2M with the coefficients given
by (1.8). If N is another nonlinear connection on T2?M with the coefficients

(Nij, J\_/'ij), (i,7 = 1,2,...,n), then there exists the uniquely determined tensor fields
172

A';, e 7 (T*M) such that:

B
N =N - A, (B=1,2). (2.1)
B B B
Conversely, if N%;and A’;, are fixed, then N%;, (6 = 1,2), given by (2.1) is a
B B B

nonlinear connection.
Let us suppose that the mapping N — N is given by (2.1) and we denote:
5:37]\7]-‘87]{7]:8 5:87]\7]-43 5:8
Sz 0z ) toyi L iy @i gy 9y ) igy@i’ 5y | gy

Tt follows first of all that the transformations (2.1) preserve the coeflicients

C’ijk (a=0,1,2).
(a2)
Taking in account the fact that:
b5 0 ; 0 ; 0 5 6 ; 0 5 6
b~ an T iggi T iggan symi T sy T i@ gy sy
it follows:
5 ) .9 P
Do 5y = P gy = (f(’])jk Oy @i~ et AL g ot A 5 ) 9y @7 T
0 0
! 1 _
5% gy @i T APt N7 ) oy @ | D o y@i
. 0 ) 0 . 0 . 0
(20)J ay(2)z 1 (21)J ay(Q)z 159 (22)J ay(Z)'L 5 (22)3 ay(2)z
= (LY +A% CYy + AYNT O, + AL CY ) 5@
(20) 1 (21) 11 (29) 2 (229 Y
5 ) 9 P
éy%kéy(?)j - D(sy(il)k Oy(i - (21)jk Oy(2)i o D(W‘F’?Lkﬁ)ay@)j B
9 9 9
= _— ! _— L — l v =
= Dot gy@r TPt gy @ (i)” 5y k(zc;)” Oy



SOME RESULTS ON TRANSFORMATIONS GROUPS OF N-LINEAR CONNECTIONS

]
By @i

=(Ch, + A C)
(1 )

Therefore the change we are looking for is:

(a0) (a0) 1 (al) 11 (a2 2 (a2)

Cly, = Ol + AL O (2.2)
(al) (al) I (a2)

Ch = O, (@=0,1,2).

(2) (a2)

So, we have proved:
Proposition 2.1. The transformation (2.1) of nonlinear connections imply
the transformations (2.2) for the coefficients DT'(N) of the N-linear connection D.

Theorem 2.1. Let N and N be two nonlinear connections, with the coeffi-

cients (N, N%,), (N*;, N%,)-respectively. If
17 2 172

DF(N) = (Lijkv Lijkv Lijk? Oijkv Cijk’ Oijkv Cijk’ Oijkv Cijk )
(00) (10) (20) (01) (11) (21) (02) (12) (22)

and

DF(N) = (Eijkv Lijkv Eijk? éijkv C’ijk’ éijkv C’ijk’ éijkv C’ijk )
(00) (10) (20) (01) (11) (21) (02) (12) (22)
are two N-, respectively N-linear connections on the differentiable manifold T?>M,

then there exists only one system of tensor fields

(Aiijijﬁ ijkv Bijkv Bijkv Dijkv Dijkv Dijka Dijkv Dijka Dijk )7
1 2 (00) (10) (20) (01) (11) (21) (02) (12) (22)

such that:
Ni, = Ni; — Ai,
B B B
Ly, = L'y, +AY O +ALNT CY + A O = By
(a0) (a0) 1 (a1) 1 (a2) 2 (a2) (a0) (2.3)
C"'jk = Cijk +Alk C"ﬂ — Dijk,
(al) (al) L (a2) (al)
Cijk = Cijk — Dijk ,(a=0,1,2; =1,2).
(a2) (a2) (a2)
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Proof. The first equality (2.3) determines uniquely the tensor fields Aij, (8 =1,2).

