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LOGARITHMIC MODIFICATION
OF THE JACOBI WEIGHT FUNCTION

GRADIMIR V. MILOVANOVIC¢ AND ALEKSANDAR S. CVETKOVIC

Dedicated to Professor D. D. Stancu on his 80" birthday

Abstract. In this paper we are interested in a logarithmic modification of
the Jacobi weight function, i.e., we study the following moment functional
£8P (p) = filp(x)(l —2)*(1+ )" log(1 — x?) dz, p € P, where o, f > —1
and P is the space of all algebraic polynomials. We give the recurrence
relations for the modified moments pur = £a’ﬁ(qk), k € Np, in the cases
when ¢y, is a sequence of monic Chebyshev polynomials of the first and sec-
ond kind. In particular, when a = 8 = £ — 1/2, £ € Ny, we derive explicit
formulae for the modified moments. As an application of these modified
moments, the numerical construction of coefficients in the three-term re-
currence relation for polynomials orthogonal with respect the functional

£ and the corresponding Gaussian quadratures are presented.

1. Introduction

We consider the moment functional
1
L8 (p) = / p(z)(1 —2)*(1 +x)?log(1 — 2?) dz, o, 3> —1, (1.1)
-1
on the space of all algebraic polynomials P. In (1.1) we recognize the Jacobi weight
function w®?(z) = (1 — z)*(1 + z)?. Recently, in [1], there appeared an interest in
a construction of numerical methods for integration of an integral which appears in

the moment functional £+1/2:£1/2,
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In this paper we give a stable numerical procedure which can be used for
the construction of polynomials orthogonal with respect to the moment functional
L8 as well as a stable numerical method for the corresponding quadrature rules for
computing the mentioned integrals (Section 3).

These procedures are enabled by finding the recurrence relations for modified
moments £*?(qy), k € Ny, with respect to the polynomial sequences g, = T} and
qx = Uk, where Ty, and Uy are the monic Chebyshev polynomials of the first and
second kind, respectively (Section 2). In the case when a = 8 = ¢ —1/2, £ € N,
we derive explicit formulae for these modified moments. The procedure for finding

modified moments are loosely connected with an earlier work of Piessens (see [8]).

2. Modified moments

First we introduce the modified moments of the Jacobi weight function with
respect to the monic Chebyshev polynomials T}, and U,, n € Ny, of the first and the
second kind, respectively. We use the following notation

1
meP = / 1 w*P (2) T, (2) dx (2.2)

and
1
etf = / w*P (2)U, (z) d. (2.3)
~1
We have the following lemma.

Lemma 2.1. Modified moments of the Jacobi weight, given in (2.2) and (2.3), satisfy

the following recurrence relations

«B 08—« o,B 1n—a—ﬁ—21 5 o8
= ——m;’ - n— , eN,
mn—i—l n+a+ﬁ+2mn 4’!’L+C¥+ﬁ+2( + 170)mn—1 n
and
ap __ B—a 5 1 nm—a—-fF .54
= ¢ - , e N.
T et G127 dntatfr2v "
In both cases initial conditions are the same
meP = ea’ﬁ—QaH}HB(l—i-oz 1+0)
0 = € = ) )
aB . aB _ gatp+l p—a
m = e =2 ——— Bl +a,1+4+0).
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Proof. We are going to need the following identity (see [2, p. 142])

k(1 + dk-1,0)

(1= 2*)Tj(x) = —kTpa (z) + 1

kal(x), keN,

satisfied by the monic Chebyshev polynomials of the first kind. Here, dy ., is the
Kronecker’s delta. Integrating this identity with respect to the Jacobi weight, and
using an integration by parts, we have

N k(1 + 0 N 1
_kmkfl + ( 4]C I’O)mkfl :/1(1_5”2)1”&’6(33)1112(%)6@

- - / (—o(at B+2)+f — a)u™P(@)Ty(x)dz

-1

o o 1""_5167 S o
—(B - a)mk’ﬁ +(a+8+2) <mkf1 + 410mk’—ﬁ1> )

where we used the three-term recurrence relation for the monic Chebyshev polyno-
mials of the first kind

1+ 6k—1,0

Tietr(2) = 2Ti(2) — ——

Tk_l(.’li).

