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MEAN CONVERGENCE OF FOURIER SUMS
ON UNBOUNDED INTERVALS

G. MASTROIANNI AND D. OCCORSIO

Dedicated to Professor D. D. Stancu on his 80" birthday

Abstract. In this paper we consider the approximation of functions by
suitable ”truncated” Fourier Sums in the generalized Freud and Laguerre
systems. We prove necessary and sufficient conditions for the uniform

boundedness in L, weighted spaces.

1. Introduction

Let be W, g(z) =: Wy (z) = |x\°‘e*|x|ﬁ,$ € R,a > —1,8 > 1 a generalized
Freud weight and denote by {p,,(Wa)}m the corresponding sequence of orthonormal
polynomials with positive leading coefficients, i.e.

Pn(Wa, ) = Y (Wa)ax™ + ..., vm(Wy) >0, m=0,1,....

These polynomials introduced and studied in [3](see also [4], [5]) are a generalization
of Sonin-Markov polynomials. Let be S,,(W,, f) the m—th partial Fourier sum of a

measurable function f in the system {p,,(Wa)}m, i.e.
Sm(Wa7 f> .’L‘) = Z Ckpk(Wou m), Cr = /]R f(t)pk(Waa t)Wa (t)dt'
k=0

For a = 0, the boundedness in weighted L, spaces of S, (W, f,x) holds only for a

”small” range of p (see [2]). To be more precise, in [2] the authors proved the bound

1Sm (Wo (@), £:)v/Wollp < CILF v/ Wollp (1)
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for % <p<4and (B =2,4,6..., while for p > 4 and p < % estimate of kind (1) cannot
always hold. In the same paper [2] the authors, in order to extend the range of p,
modify the weight in the norm obtaining, under suitable assumptions on b, B, 3, not

homogenous estimates of the kind

15 (Wo(@), )V Wo(L+ [z])ll, < CILFVWo(L+[2])Pllp, 1<p<oo.  (2)

In the case @« = 0 and 3 = 2 (Hermite polynomials) estimates of types (1) and (2)
were already proved in [12] (see also [1]).

Let be U, (x) = \xﬁe*#,x ceR,y > —%. Denote by am, = am(W,) the Mhaskar-
Rahmanov-Saff number (M-R-S number) with respect to W, and by A,, ¢ the char-
acteristic function of the segment A,, = [—0a,, 0a,,], with 0 < § < 1. In this paper,

we will prove inequalities of kind
[Sm (Wa, fBm.0)UyAmollp < CllFUyAm.pllp, (3)

with 1 < p < 0o, under certain conditions on « and v which are necessary and suffi-
cient. Since we prove also that, for m — oo, the norm [|[f — Ay, Sm (Wa, Ao f)IU5|1p
converges to zero essentially like the error of the best approximation in L@W, then in
order to approximate a function f € L”U7 (see (7) for the definition) the sequence
{A.0Sm(Wa, fAm.6)}m is simpler and more convenient than the ordinary Fourier
sum.

An inequality of type (3) has been proved in [12], in the special case of
the Hermite weight. The proof in [12] requires a precise estimate of the difference
|Pm+1(z) — pm—1(z)| where p,,(z) is the m—th Hermite polynomial. This estimate
for weights W, is not available in the literature and, on the other hand, it isn’t
required in our proof. The case p = 1 is also considered when the functions are in the
Calderon-Zygmund spaces.

As consequence of estimate (3) we derive the analogous one for Fourier sums
in the system of orthogonal polynomials w.r.t generalized Laguerre weights w,(z) =
:E"e_c”ﬁm7 z>0,aa>—-1,0> %
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The plan of the paper is the following: next section contains some basic facts
necessary to introduce the main results given in section 3. Section 4 contains all the

proofs.

2. Preliminary

In the sequel C denotes a positive constant which can be different in different
formulas. Moreover we write C # C(a,b,..) when the constant C is independent of
a,b,..

8

Let be Uy(x) = |x|76_%,*y > —;ﬁ > 1 and denote by @y, = Gy, (U;) the

M-R-S number w.r.t. U,. The following ”infinite-finite range inequality” holds (3]

”PmU'y”Lp(]R) < C”PmU"/||Lp(|x\§am(1—6m*2/3)~

We remark that @,, = @, (U,) can be expressed as [7]
@y = m?C(5,7). (4)

where the positive constant C(3,~) will not be used in the sequel (analogously for

U, = am (Wy,)). Moreover we recall the following inequalities [7]:

IPmUy L, (028 (148)) < C1e™ ™ | PruUy L,y (<G ) (5)
and
||PmU'y||Lp(]R) §C||PmU'y||Lp(%§|m\gam)a (6)

where 0 > 0 is fixed and the constants C,Cy,Cs are independent of m and P,,.

