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BERNSTEIN-STANCU OPERATORS

VOICHITA ADRIANA CLECIU

Dedicated to Professor D. D. Stancu on his 80" birthday

Abstract. The purpose of this paper is to investigate the modifications

operators Cp, : Y — II,

n

C" = n 0777“'77; ) Y7
D@ =3 5 <k>m PP
where the real numbers (mgn)pe, are selected in order to preserve some

important properties of Bernstein operators. For m; , = 5 an € (0,1]
4!

we obtain Bernstein-Stancu operators

— ~ (an)k n 1 k k
n = Y ey s ) Y
(Cwnf) () ; v B (SRl A
and we study some of their properties.

1. Introduction

Let II,, be the linear space of all real polynomials of degree < n and denote
by Y the linear space of all functions [0,1] — R.

Consider the sequence of Bernstein operators B, : Y — II,, where
- k n
B =St @ (3] b = ()00 rey

Because for j€ {0,1,...,n}

; 4 n—7 .
ldj (an) (x) - <7?>];an—j,k (I) {k7 kJrl?"'v kJr];f s

j! dxd nJ n.on n
J J k=0
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the following well-known formula holds
k! (n 1k
B =y — — s f| 2" 1
(B.f) () gnk(k) [o,n, ,n,f]:c o)

Starting with (1), we investigate the following modifications C,, : Y — II,,

" k! (n 1k L
Caf) @)= 32 (i [0 e 1] s €, )
where the real numbers (mk,nﬁio are selected in order to preserve some important

properties of Bernstein operators. Observe that from (2)

Cheg = my p,

Cner = my ye1

€1
Crea = my e + o (my , —my ,eq)
T

(OnQ2,a:) (I) = (mZ,n - 2m1,n + mO,n) z? + E (ml,n - m2,nx) s
where e; (t) =t and Qo , = (¢t — )%, In the following, we shall consider that mg, =
1.

The following problem arises to emphasize numbers my, ,,, £ € N, for which

. . o0 iy
the linear transformations (C,),_, are positive operators and moreover

limm;, =1 and lim my,, = 1.

Denote by Il the set of all real polynomial functions of exact degree s.
Lemma 1. Ifp € II; and m, , # 0, then Cy,p € II;,n > s.
Proof. Use the fact that
1 k 0,k >3
|:057"'7;f:| = ’
e Lk =]
Therefore, if p (z) = apx® + ... + as—17 + as, ap # 0, then from (2) one finds
(Cnp) () = boz® + ... + bs,
with
|
by = (”) m,.,, by # 0. O
ns\ s
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Lemma 2. If C, is a positive operator with mq, =1, then my , € [0,1] and

n
0 S ml,n - mQ,n S 71 (1 - ml,n) .

Proof. For the proof it is enough to observe that
0<er(t)<1,te|0,1]
implies
0 < (Cher) () =my pz <mg, =1,Vz €[0,1],
that is my ,, € [0,1]. Further, from ¢ (1 —¢) > 0,Vt € [0, 1], we have
(Cnel) (m) - (Cne2) (x) >0
for any x from [0, 1], that is my ,x < m; ,. To complete the proof it is sufficient to

use the fact that (C, Q2 ) () must be non-negative on [0, 1]. O
Lemma 3. Suppose that C,, is a positive operator with mg , = 1.

1) Ifmy, =1, thenmy, =1;

2) Ifm;,, =1, then my,, = 1.
Proof. Use Lemma 2. O
Lemma 4. Suppose that f : [0,1] — R is convex on [0,1]. If C,, is a positive operator
with mg ,, = 1, then

f(minz) < (Cnf) (x),Vo € [0,1].

Proof. Tt is known that for a convex function f : [0,1] — R and a linear positive

operator T : Y — Y, we have
F (Tex) (@) < (TF) (), Va € [0,1] ( see [7] and [g]). o
Lemma 5. Suppose that (Cy,) -, are positive operators with mq , = 1. If

lim m; ,, =1,

n—oo
then

lim my,, = 1.

n—oo
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Proof. From 0 <my , —my, < 25 (1 — mj ,), see Lemma 2. O
Further we consider the uniform norm ||g|| := m[ax] lg (t)].
z€[0,1

Lemma 6. Suppose that mg, = 1, Vn € N*. If (C,)."_| is a sequence of positive

operators, then lim my ,, = 1 implies
n—oo ’

2. The Bernstein form of the operator C,

Theorem 7. Suppose that C,, is defined as in (2). Then for f:[0,1] - R

Cnf Z bn k Ck n } ) (4)

with

v=

From (2)

with

e () S0 () ()