Similarly, for the monic Chebyshev polynomials of the second kind we have

the following identity (see [2, p. 144])

k42
(1= 2?)Ul(2) = —kUpsr (2) + I Up1(z), keN.

Integrating this identity with respect to the Jacobi weight we get

o k41 4 !
fkekfl + 0 ek’_ﬁl:/l(lfxz)wa”g(z)Ulg(x)dx

= —/ (—z(a+ B +2)+ 6 — a)w*?(2)Uy(z)dz

-1

1
—(8 - a)eg’g +(a+8+2) <€Zf1 + 4@2"[31) ,
where we used the three-term recurrence relation for the monic Chebyshev polyno-
mials of the second kind
1

Unt1(7) = 2Up () — 1 n—1(z).

Regarding the initial conditions, mg’ﬁ and m‘f"ﬂ are first two moments of the

Jacobi weight function. O
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Now, for the functional £%# given by (1.1), we introduce the modified mo-

ments with respect to the monic Chebyshev polynomials in the following forms

1
plh = / w*P(x)log(1 — 2*)T,,(x)dx, n € N, (2.4)

-1

and

1
0 = [ @) log(1 - U (@)do, n € N (2.5)

—1

where T,, and U,, n € N, are sequences of the monic Chebyshev polynomials of the

first and second kind, respectively.

Theorem 2.1. The sequences of the modified moments u&* and n®%, n € N, satisfy

the following recurrence relations

a,3 B—Oé 1+5n71,0n_a_5_2 a,B

B _ a,B
Hnt1 ntatpftehn * 1 ntatptzint
2 14 6,
o, n—1,0  «,B

S — i M T 2.6

n+a+6+2(m"+l+ 4 m"—1>’ (2:6)
@ 5705 [e% 2 @
ph = B B

at 8+2M atB+2

and

o8 00—« o In—a—-pg-2 o8
77n4’~1 = M’ n Mn—1
n+a+0+2 dn+a+pF+2
2
a,B a,
- 2.7
n+a+6+2<€"+1+4e”—1)’ (27)
@ ﬂfa [e% 2 @
nof = s 8
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Proof. Using the same identities as in the proof of Lemma 2.1, we have

N k(1 + 65— N ! N
chpfy o+ M= [ ) gt - )Ty da

1
= — [1[—x(a +08+2)+ 06— a]wa,ﬂ(z) log(1 — $2)Tk(x) dr

+2/ w*P (2)xTy(x) d

-1
« 1 + 6k—1,0 [e% @
= (s 2) (it ) < -

1+ 6k
o, k—1,0 «o,3
+2 <mk+1 + 1 mkl) .

Similarly, for the monic Chebyshev polynomials of the second kind we have

o k+2 ! o
—knP o SE 2 —/ (1 — 22)w™?(z) log(1 — 22U, () dz

ko1 =
4 1

_ / 2o+ B+2) + 8 — a]u®? (@) log(1 — 22)Us(x) dz

-1

1
+2/ w*P (x)2Uy, (x) da
-1

(% 1 « (o] «, 1 [o'N
= (a+8+2) <’7k:1ﬁ + 477;3’—&1) —(B—amp? +2 <€l~cf1 + 461@—[}1> )

which gives (2.7).

have

For the first moment and the Chebyshev polynomials of the first kind, we

(B )i’ — (a+B+2us” = / (B — o — (o + B+ 2))w? (z) log(1 — 2*)da

—1
1 1
= / (WL (2)) log(1 — 2?)dax = 2/ w*? (z)zdr = 2mSP
-1 Lo

-1

and the proof transfers verbatim to the case of the Chebyshev polynomials of the

second kind. [
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Especially for « = 8 = —1/2, it was shown (see [1], [3]) that