B
Since C’ijk, Cijk, Cijk, C’ijk,Cijk and C’ijk are tensor fields, the second equation
(01) (11) (21) (02) (12)  (22) »
(2.3) determines uniquely the tensor fields B’ , B';;, and B'j;, . Similarly the third
(00) (10) (20)

and the fourth equation (2.3) determine the tensor fields Dijk , Dijk, Dijk and
_ (01)  (11)  (21)
D', D'y, D'y, respectively.
(02)  (12)  (22)
Conversely, we have
Theorem 2.2. If
DI(N) = (Lijlw Lijkv Lijlﬁ Cijka Cijkv Cijka Cijka Cijka Oijk )
(00) (10) (20) (01) (11) (21) (02) (12) (22)
are local coefficients of an N-linear connection D and
(A1J7A’L]’ ijk’ Bijk7 Bijka Dijk’ Dijk, Dijk’ Dijk, Dijk’ DZJk)
17 27 (00) (10) (20) (01) (11) (21) (02) (12) (22)
s a system of tensor fields, then:
DF(N) = (I’ijk’ Eijlc’ I’ijk’ Cijkv C_’ijlw Cijkv C_’ijlw _ijkv éijk )
(00) (10) (20) (01) (11) (21) (02) (12) (22)
given by (2.3) are local coefficients of an N-linear connections D.
The system of tensor fields
(Aij7Aiju ijkn Bijka Bijk? Dijku Dijlw Dijk:? Dijka ijlw Dijk )
12 (00) (100 (20) (01) (11 (21) (02) (12) (22)
are called the difference tensor fields of DT'(N) to DT(N) and the mapping DT'(N)
— DT(N) given by (2.3) is called the transformation of N-linear connection to
N-linear connection, and it is noted by:
t(AZJa Aij7 7:jkv Bijk:a Bijka ijkn ijk? Dijlw Dijkn Dijka Dzjk} )
L2 (00) (100 (20) (01) (11) (21) (02) (12) (22)
Theorem 2.3. The set T of the transformations of N-linear connections to
N- linear connections, together with the composition of mappings isn’t a group.
Proof. Let

t(Aij,Aij, ijk, Bijk,Bijk,Dijk,Dijk,Dijk,Dijk, ijk, Dijk):DF(N)HDf(N)
12 (00) (10) (20) (01) (11) (21) (02) (12) (22)
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and

t(Aij;Aiy 7ijka Bijkv Bijkv Dijkv Dijkv Dijka Dijk? 7ijk7 Dijk ) : DT(N) — DIT(N)
L2 (00) (10) (200 (01) (1) (21 (02) (12) (22)

be two transformations from 7, given by (2.3).

From (2.3) we have:

NG = Ny — (A + 45), (5= 1,2).

)

B B B B
‘We obtain:
Eijk = Lijk + 0% (Al + Al + C7, NTHAL, + AL+
(a0) (a0) (al) 1 1 (a2) 1 1 1
+ Oy (AL 4 AL+ (CE 4 D AT AL -
(a2) 2 2 (a2) (@2) 1 1
(al) 1 (a2) 1 1 (a2) (1) 1 (2 4)
+ DYy Ay —( By + B ),
(2) (2) (a0) (a0)
C‘«z‘jk = Cijk + Cijl (Alk+Alk)_( Dijl Alk"’ Dijk + Dijk )’
(al) (al) (a2) 1 1 (a2) 1 (al) (al)
e = CL — (DU + DY), (a=0,1,2).
(a2) (a2) (a2) (a2)

So iijk ,(a=0,1,2) hasn’t the form (2.3). Result that the mapping of two
(a0)
transformations from 7 , isn’t a transformation from 7 , so 7 , together with the

composition of mappings isn’t a group.

Remark 2.1. If we consider A°; = 0, (8 = 1,2), in (2.3) we obtain the set

B
Ty of transformations of N-linear connections, having the same nonlinear connection

N:
Tn = {t(0,0, By, B, By, D'y, D'y, D'y, DYy, DYy, DYy ) € T
(00) (10) (20) (01) (11) (21) (02) (12) (22)
We have:
Theorem 2.4. The set Ty of the transformations of N-linear connections
to N-linear connections, together with the composition of mappings is a group. This

group, Tn , acts effectively and transitivelly on the set of N-linear connections.



GHEORGHE ATANASIU AND MONICA PURCARU

Proof. Let

t(0,0, By, By, B'j, D'y, D'y, D1, D'y, DYy, DYy ) : DD(N) — DT(N)
(00) (10) (20) (01) (11) (21) (02) (12) (22)

be a transformation from 7y given by (2.5):

N =N,

B8 B

Lljk = szk - szk?
(a0) («0) («0)

_ , . (2.5)
Cy = Cp — DYy

(al) (al) (al)

Ci, = Ci — D (a=01,2 8=1,2).