Further, using the rule

n n n k
Z Ck ZDk,j - ZZCij’k,
k=0 ji=k

k=0 j=0
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BERNSTEIN-STANCU OPERATORS

where
k :
_ (n—J)'k!
Cranlf) = ;0 A= )il
Therefore
"k J J v
— ‘ _1yvd L
ol = 2 (3 S0 ()1 () -
- k .7 - v k — J
£ O (o
and we conclude with (4). O

3. Bernstein - Stancu operators: the case m;,, = (a;!)j ,an € (0,1]

Further, for k € N, z € C, let (2), =1 and (2), =2(z+1)...(z+k—1).
Then the operator C,, from (2), denoted further by C,,, becomes

(o) (2) = 3 ol (] ER ?

n
k=0

Lemma 8. Assume that C,, is a positive operator, i.e. a, € (0, 1]. Then

2) (@ :x2+x(1—x)an+l an (% — 2+ ap)) 2? (6)
Cafla) (@) = x(ln_ Jan +2 (1 - a,) 2o ;Z)
Moreover
|(Cuf20) (@) < T2+ (1—an), Vee[o1]. o
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Proof. The above assertions follow using (3):

_ an
(Creo) (z) = ( 0!)0 =
(C’inel) (x) = (af')l e1=apner=apr=x— (1 —a,)x
o (an.)g €1 (an)l (an)2
(Cnez) (@) = = Fea - { 7 = e | =
_a(a2+ )62+ 61(1_a2—|— €1>=
an (an +1) 5  an an +1
L _
2 T 2 "
2
:m(l—x)an+w2 a%+an+an—an _
n 2 2n
:x(l— )an+x2+ o [(an+2)(an—1)  an(l—ap) _
n 2 2n
I Chn) 1—%(@_2 )2
* n " 2 n (2+an))z

and

(CinQQ_’m) (;U) — ((a;!)z _ 2(Cll7z!)1 +1) 22+ % (CLln!)l (a;')2x> _

1 nlan, +1
_ an(an+)_2an+1 248 an_a(a—k)m _
2 n 2
n n - n n 1
— M_i_l x2+a7$ 1_(1 + T
2 n 2
2 2
_ an 9 n | Gp —30n+2  an —ap ) _
STt 2 om
z(lfx) 2 2 Ay (07
- n 1* n o . D
+ % ( a)< 5 2n>

Lemma 9. Assume that C,, is a positive operator, i.e. a, € (0,1]. Then

ol (an)s [ 7 5, 3(an)y [ 1 2, On
(C’neg) (z) = 3 ) x4 3 7+ Rt =
3(n—1) 2—-3n a (an); — 6
3 2 3 n 3 3
v S om? (an)o 2™+ GT(G")?’I + Ex_F 6

58



BERNSTEIN-STANCU OPERATORS

(07n64)(13):(anL4>4 ( Z)x4+6<zz)3 (:)x3+7(22)2 (Z)ﬁ—kzgx_

4, (=1 (n—-2) 3 6n*—1ln+6
= 2"+ ———(an)37 Vi R

1—ay) (a2 + 7a2 + 18a, + 24
(an)z .’L‘2 _ ( )( n 24n ).%‘4

_ an n 4 (e7% n 6 Qn )g n
(C’nQ4,$) (z) = [(n4)4 ( A ) — <n3)3 ( ; ) + (nz) ( ) ) —4an+1] P

7 (an n 4a,, an
(1) ]
n 9 n n

a
(an)y ot + n—gsﬁ—
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_ (an4)4 ( " ) z4+6(az)3 ( " ) 2 4 Ten)2 ( ! ) 2?4 g
n A n 3 n4 9 n

an 70 —1) (n—1)(n—-2) (n—1)(n—2)(n—3)

_ 2 3 4
n3 2n3 (an)2” + n3 (an) 2"+ 24n3 (an)y

4, (n=1)(n-2) 3 6n*—1ln+6 4 Gp T(n—1) 9

=z* 4 3 (an);x” — o (an)yx* + 3% + o5 (an)y

(1 —ay) (¥ + 7a2 + 18a, + 24) A
24 '

We use the fact that

(Crfs) (2) = (Creq) (z) — da (Cres) (z) + 627 (Crez) (z) — 42® (Crer) (z) + 2
to obtain the above assertions. O

Theorem 10. The linear operator C,, from (5) may be written in the Bernstein basis

in the form

nf Z bn k Ck n ] 5 (8)

N o

Proof. Let us find a convenient form of the coefficients Cy ,, [f] from (4). In our case

with

we have |
Cenlf]= 3 (’;) / (i) iz_é<_1>v (k ;J) <?:,+>:;j )

N\ (@), =k + ), (G +an),
) 4! ; G+1), 0!

