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FIRST ORDER ITERATIVE FUNCTIONAL-DIFFERENTIAL
EQUATION WITH PARAMETER
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Dedicated to Professor D. D. Stancu on his 80" birthday

Abstract. We consider the following first order iterative functional-
differential equation with parameter

a'(t) = f(t,z(t),z(x(t) + A, t€[a,b];

z(t) = p(t), a1 <t<a,

2(t) = ¥(t), b<t< b

Using the Schauder’s fixed point theorem we first establish an existence
theorem, then by means of the contraction principle state an existence and
uniqueness theorem, and after that a data dependence result. Finally, we

give some examples which illustrate our results.

1. Introduction

Although many works on functional-differential equation exist (see for exam-
ple J. K. Hale and S. Verduyn Lunel [9], V. Kalmanovskii and A. Myshkis [10] and
T. A. Burton [3] and the references therein), there are a few on iterative functional-
differential equations ([2], [4], [5], [8], [12], [13], [16], [17], [19]).

In this paper we consider the following problem:
2'(t) = f(t,z(t),z(z(t)) + A, tE€E][a,b]; (1.1)

gy =0 Tlpp] = ¥ (1.2)
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(C1) a,b,a1,b1 €R, a1 <a <b< by
(CQ) f € O([a’a b] X [alvbl]zvR);
(C3) p e C([alaa]v [alabl]) and 1/] € C([b7 bl}? [alvbl});

The problem is to determine the pair (z, ),

xr e C’([al,bl], [al,bl]) n Cl([a,b}, [al,bl])7 A E R,

which satisfies (1.1)+(1.2).

In this paper, using the Schauder’s fixed point theorem we first establish an

existence theorem, then by means of the contraction principle state an existence and

uniqueness theorem, and after that a data dependence result. Finally, we take an

example to illustrate our results.

2. Existence

We begin our considerations with some remarks.

Let (x,A) be a solution of the problem (1.1)4(1.2). Then this problem is

equivalent with the following fixed point equation

68

p(t), tela,d,
z(t) = 4 ¢(a) +/ f(s,x(s), 2(x(5))) ds + At —a), t € [a,b], (2:3)
P(t), tebb].

From the condition of continuity of z in t = b, we have that

by — b
=t L | 1ot atats) ds (2.4)
Now we consider the operator

A . C’([al,bl], [al,bl]) — C’([al,bl],R),



FIRST ORDER ITERATIVE FUNCTIONAL-DIFFERENTIAL EQUATION WITH PARAMETER

where

t—a t—a

b
P0) + (00 = (@) = [ F(ssa(5) ala(s)) dst
—|—/ f(s,2(s),z(x(s)))ds, t€a,b],

W(t), te b b
(2.5)

It is clear that (z,\) is a solution of the problem (1.1)+(1.2) iff z is a fixed
point of the operator A and A is given by (2.4).
So, the problem is to study the fixed point equation

x = A(x).

We have
Theorem 2.1. We suppose that

(i) the conditions (C1) — (C3) are satisfied;
(1)) my € R and My € R are such that my < f(t,u1,u2) < My, ¥Vt € [a,b], u; €

[a1,b1], i = 1,2, and we have:
ar < min (p(a), (b)) — max (0, My (b — a)) + min (0,ms(b - a)),
and
max (¢(a), (b)) — min (0, my¢(b — a)) + max (0, M¢(b—a)) < b;.
Then the problem (1.1) + (1.2) has in C([a1,b1],[a1,b1]) at least a solution.

Proof. In what follow we consider on C([a1, b1],R) the Chebyshev norm, || -||c.
Condition (ii) assures that the set C([a1,b1],[a1,b1]) is an invariant subset

for the operator A, that is, we have

A(C([a1,b1],[a1,b1])) C C(la1, b1, (a1, b1]).
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Indeed, for t € [a1,a] U [b,b1], we have A(x)(t) € [a1,b1]. Furthermore, we we obtain
a1 < A(z)(t) < by, Vit € [a,b],

if and only if

ay < treriilr’i]A(x)(t) (2.6)
and
Jnax, Az)(t) < by (2.7)
hold. Since
in, A(2)() = min (p(a), (b)) — max (0, My (b — a)) + min (0, ms (b = a)),
respectively
max A(a)(t) = ma (p(a), (3)) = min (0,my (b — a)) + maxx (0. My (b — )

the requirements (2.6) and (2.7) are equivalent with the conditions appearing in (ii).