For 1 < p < oo define the space

L&={ﬁ(/2uwwwmwﬁé<m} @

En(Hvyp =1 I(f = P)Us Iy (8)

pPelr,,

and denote by

the error of the best approximation in ng'
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For a fixed real 6§ with 0 < 8 < 1 we shall denote by Zm)g the characteristic
function of Dy, = (—6Gm, 0Gm), @m = am(Uy). Next Proposition is useful for our

goals.

Proposition 2.1. Let f € LI&w and 1 < p < oo. For m sufficiently large (say

m > mg) we have

1F (1 = Bmo)Usllp < Co (Ba(f)u,p + e FUS ) (9)

where M = [m (ﬁ%)ﬁ} L and the constants C,Cy,Cy are independent on m and f.
By (9) we get

1f Uy < C(Ene(£uyp + 1 FAmoUs ) - (10)
Then, by virtue of Proposition 2.1 we will go to consider the behaviour of the sequence
{An.0Sm (Wa, Am.of)}m instead of { Sy, (Wa, f) }im, where here and in the sequel A, o

is the characteristic function of [—0a,, fa.,], with a,, = anm(Wa) < @ (Us).

3. Main results

Now we are able to state the next two Theorems.
Theorem 3.1. Let be U, (x) = |x|76_‘”|ﬁ/2,7 > —%,ﬁ >1,1<p<oand f € L’[}W.

Then, there exists a constant C # C(m, f) such that

[1Sm (W, fAm.0) Uy A ollp < ClLFUy Amollp, (11)
if and only if
1 a 1 P
i<y =< o, == 12
STy 175 (12)

Moreover, if (12) holds, it results also
||[f - Am,QSnL(Wa7 Am,Qf)]U’Y”p S C (EM(f)UA,,P + 67C1meU’Y||P) (13)

with C # C(m, f), C1 # C1(m, f).
Setting

log™ f(x) = log (max(1, f(x))),
we prove

1la] denotes the largest integer smaller than or equal to a € RT

92



MEAN CONVERGENCE OF FOURIER SUMS ON UNBOUNDED INTERVALS

Theorem 3.2. Let be U,(x) = \x|767|“"6/2,7 > —1,06> 1, and let be f such that
JR|f (@)U, (z)|log™ | f(x)|dx < co. If it results

1<y — % <0 (14)
then

IS0 (Wor £ )V sl <+ [ F@U, @] [1+Tog* 1)+ 1og* o] da
(15)
where C # C(m, f).
Theorem 3.2 can be useful to prove the convergence of some product integration rules.
We state now some inequalities that can be useful in different contests. Assuming (12)

true with p belonging to the right hand mentioned intervals, the following inequalities

hold

1S (Wa, YU Aglly < LU, 1< p<d (16)
ISm(Was SO0}Vl < CIFT, Amallp, 2> 5 (1)
[Sm(Wa, YUl < IOy 5 <p <4 (18)

150 (¥ N0 1y < Crd 701w (13) U o) (19)

with C # C(m, f).

For = 2 Theorem 3.1 and inequalities (16)-(19) were proved in [6]. Estimates of
E.(f)u,.p can be found in [7] and [8].

Now we want to show an useful consequence of the previous results. Let w,(z) =
a:“e_“ﬁ,x >0,a>—1,6> % be a generalized Laguerre weight and let {p,, (wq)}m
be the corresponding sequence of orthonormal polynomials with positive leading co-
efficients. With u,(z) = :ﬂe*mﬁ/z,y > f%,ﬂ > %, let LT , 1 <p < oo, be the set of

measurable functions with norm

el = ([ If(z)uv(w)lpdx); < oo

and denote by Sy, (wa, f) the m—th Fourier sum of f € L7, ie.