—2mlog2, n=0,

i Ty (x)dx = - o (2.8)

S on—1p’

Actually, the explicit expressions can be given in the case « = §=¢—1/2, ¢ € Ny.

u71/2,71/2 _ ' log(1 — z*)

Theorem 2.2. Ifa=03=/¢—-1/2, £ € Ny, then

gl-n-2¢ [ 20\ [ 1+ dn o
ez o _1)tk 1 020-k)4n0 —1/2.-1/2
Hn 1+ 6n0 LZ( D) (k)( ol—2(—k)—n H2(t—k)+n
KON [

1+ 02(e-k)-nl,0 ~1/2,-172 20\ 14600 1731/
o1—12(t—k)—n| H2(t~k)—n]| ¢ ) 9in Hn )

and if £ € N we have

-1
0—1/2,0—-1/2 _ 1 _1)£+k—1 201 1L+ Ojn—2(6—k)+2],0 —1/2,-1/2
n = gnt2i—1 k ol—In—2(t—k)+2| Hln—2(e~k)+2|

L+ 0nt20-k),0 —1/2,-1/2
T Tot-n—20t-k) Hnt20-k)

forn € Ny.

Proof. In order to prove these formulas we interpret the equation (2.8) into

the following form

1 s
—1/2,-1/2 - 2(—1/2)+1 . .
e /2,=1/ 2”2(15n,())/0 sin?("1/2+1 g log sin ¢ cos ng do

1 s
= — log sin ¢ cos ng do,
27=2(1 + b,0) /0 gsin g cosng g
which can be obtained from the previous using the substitution z = cos ¢. With the

same substitution, we get

22777, ™
/24172 / sin?“" /2% g log sin ¢ cos ng d¢p
1+ 0n0 Jo
92-n 1 1 el 2n 2n
= = | logsi 9 | 2.2 !
o /71 ogsmd)coanﬁQ% ,;) <k>COSV¢+<n> ¢
‘—
g [ Lt 8imo 12
1+ 000 k:(, g e
1400 —1/2-1/2 N 20\1+40n0 _1/2-1/2
21—|v—n| [v—n| Y4 21—n Hn ’
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and also

1 ™
(=1/2,6-1/2 o1 / sin?(“=1/2) glogsin ¢ sin(n + 1)¢ do
0

-1

> (P sing - 1)4 s

J4
k=0

1 T
= m/ logsin¢sin(n+ 1)(]5
0

-1
1 erh—1(20—1 1+ djn—v+21,0 —1/2,-1/2
= on-+20—1 Z(_l) k 1—|n—v+2] Pin—v2|
k=0

14+ 0ntv0 —1/2,-1/2
~ imnmy My )

where v = 2(¢ — k). In the previous derivations we used identities

sin(n + 1)¢

2" (1 4 8,,0) T (cos ¢) = cosng,  2"Up(cos ¢) = sin ¢

, neNy

(see [2, pp. 140-145]). O

3. Numerical construction

The monic polynomials 7 (x), k € Ny, orthogonal with respect to the func-

tional £*# given by (1.1), satisfy the three-term recurrence relation

mer1(x) = (2 —ap)mr(z) — Breme—1(z), k=0,1,..., (3.9)

molx) = 1, 7w_1(z)=0,

with ap € R and By > 0. Let ux = £L%8(2%), k € Ny, be the corresponding moments.
The first 2n moments pug, f41,-- ., 2n—1 uniquely determine the first n recurrence
coefficients oy, = a3, (LY?) and By = Be(L>P), k =0,1,...,n — 1, in (3.9). However,

the corresponding map

(o p1 po - pan—1) — [ao Bo a1 B« ap—1 Bn-1]”

is severely ill-conditioned when n is large. Namely, this map is very sensitive with
respect to small perturbations in moment information (the first 2n moments). An
analysis of such maps in details can be found in the recent book of Gautschi [4,