So, in the above conditions we have a selfmapping operator
A C([ay,b1], [a1,b1]) — C([a1, b1], [a1, b1]).

It is clear that A is completely continuous and the set C([aq,b1],[a1,b1]) C
C([a1,b1],R) is a bounded convex closed subset of the Banach space
(C([a1,b1],R), || - |le)- By Schauder’s fixed point theorem the operator A has at
least a fixed point. O

3. Existence and uniqueness
Let L > 0, and introduce the following notation:
Cr(la1,b1], a1, b1]) == {z € C([a1, b1}, [ar, ba])| [x(t1) — x(t2)] < Lit1 — t2f,

V t1,t2 € [a1,b1]}.
Remark that C7,([a1,b1],[a1,b1]) C (C([a1,b1],R),||]lc) is a complete metric
space.
We have
Theorem 3.1. We suppose that
70
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(i) the conditions (Cy) — (C3) are satisfied;
(ii) there exists Ly > 0 such that:

|f(t,ur,u) — f(t,v1,v2)] < Ly (lug —v1] + |ug —va),

for all t € [a,b], u;,v; € [a1,b1], i =1,2;
(iii) ¢ € Cr([a1,al, [a1,b1]), ¥ € CL([b, b1], [a1,b1]);
(iv) mg, My € R are such that my < f(t,u1,u2) < My, V't € [a,b], u; €

[a1,b1], i = 1,2, and we have:
ar < min (p(a), (b)) — max (0, My (b — a)) + min (0,m (b — a)),
and
max (¢(a), (b)) — min (0, m(b — a)) + max (0, M;(b — a)) < by;

P(b) — v(a
() 2l 31} + | <

(vi) 2L (L +2)(b—a) < 1.
Then the problem (1.1)4(1.2) has in Cr([a1,b1], [a1,b1]) a unique solution. Moreover,
if we denote by (z*,\*) the unique solution of the Cauchy problem, then it can be

determined by

¥ = lim A"(z), for allx € X,

n—oo

and

a = YR8 fb_a/aﬂs,x(s),x(x (s)) ds.

Proof. Consider the operator A : Cr([a1,b1], [a1,01]) — C([a1,b1],R) given by (2.5).
Conditions (iii) and (iv) imply that Cr([a1, b1], [a1, b1]) is an invariant subset

for A. Indeed, from the Theorem 2.1 we have
ay S A(x)(t) S bl, $(t) € [al,bl]

for all ¢ € [ay,b1].

Now, consider t1,t2 € [a1,a]. Then,

[A(z)(t) — A(z)(t2)| = l@(t1) — p(t2)| < Llts — ta,
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as ¢ € Cr([a1,al,[a1,b1]), due to (iii).

Similarly, for ¢1,t2 € [b, b1]

|A(2)(t1) — A(2)(t2)] = [¢(t1) — P (t2)] < Llt1 — tal,

that follows from (iii), too.

On the other hand, if ¢1,ts € [a, ], we have,

|A(z)(t1) — A(z)(t2)| =

tl—CL

t—a
)+ 00— )~ o [ 6,29, 2wl

tg—a

+ / ' F(s,a(s),a(2(5))) ds — ¢(a) -

: w/ f(s,2(s), 2(x(s))) ds — zf(S,x(S),:v(a:(s)))ds
t1 —t t — ¢t ta
=5, e —¢ [1)75/ flsoa(s),x(x(s)ds — [ fls,a(s), x(a(s))) ds

t1

<t Hw(b;jf g

T 2max{|my], |Mf|}} <Ll tal.

Therefore, due to (v), the operator A is L-Lipschitz and, consequently, it is an invari-

ant operator on the space Cf([a1,b1], [a1,D1])-

From the condition (v) it follows that A is an L 4-contraction with

Ly = 2Lf(L =+ 2)(b — CL).