St f2) = 3o cxpnln ). ex= [ IOpelwas wa(t)dr
k=0 0
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The theorems that we are going to establish are a direct consequence of Theorems
3.1-3.2. To introduce these results, let a,, = a,,(ws) the M-R-S number with respect
to w, and for 6 € (0,1) let be xm o the characteristic function of [0, fa,,]. We have
Theorem 3.3. Let u,(z) = aﬂe_“ﬂ/Q,V > —%,ﬁ > %; fell andl <p < oo
Then there exists a constant C # C(m, f) such that

[ S (Wars fXm.0)Uy Xm.0llp < Cll friy Xm0 llps (20)
if and only if

V0.1 i J2L 01 21

Wep(,)an ?176 4(0,1), (21)

where % + % =1,v" =z", and p(z) = /x.
Moreover, if (21) holds, it results also

”[f - Xm,GSm(wm Xm,af)]upr <C (EM(f)uw,p + eiclm”fu"/np) (22)

with C # C(m, f), C1 # C1(m, f).
Theorem 3.4. Let u,(z) = aﬂe’wﬁ/z,v >—1,8> 1, and let be

2
I 1 f (@)uy ()| log™ | f(2)|dx < co. If it results

v Vo
Jos €LY S e L0, (23)

then

S (Was From)t X ll1 < € +C / |F@)uy (@) [1 +log* |f(x)] +log* 2] da,

(24)
where C # C(m, f), v" = 2", and p(x) = /x.
The case =1 in the Theorem 3.3 was proved in [9].
The following inequalities
[Sm (wa, fluyxmollp < Cllfuyllp, 1<p<4 (25)
4
15m (was fxm,0)uqllp < Cllfuy xmollp: P> 5 (26)
4
[Sm(was fuyllp < Cll fuyllp, 3 <p<4 (27)
1 4
15m (wa, fusllp < Cm3 [ fusllp,  p € (1,00\(3,4) (28)
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are true with C # C(m, f), and assuming (21) true with p belonging to the indicated
intervals.

The case § = 1 in Theorem 3.3 and in the inequalities (25)-(28) was just proved in
[9].

4. Proofs

4.1. Proof of Proposition 2.1. We have:

||f(1*Zm,9)U'pr = ||fU’y||Lp(\ac|206m)

< M = ParlUsllp + [1ParUs ||, (212 0m,0)

= |n(i5)

where P); is the best approximation polynomial of f € ng' Since (5)

)

IA

1£ (X = Bmo)Us llp En(f)u,p+ Ce™ M| PaUy |l

< CEM(fu,p+e MU, ),
i.e. the Proposition is proved. [J

In the sequel we need some inequalities about the polynomials p,,(W,).

In [3, Th. 1.8, p. 16] the authors proved

P Wa )|V Wa @) < ¢ LI <) <y
Vam /|1 = O "
from which, for a fixed 0, with 0 < 8 < 1, we can deduce
1 m
o (0, D)V al®) <€y T < ol < O (29)

Denote by x4 a zero of p,, (W,,) closest to x, by I, 4 the d—th fundamental Lagrange
polynomial based on the zeros of p,,(W,,), and recall the following Erdés-Turdn esti-
mate [4]

l?md(x)Wa(x) lrzn,d+1(m)W&($)
Wa(xd) Wa(:vd)

> 1. (30)
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Denoted by A, (W, x) the m-th Christoffel function m =1,2,...,

m—1 -1
A Woux [Z pk Waax‘| )

in [3] the authors proved

1 Am(Wa, )
Sem(r) < Z < Copm(x), (31)
C (|=| + m) e=lzl?
where
A, 1
om(x) = m ;2 < am.
‘1 - (llim‘ +m~3
Combining (30) and (31) we deduce
Bl Wale) )
Wa(xd) '

Since from [3, p.16-17], for |x4| < Oam,,

1
W ()P (Wa, 2a) ~ Atz |Azg| = |T441 — 4],
we deduce
am,
[pm (Wa, 2) [V Wa(z)V/am ~ | ————|, — < |z| <0a,,. O (33)
Td — Td+1 m

The following proposition will be useful in the sequel.

Proposition 4.1. Let be Wy(z) = va(x)e_mﬁ, v¥(z) = |z|* and Uy(xz) =
28
fup(x)e’%, vP(x) = |z|P. For a fized 0 < 6 < 1,1 <p <ocoandp— 5 > f%,
we have
C v
1Pm Wa)Upll L, [~6an 0a,m] = , (34)
- ! Vam (| VUl Lp(—1,1)

where C is independent of m.