(a2) (2) (a2)

The composition of two transformations from 7 is a transformation from
Ty, given by:

t(0707 Bijk? Bijkv _ijk’ _ijkv _ijk’DijkaDijkv _ijlc’ Dijlc)
(00) (10) (20) (01) (11) (21) (02) (12) (22)

ot (0,0, Bijkv ijkv Bijkv Dijka Dijkv Dijkv Dijkv Dijk» Dijk )
(00) (10) (20) (01) (11) (21) (02) (12) (22)

=1(0,0, BY), + B}, B, + B'j., By + By, D'y + D'y, DY + DYy,
(00) (00) (10) (10) (20) (20) (01) (01) (11) (11)

Dijk + Dijkv Dijk + Dijkv Dijk + Dijkv Dijk + Dijk )-
(21) (21)  (02) 02) (12) (12)  (22) (22)

The inverse of a transformation from 7y is the transformation:

t(0,0, — ijkv - Bijka - Bijka - Dijkv - Dijkv - Dijkv - Dijkv - Dij]w - Dijk ) :
(00) (10) (20) (01) (11) (21) (02) (12) (22)

DI'(N) — DT(N).
The transformation (2.5) preserves all the N-linear connections D if
By = D' =0,(a=0,1,2).
(a0) (0)
Therefore 7y acts effectively on the set of N-linear connections. From the Theorem

2.1. results that 7y acts transitively on this set. [

10
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Let us consider:

TNL :{t(07070a0507 D7Jk7 ZJ]tzJ]ﬁD?]k? ij]w D,ij) ETN}v
(01) (11) (21) (02) (12) (22)

TNC :{t(0707 Bijk) Z-jlm ijk;aoaoaoa Dijk) ij]m Dlj]g) 6,]ﬂ]\/'}7
@ (00)  (10)  (20) (02) (12) (22)

Inc = {t(0,0, Bijk’ ijka ijka Zljka ijka ijkaoaoao) € TN}a
) (00) (10) (20) (01) (11) (21)

TN(%(% = {t(0,0, B}, B}, B'4,0,0,0,0,0,0) € Ty}.
(00) (10) (20)
Proposition 2.2. 7y, TN(fv , TN%v and TNcl; ¢ are abelian subgroups of Ty .
Proposition 2.3. The grm(ﬁ)) TN (];reserves(t;z(e> nonlinear connection N; Ty,
preserves the nonlinear connection N and the components (0{6)’ (@ = 0,1,2) of the
local coefficients DT'(N); Ty o preserves the nonlinear connection N and the com-
ponents Cl' ,(a=0,1,2) 0](‘ the local coefficients DF(N);’TN(; preserves the non-
linear co(;n)ection N and the components C; ,(a=0,1,2) 0} )the local coefficients
DT(N) and TN(%(% preserves the nonline((zj" )cmmection N and the components QCI'

and (CQ’), (a=0,1,2) of the local coefficients DT'(N).

3. The transformations of the d-tensors of torsion and curvature in 7y

In the following, we shall study the Abelian group 7. Its elements are the
transformations ¢ : DT'(N) — DT(N) given by

Ni = Ni,

B B

Lljk = Lljk - Bljk7
(a0) (0) (0)

éijk = Cijk - Dijk )

(al) (al) (al)

C'ijk = C’ijk - D'y ,(a=0,1,2; B=1,2).
(a2) (a2) (a2)

Firstly, we shall study the transformations of the d-tensors of torsion of
DT(N) (see, (7.2) and (7.5), [1]). We obtain:

11
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Proposition 3.1. The transformations of the Abelian group Ty, given by

(8.1) lead to the transformations of the d-tensors of torsion in the following way:

Ry = Ry, (3.2)
(08) (08)
T =T, +( By — By ), (3.3)
©" () (@0) ~ (a0)
S;‘k = S;‘k +( Dikj - Dijk )s (3.4)
@ ® @3 (ap)
Q_ijk = Qijk - Dijk: (3.5)
(21) (21) (12
y ;k =Q ;‘k + Dikj ) (3.6)
(22) (22) (al)
S = Sk (3.7)
(12) (12)
p;k = Pijk + Bikj ; (3.8)
B8 B (a0)
Pl = P — D'y (3.9)
(80) B0y (08)
Py = Py, (3.10)
(12) (12)
Pl = Py, (a=0,1,2; B=1,2). (3.11)
(21) (21)

Now, we shall study the transformations of the d-tensors of curvature of
DT'(N) (see, (7.11),[1]). We get:
Proposition 3.2. The transformations of the Abelian group Ty, given by

(8.1) lead to the transformations of the d-tensors of curvature in the following way:

Rhijk- = Rhijk — DY, R — DY, Ry — B, T % + (3.12)
(0c) (0c) (al)  (01) (a2)  (02) (a0)  (0)