Chapter 2].
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For the numerical construction of the coefficients o and [y in (3.9), for
k < n—1, we use the modified Chebyshev algorithm (see [6], [2, pp. 112-115], [4, pp. 76-
78]). In fact, it is a generalization from ordinary to modified moments of an algorithm
due to Chebyshev. Thus, instead of ordinary moments uy, k =0,1,...,2n—1, we use
the so-called modified moments My = L*P(qy), where {qi(z)}ren, (degqr(z) = k)
is a given system of polynomials chosen to be close in some sense to the desired

orthogonal polynomials {7 }ren,. Then, the corresponding map
[Mo My My ... Map_1]" g Bo o1 Br .. a1 Bua]”,

can become remarkably well-conditioned, especially for measures supported on a finite
interval as is our case.
We suppose that the polynomials ¢ are also monic and satisfy a three-term

recurrence relation
Ger1(x) = (* — ag)qr(v) — brqr—1(x), k=0,1,...,

where ¢_1(z) = 0 and go(z) = 1, with given coefficients a,, € R and b, > 0. In the
case ap = by = 0, we have the monomials qx(z) = 2*, and m;, reduce to the ordinary
moments py (k € Np).

Following Gautschi [4, pp. 76-78], we introduce the “mixed moments”
opi = L (mp(x)qi(x)), ki > —1. (3.10)

Here, 09; = M;, o_1,; = 0 and, because of orthogonality, o ; = 0 for k > 4. Also, we
take 00,0 = MO = 50.
Starting with

My
= e =
ag = ag + My’ Bo = Mo,

the mixed moments (3.10) and the recursive coefficients oy, and §j can be generated,

fork=1,...,n—1, by

Okyi = Ok—1,i+1 — (Qh—1 — ;) 0k—1,; — Be—10k—2, + biok—1,i—1, i =k,....,2n—k—1,
and
Ok, k+1 Ok—1,k Ok.k
ap = ay + - y P =
Ok ke Ok—1,k—1 Ok—1,k—1
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Using Theorem 2.1 and Lemma 2.1, we calculate the modified moments of
the functionals £*?. Using an implementation of the modified Chebyshev algorithm
given in [7] we can construct the three-term recurrence coeflicients of the monic poly-
nomials 7, orthogonal with respect to £*7. In Table 3.1 we present the coefficients
By, for k < 39 for polynomials orthogonal with respect the functionals £=1/%71/2 (sec-
ond column) and £'/21/2 (third column). Numbers in parenthesis indicate decimal
exponents. Note that ap = 0, k € Ny, due to the symmetry of the weights. Also,
we give the coefficients ay and S, k < 39 (columns four and five in the same table),
for polynomials orthogonal with respect to the linear functional £'/%~/2. For the
computation of the integral 1 # which is needed to start the computation according
to recurrence relations given in Theorem 2.1, we refer to [5].

We report that computations are completely numerically stable, i.e., using
this algorithm the precision of results are practically the same as the precision of the
input data.

Finally, we are in the position to give an example. We consider the compu-

tation of the integral

1
1—=x 4
I = —1 1—23d 11
[1\/1+x1+4$2 og(1 - 22) dx (3.11)

= —4.15464458276047008962153413668307918164 . .. .

The construction of Gaussian quadrature rules for the linear functional £/2~1/2 can
be performed numerically stable using @-algorithm (see [9]) with three-term recur-
rence coefficients given in Table 3.1. Table 3.2 holds relative errors of the application
of Gaussian quadrature rules with 10, 20, 30 and 40 points, as we inspect the conver-

gence is evident.

n 10 20 30 40

rel. err. | 1(—=5) | 5(—10) | 3(—14) | m.p.
TABLE 3.2. Relative error in the computation of the integral (3.11),

using Gaussian quadrature rules with n nodes
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