Proof. Let 6 > 0 be ”"small”. Define § = %Awk = %($k+1 —xi), and I, =

U ([xk — Ok, zk + 0]). To prove (34), set CI,, = [—1,1]\I,. By (33) we get
1<k<m

il
1P (Wa, 2)|Uy(2) > C*———=, z € Clp,
Nz

m
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and consequently

[P (Walol > = |
m a)O||LP[—a a - T
p L [ 77197 7719] m \/ﬁ
Since the measure of I,,, is bounded by 4, for a suitable ¢, we conclude

C vP

Vam || VU
In order to prove next theorem, we recall the following expression for S,,(W,, f)

S(Warfo) = 22 (W) H(F A s (W) Wai) (39

+ pm—l(Wa; x)H(fAm,Hpm(Wa)Wa§ l‘)} y

Lr(ClI,,)

O

Hpm(Wa)UpHLP[—am(-),ame] > .
LP([_171])

where

x—t

H(g,t) = /]R Mdav

is the Hilbert transform of g in IR, and [3]
'Ym—l(Wa)

”Ym(Wa)
4.2. Proof of Theorem 3.1. By (6) we have

~ am(Wy). (36)

H‘S’m(Waa fAm,O)UWAm,OHp S C”Sm(Waa fAmﬁ)U'yAm,G

L,(Cm)>s
Cp = {z: C@ <|z| < fban},
m
Taking into account (35) and (36)

[1Sm (Wa, fAm,0) Uy A pllp

-

< am ( / s (W ) H (P (We) Wi f A U (1) dt) ’

m

[

P

+anm, (/C 1Pm—1(We, ) H(Dm(Wa)Wa f A o; ) UL ()P dt) =B +B, (37

Using (29)
N
dt)
By the changes of variables x = a,,y, t = a2, we get

3 -%+1 & m— « ATYL @ m r %
Bl Scafn+7 2+p (/ |Z|’Y—§ /: (p 1(W )f ,QW )(Cl y)dy‘ dZ)
Cm

Cm y—=z

dx

B1 S C\/(lm (/ |t|77%

m

/ Pm—1(Wa, ) f(2) A o (2) Wa ()
Cm

xr—t
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where

o = [-1,1]\ {_C,C}

m m

Under the assumptions (12), |2|7~2 is an A, weight and therefore, recalling a result in
[13] (see also [11, p.57 and 313-314]) about the boundedness of the Hilbert transform

n [—1,1], we have

1

@ 1 1 o
B < CazJFA{ BN </ |7~ 2 |(pm_l(Wa)fAm,QWa)(amZﬂp dZ)
—1

So, by the change of variable a,,z = x, we have

=

B < Cab ([ 1ol sV ) 0) )W)

Am

Bl<C(/ 1z U, (x )|de);. (38)

By similar arguments used to bound B;, we get

and using again (29)

D=

me<e( [ @A, @) (39)

Combining (38),(39) with (37), (11) follows.
Now we prove (11) implies (12). Let be

C,, = {:B : C% <zl < eam}, Cm—1 = {JU : Cayzﬁzl <z < Qam,l},

and let A,, 9, A,—1,9 the corresponding characteristic functions. Setting f =

fAm_1,, we have
[Sm(Waa JEAm,Q) - Sm—l(Wou fAm,G)]U’YAm,GHP

|
= )/]R f(x)Amﬂ(l')pm(WmI)Wa(z)dx ||Am70pm(Wa)U'pr'

In view of (11) for 1 < p < o0

‘/]R f(x)Amﬂ(gj)pm(WmI)Wa(z)dx ”Am,@pm(Wa)U'pr < 2HfU’y||:D'

Then

||Am,9pm(W U ”p sup
[|h]lq=1

/ h(x (2)pm(Wa, x)
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and also

Wo —oe.

||Am,0pm(Wa)Uva ) ||Am,9pm(Wa)7a||q >
¥

Using then Proposition 4.1

1/ a PO
i (/ |x(72)17dx) (/ $|(2V)qdl‘> < QC,
Qm —1 —1

by which conditions in (12) follow.
B
Now we prove (13). Let P € Py, with M = [m (i) ], the polynomial of best

Q=

1+6
approximation of f in L@W. By

If = Ao Sm(Wa, fAm 0)IU5 1
<N = Amo) fULNlp + I = Sn(Wa, fAm,0)]Uy Aol
<N = Amo) UL + I(f = P)AmoUs I (40)
FSm(Wa, (f = P)Am.o) Am.oUylp
F{Sm (Wa, P(1 = A o) Am o Uy [l
=L +1L+ I3+ 14 (41)
Using Proposition 2.1,
L+ I <C (Ex(fu,p + e ™ 1FUL )

and by (11)
I3 < C”(f - P)Am,GU’y”p < CEM(f)UW,Ir

To estimate Iy we use (19)
I3 < Cm3|P(1 = Ay g)Us I,
and by (5), we have
Iy < Cmse O™ | PAyoU, [
Therefore
If = A0 Sm(Wa, fAm,0)lUsllp < CLEM(Hu,p+ e[ £U ),

that is (13) follows. O
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4.3. Proof of Theorem 3.2. Using (6)
1Sm(Wa, fAm,0)UyAmolls < ClISm(Wa, fAm o) UyAm oLy )