+A;{— Bihj\ak + B%; By},

(a0) (a0) (a0)
_ . . . &3 . .
P = Pph%% — D% P% — D'y P — BYy C% + (3.13)
(1a) (1) (al)  (11) (a2)  (12) (@0)  (al)

12
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. @) ) )
+ L% D'hy — B | ok TD"%kjaj + By D' —
(a0) (al) (a0) (al) (a0) (ol)
— D% Bisj + C's B%; — DY, ki o
(al)  (a0) (al)  (a0) (al)  (a0)

_ . . . . o3 .
1 — 1 1 S 1 S 1 S
Pyh= Pph — D'y Py, — D' P55 — BYy C% +

(2a) (2a) (al)  (21) (a2)  (22) (a0)  (a2)
S 7 7 (2) 7 s 7
+ L% D'hy — B | ok TD"%kjaj + By D' —
(a0) (a2) (a0) (a2) (a0) (a2)
— D%, Bisj + Chs i DY, i
(a2)  (a0) (a2)  (a0) (a2)  (a0)
A 1 i S i S i i @)
Qu'j= Qur's — C% D'hs + C% DYy — D'y | o +
(2a) (2a) (a2) (al) (a1) (a2) (al)
i M s i s 7 7 S
+ D% | o + D% D'sy — D%y D'y — D'y Py
(a2) (al) (a2) (@2)  (a1) (a2)  (21)

. ) ) @ - ®
Spik = Su — D'ns 8%k YAu{— D% | an +

(Ba) (Ba) (aB)  (B) (aB)
+ Dshj Disk }_ Dihs stk ’ (a:07172§ 52172)7
(ap) (aB) (a2)  (B2)

where A;j denotes the alternate summation.

We shall consider the tensor fields:

1 _ 7 7 S 7 s
Khjk: - Rh_jk: - Chs R]k - Chs Rjka

(0cx) (0a) (al)  (01) (a2)  (02)
6st (5N”;-
P Y :Ak{P p 707“5 : 7CZs(qun ! +
(1a;l " ! (la;l " (al)h 5y(1)k (a2)h 1 5y(1)k
NG AN
5,08 ~ gy b
8N5j 8N7’} 8Nf"j
Pule =A { Prle = Cho s = Chs (Wi ++5550)h
oyl e @ YR (@) ey @R T gy
8N5j
Q hi'k = Ajk { Q hi'k + Cihs ;}7
(2a) ! (2a) ’ (a2) 5y(2)k
S hijk = Shijk - Oihs stk ,(Oé = 05172; ﬂ = 172)
(Ba) (Ba) (a2)  (82)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
(3.21)

13
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Proposition 3.3. By a transformation of the Abelian group Ty, given

by (3.1), the tensor fields: K ', Prlin 5 Prlu s Quh and S5, (a =
(0ar) (1a) (20) (22) (Ba)
0,1,2; 8 =1,2) are transformed according to the following laws:

K hijk =K hijk - BY T S A {— Bihj\ak + B%; By 1, (3.22)

(0c) (0c) (a0)  (0) (a0) (a0)  (a0)
= i i X s i S s ;@
Pyl =Py —2D% T% — B 8% + A {— B% | ax — (3.23)
(Ba) (Ba) (@B) (0 (@0)  (B) (a0)

—D'yjjax + B%; D'yy + D%; B’y + D', B — C' B}

(aB) (a0) (aB) (ap) (a0) (aB)  (a0) (aB)  (a0)
Q hijk =Q hijk + S %y DY, — S "ik DY, (3.24)

(20) (20) (2 (al) 1 (a2)

)] Y] . )
A { D" | ar TDW | oy ++ D% D'y — D%y D 1,
(al) (a2) (al) (a2) (@2)  (al)

. ) . a R (C)) )
Sp'k = Sy — D' 8% v A {= D'y | op + D% D'y}, (3.25)
(Ba) (Ba) (aB) () (aB) (aB)  (aB)

(«=0,1,2; =1,2).

The transformations for the coeflicients of an N-linear connection on the
tangent bundle of order two, T2M, by a transformation of a nonlinear connection
in T?2M, together with the transformation laws of the torsion and curvature tensor
fields, with respect to the transformations of the group 7, given in the present paper
are necessary for the study of a important subgroup of the group 7n: the group of
transformations of the metric semi-symmetric N-linear connections in T2M, n’}sN.

This study is in our attention.
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