Indeed, for all ¢ € [a1,a] U [b,b1], we have |A(x1)(t) — A(x2)(t)] = 0.
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Moreover, for ¢ € [a,b] we get

[A(z1)(2) — Alz2) (1)) <

t—a
<

b
= |b—a /a [f(s,l'l(S),Il(l’l(S))) - f(S,I’Q(S),IQ(xQ(s)))] ds| +

<

+ / [f (s, 21(s), 21(21(5))) = (s, 22(s), w2(22(s)))] ds

o Ly [ (ln(s) = s+ (o (5) = aa(aa(o)) s

< max
te(a,b]

4Ly [ ((5) = (o) + 1 (w1(5) = (o)) ds <

<Ly [ —a)l|z1 *$2||C+/ lz1(21(8)) — 21(22(8)) + T1(22(8)) — T2(W2(8))[ds | +

+Lg | (t—a)l|z —9C2||c+/ |21 (21(5)) — z1(22(5)) + 21(22(8)) — T2(22(8 ))ds} <

<2Ls(b—a) ([|z1 — 2allo + Ll[z1 — 2flo + |lo1 — 22llc) =

=2Lf(L + 2)(b — a)||331 — .’1?2”0.

By the contraction principle the operator A has a unique fixed point, that is
the problem (1.1) + (1.2) has in Cr([a1,b1], [a1,b1]) a unique solution (z*, A*).

Obviously, * can be determined by

z* = lim A"(z), for all z € X,

n—oo

and, from (2.4) we get
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4. Data dependence
Consider the following two problems

'(t) = fr(t,z(t), z(z(t)) + M, t € [a,b]

z(t) = ¢1(t), t€lar,d (4.8)
x(t) = 1(t), te|bbi]
and
' (t) = falt,z(t),z(z(t)) + A2, t € [a,b
z(t) = p2(t), telal,a (4.9)
x(t) =1p2(t), te€[bb]
Let f;,¢; and v;, © = 1,2 be as in the Theorem 3.1.
Consider the operators Ay, As : Cr([a1,b1],[a1,01]) — Cr([a1,b1],[a1,b1])
given by
wi(t), t€la1,al,
t—a t—a (b
Aoty e 4 PO T g 060 = (0 = [ s als) ot st
+ tfz(s,x(s)w(m(s))) ds, t€la,b,
»i(t), teb b,
(4.10)
i=1,2.
Thus, these operators are contractions. Denote by z7, x4 their unique fixed
points.

We have
Theorem 4.1. Suppose we are in the conditions of the Theorem 3.1, and, moreover

(i) there exists m1 such that

|901(t)7502(t)‘ Snla vt € [alva]a

and

[P1(t) — 2(t)] < m,  VE € [bba];
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(i) there exists ny > 0 such that
|f1(t,ur,ue) — fo(t,ur,u2)| < mo, Vi€ la,b], Vu; €la,b], i=1,2.
Then

3m + 2(b—a)na
—2Ls(L+2)(b—a)’

It — 73l < <

and

* * 2771
X -l

+7727

where Ly = max(Ly,,Ly,), and (xz}, ), ¢ = 1,2 are the solutions of the corresponding

17 K2

problems (4.8), (4.9).
Proof. 1t is easy to see that for t € [a1,a] U [b, b1] we have
[A1(z) — Az(2)[lc < m.
On the other hand, for ¢ € [a, b], we obtain

t—a

P1() ~ p2(@) +

[Ax(2)(t) = Az(2) ()] =

—a

t—a
b—a

+/ [f1(s,2(s), 2(x(5))) — fals, x(s), x(x(s)))] ds| <

/ [f1(s,2(s), x(2(s))) — fa(s, 2(s), x(x(s)))] ds+

t—a
b—a

< |p1(a) — wa(a)| + [111(0) — P2(b)] + |1 (a) — p2(a)l] +

_|_

o [ (29 wla(5) ~ fols.als) a(ols))] ds

+/ |f1(s,2(s), x(2(s))) — fa(s, 2(s), z(x(s)))] ds <

—a

t
< N 2 b— . t— =
S max s [2m1 + m2(b — a)] + n2 fél[aafé]( a)
=3 +2(b—a)ne

So, we have

[A1(2) = A2(2)[lc < 3m +2(b—a)nz, V x € Cr([a1, b1], [a1, b1]).