Cp ={z: C%n < |z < fban}, (42)

and setting g = sgn(Sm (Wa, fAm.0)),

||Sm(Wou fAm,Q)U'yAm,OHl < C/ Sm(Wa7 fAm,Gv x)g(a:)U,y(x)dx (43)

m

By (35) and (36)
HSm(WOM fAm,H)UAmﬁ”l

<cC [am/c |Dm Wa @) H (f A oPm—1(Wa)Wa; 2)| U,y (x)d

+ am,/ |pm—1(Wom x)H(fAnL,Gpm(Wa)Wa; :L')| U’y(x)dx:|
Cm

=: Al + AQ. (44)

First we bound A;. By (29)
A, < c,ﬁam/ 25 [H(F A oo (W) Wes 2)]| da <c/ e[~ | H(Gos )| dar

where G, = /O fAm 0Pm (Wa)We. Here we recall the following inequality due to
Muckenhoupt in [12, Lemma 9, p.440]:
9()

/]R (H|i]5| I)T(HM)S RZ—Y

x
< C+C/ lg(x <1+: ) (1+\x|)5(1+log+|g(x)|+log+|x|)dx

dy|dx

under the assumptions r > —1,5s < 0,R < 0,8 > —1,7 > R,s < S and flog® f € L.
Using previous result with r = R = v — § = s = S, under the assumption

0 <~ — % <1 and taking into account |Gy, (z)| < C|f(2)|/Wa(z), we have
A1<C+C/ |f(2)Uy(2)| {1 +1og" | f(z)| +log™ |z|} da. (45)
Similarly we obtain
A2<C+C/ £ @)Uy (@)] {1+ log* |£(z)] +log™ ||} du. (46)

Combining (45), (46) with (44), the Theorem follows. OJ
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To prove Theorems 3.3 and 3.4 we need some relations between generalized
Freud and generalized Laguerre polynomials and then we apply the previous estimates
about Fourier Sums with respect to generalized Freud weights.
Setting Wy () = |z|2*+le~1=1"" and U, (z) = |z|***Fe~121", for the orthogo-
nal polynomials we have
Pom(Wa, ) = pm(wa, %) (47)
Moreover, assuming F' be an even extension in R of f defined on (0, 00), the following

relation holds

SQm(WavFax) = Sm(wowfaxz)' (48)

Denoted by Xom,e the characteristic function of Com = [—9agm(V~Va)2,9(12771(I/T/&)2]7
from (48) easily follows

||S2m(Waa FX2m,0)A2m,GU’y”p - ||Sm(wa7 me,G)u"/Xm,GHP (49)

4.4. Proof of Theorem 3.3. Let F' be an even extension in IR of f defined on

(0,00). Using Theorem 3.1 we have

||S27n(WouFAQm,O)A%n,GU’y”p S C||FU'yA2m,9||P7 (50)
if and only if
_g+1<1 and _g_1>_1
TRy T Ta T Ty

which are equivalent to (21).
By (49), and using ||FU, A ollp = || f1yAmollp, With @, (wa) = a3,,(Wa, the first
part of the Theorem follows.
To prove (22), we premit a Proposition which is the equivalent in R+ of the Proposition

2.1.

Proposition 4.2. Let f € LY and 1 < p < co. For m sufficiently large (say

m > myg) we have

£ = Xm.0)tsllp < Co (Bar(Fuyp + e~ " fusllp) (51)
B
where M = [m (ﬁ%) } and the constants C,C1, Cy are independent on m and f.
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B
Now we prove (22). Let P € Py, with M = [m (%9) } , the polynomial of

best approximation of f in L7 . By

IS

- Xm,GSm(wom fXWLﬂ)}u"/“P <|(1- Xm,a)fuva +IIf = Sm(wa, me,Q)}u’YXm,GHP

SN = Xm,0) fuyllp + [[(F = P)xm. oty llp
+ Hsm(wav (f - P)Xm,@)Xm,G“y”p
+ Hsm(wcw P(l - Xm,@)Xm,Gu'pr

=+ I+ I+ I.

Estimate (22) follows using Proposition 4.2,(20) and (28).0

We omit the proof of Theorem 3.4 since it follows by arguments similar to those used

in the proof of Theorem 3.3.
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