(an); . .
J) (_),j 2 B (—k+j,j+an;j+ 1;1).
i)

-b
Because o Fy ( —m, b;¢; 1) = (c=b), for m € N*, we have

@
ol =3 ()1 (2) (@n); (1= )iy,

o JtG+ 1)k—j
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in other words
- k I )
Ckm Lﬂ = %Z (])f (7]1) (a’n)j (1 - an)kfj :
j=0

When a,, € (0,1), it is clear that f > 0 on [0,1] implies C ,, [f] > 0, that is C}, is a

linear positive operator. 0
For g : [0,1] — R the Stancu operators Sy : ¢ — Skg, k € N, are defined as
(55> g) (z) = g(0) and for k € {1,2,...} (see [17], [18] and [4]):

k .
b _ 1 k J
(S5779) (2) = 55 ; ;) e);b—ba)yg (%) zelol,
where b € [0,1] is a parameter. Observe that Cof = Co o [f] := f(0) and
1 & [k ik
(570) @) = gy 32 () oy 0y (37 ) h21
j=
Therefore,
Crnlf] = (S5 9747) (an)
with

gnt” ) =f (ti) k> 1

Definition 11. The linear transformations Cy,, : Y — R, k€ {0,1,2,...,n}, n €
N*| are the Stancu functionals. When a,, € (0, 1), the linear positive transformations

C,:Y=1I, , n € N*, are called Bernstein-Stancu operators.
Using the Chu-Vandermonde identity
" /n
Z k (a)k: (b)nfk = (a + b)n
k=0

it is possible to find the images of Stancu functionals 6;67” at some monomials.
Next we use the following proposition
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Lemma 12. (A.Lupas [9], pag. 205). Let n be fizred, 1 < s < n, and ||byx| be
the Bernstein basis. Suppose that A is a linear mapping defined on the algebra of
polynomials such that Is_1 C Ker (A). If

p(x) = Z akbn,k(x)a
k=0

then
Alp) =) A(ths) A%y,
=0
where
D DGl ()
v=0
and
Vs (x) = ( n >$§+jF1( —n+s+j4j+Ls+j+1Lz)=
n * o
= 8< > / (LE - y) ! bn—s.j(y)dy
s/ Jo
Moreover,
1 d° n
ol : %%‘,s (33) = (S>bn—s,j($)-

Using this proposition one can prove:

Theorem 13. Let a, € (0,1) and

Lnjow= [ 77 (1—t)"" b, (at)dt.

(Vi1

Then

g 2 . Tan, n—j .. .
* @) (x):@ e 'WZF’JHWHV;J” T

dxd j) nd T —ln n n
Because the integrals I,, ;,, j € {0,1,2,...,n}, are positive it follows:

Corollary 14. Let j,n € N*, 0 < j < n —2. The operator C,, preserves the convexity

of order j.

The asymptotic behavior of the sequence (C’n)Oo

.1 On a certain subspaces of

C[—1,1] is given in the following proposition:
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Theorem 15. Suppose xg € [0,1] and " (o) exists. If a, € (0,1), lim a, =1 and
n—0oo
L:= lim n(1 —a,) exists, then

n—oo

lim n [f (o) — (Cuf) (w0)] = — “0—2)

n—oo 2

.,1,/.2
f" (o) + |wof’ ($0)—Zof" (zo)| L.

Proof. We apply a version of a general proposition given by R. G. Mamedov (see [7]).
More precisely, let ¢ : N — R, lim ¢ (n) = oo, such that
n—oo

lim ¢ (n) [ex, (x0) = (Crer) (z0)] = 71 (0) ,

n—o0

for k € {1,2}.

In our case

2
30— 2 . (@), — 6
o g 6

=20 )0+ P (0

—alxo N n(l — ay)(a? +4a, + 6)558
"  -D@m-2)

— n —_— J—

n [64 (wo) — (Cn€4) (xo)] = Tz (an)g x%—f—
6n? —11n +6 an, 7(n—1)
—mr (an)4 $é + ﬁxo + “onz (an)z 1:3_
n (1 —ay) (al 4+ 7a2 +18a, +24) ,

Therefore

T1 (1170) = LI(),
L,

ro (o) = —zo(l — o) + 5 x5,
11L

3 (z0) = —323(1 — 20) + ?xg,
25L

ra (zo) = —6x5(1 — xo) + ﬁxé
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4
If Q.= (t—x)", then

n (@Q4,x) (z) =—-n (64 (z) — (C’ine4) (m)) + 4nx (63 (z) — (Cineg) (a:)) —
—6na? (62 (x) — (@62) (x)) + Ana® (el (z) — (Cinq) (x))

=

T}LH;O” (67194,1) (x) = —r4 (z) + dars (z) — 6227y () + 423 (2) = LTx‘l
and
Jim o (n) (Cnfa.z,) (20) =0,
then

lim ¢ (n) [/ (20) — (Cuf) (20)] = f' (20) — 70" (z0)] 1 (z0) + "2 £ (25) (%)

n—oo 2
and from (%) we complete the proof. g
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