[101(b) = ¥2(b) — (¢1(a) — p2(a))] —
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Consequently, from the data dependence theorem we obtain

3m +2(b—a)ne
“2L;(L+2)(b—a)

I - a3lle < -
Moreover, we get
AT = X5l =

— a b — a
- [ L st atateas - 2O =220

—a

<

1 b
+ m/a fa(s,2(s), x(x(s))) ds

< 5 [0 = ) + @) - al@l+

s [ (s n(s) ates)) —f2<s,w<s>,w<x<s>>>|ds] <
1

<

2
[m +m +mn2(b—a)] = biha + 2,

(=

—a

and the proof is complete.

5. Examples

Consider the following problem:

o' (t) = pa(x(t)) + X tel0,1], peRy, XeR

zli_po =05 2| =1, heRY

with « € C([=h, 1+ k], [~h, 1+ k]) N CY([0,1],[~h, 1 + R]).

We have

Proposition 5.1. We suppose that

< .
H=179n

(5.11)

(5.12)

Then the problem (5.11) has in C([—h, 1+ h],[—h,1+ h]) at least a solution.

Proof. First of all notice that accordingly to the Theorem 2.1 we have a =0, b =1,

P(b) =1,p(a) =0 and f(t,u1,u2) = pug. Moreover, a3 = —h and by = 1+ h can be
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taken. Therefore, from the relation
my < f(t,ui,us) < My, Vt €[0,1],Vui,us € [—h,1+h],

we can choose my = —hp and My = (1+ h)p.
For these data it can be easily verified that the conditions (ii) from the The-

orem 2.1 are equivalent with the relation

h
1+2n’

H<
consequently we have the proof. O

Let L > 0 and consider the complete metric space Cr([—h, h+1],[—h, h+1])
with the Chebyshev norm || - ||¢.

Another result reads as follows.

Proposition 5.2. Consider the problem (5.11). We suppose that

h
N ‘
@) 1= 5

(i) 20 +h)u+1<L
(iii) 2u(L +2) <1
Then the problem (5.11) has in CL([—h,h + 1],[=h,h + 1]) a unique solution.

Proof. Observe that the Lipschitz constant for the function f(¢,ui,us) = pus is
Lf = W.
By a common check in the conditions of Theorem 3.1 we can make sure that

2max{|my|, [Ms|} + ‘w(bZ:;o(a)’ <L=21+hp+1<1L,

and

2Ly(L+2)(b—a)<1l<=2u(L+2) < 1.

Therefore, by Theorem 3.1 we have the proof. O
Now take the following problems
2 (t) = ma(z(t) + X te€[0,1], pp eRY, AeR (5.13)
Tl—ho) = @15 Tlpaen =1, heRY (5.14)
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z'(t) = pox(x(t)) + X, tel0,1], ppeRL, XeR (5.15)

x|[,h,0] = ©9; $|[1_’1+h] =1y, he Ri. (5.16)

Suppose that we have satisfied the following assumptions

(H1) ¢; € CL([=h,0],[=h,1 4+ h]), ¥; € CL([1,1+ h],[—h,1+ h]), such that
wi(0)=0,¢;(1)=1,i=1,2;

(Hz) we are in the conditions of Proposition 5.2 for both of the problems (5.13)
and (5.15).

Let (xf,\) be the unique solution of the problem (5.13) and (x5, \5) the
unique solution of the problem (5.15). We are looking for an estimation for ||z} —z3||c.
Then, build upon Theorem 4.1, by a common substitution one can make sure

that we have

Proposition 5.3. Consider the problems (5.13), (5.15) and suppose the requirements
Hy, — Hs hold. Additionally,

(i) there exists n1 such that

l1(t) —p2(t)| <m, Vte[-h,0],

1 (t) = 2 ()l <my, VEE[1, 1+ R];
(ii) there exists n2 > 0 such that
lp1 — pal - lug) < mne2, VEte€0,1], VY us € [—h,1+h)]

Then

3+ 22
L +2)-max{ui,p2}’

* *
— <
|21 — 23lle < 1— 2
and

AT = A3 <21 + 1.
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