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BERNSTEIN-STANCU OPERATORS

VOICHIŢA ADRIANA CLECIU

Dedicated to Professor D. D. Stancu on his 80th birthday

Abstract. The purpose of this paper is to investigate the modifications

operators Cn :Y→ Πn

(Cnf) (x) =

n∑
k=0

k!

nk

(
n

k

)
mk,n

[
0,

1

n
, ...,

k

n
; f

]
xk, f ∈ Y,

where the real numbers (mk,n)∞k=0 are selected in order to preserve some

important properties of Bernstein operators. For mj,n =
(an)j

j!
, an ∈ (0, 1]

we obtain Bernstein-Stancu operators(
Cnf

)
(x) =

n∑
k=0

(an)k

nk

(
n

k

)[
0,

1

n
, ...,

k

n
; f

]
xk, f ∈ Y

and we study some of their properties.

1. Introduction

Let Πn be the linear space of all real polynomials of degree ≤ n and denote

by Y the linear space of all functions [0, 1] → R.

Consider the sequence of Bernstein operators Bn : Y→ Πn where

(Bnf) (x) =
n∑

k=0

bn,k (x) f
(
k

n

)
, bn,k (x) =

(
n

k

)
xk (1− x)n−k

, f ∈ Y.

Because for j∈ {0, 1, ..., n}

1
j!
dj (Bnf) (x)

dxj
=

(
n

j

)
j!
nj

n−j∑
k=0

bn−j,k (x)
[
k

n
,
k + 1
n

, ...,
k + j

n
; f

]
,
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VOICHIŢA ADRIANA CLECIU

the following well-known formula holds

(Bnf) (x) =
n∑

k=0

k!
nk

(
n

k

) [
0,

1
n
, ...,

k

n
; f

]
xk. (1)

Starting with (1), we investigate the following modifications Cn :Y→ Πn

(Cnf) (x) =
n∑

k=0

k!
nk

(
n

k

)
mk,n

[
0,

1
n
, ...,

k

n
; f

]
xk, f ∈ Y, (2)

where the real numbers (mk,n)∞k=0 are selected in order to preserve some important

properties of Bernstein operators. Observe that from (2)

Cne0 = m0,n

Cne1 = m1,ne1

Cne2 = m2,ne2 +
e1
n

(m1,n −m2,ne1)

(CnΩ2,x) (x) = (m2,n − 2m1,n + m0,n)x2 +
x

n
(m1,n −m2,nx) ,

(3)

where ej (t) = tj and Ω2,x = (t− x)2. In the following, we shall consider that m0,n =

1.

The following problem arises to emphasize numbers mk,n, k ∈ N, for which

the linear transformations (Cn)∞n=1 are positive operators and moreover

lim
n→∞

m1,n = 1 and lim
n→∞

m2,n = 1.

Denote by Πs the set of all real polynomial functions of exact degree s.

Lemma 1. If p ∈ Πs and ms,n 6= 0, then Cnp ∈ Πs, n ≥ s.

Proof. Use the fact that [
0,

1
n
, ...,

k

n
; f

]
=

 0, k > j

1, k = j
.

Therefore, if p (x) = a0x
s + ...+ as−1x+ as, a0 6= 0, then from (2) one finds

(Cnp) (x) = b0x
s + ...+ bs,

with

bs :=
s!
ns

(
n

s

)
ms,n, b0 6= 0. �
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Lemma 2. If Cn is a positive operator with m0,n = 1, then m1,n ∈ [0, 1] and

0 ≤ m1,n −m2,n ≤
n

n− 1
(1−m1,n) .

Proof. For the proof it is enough to observe that

0 ≤ e1 (t) ≤ 1, t ∈ [0, 1]

implies

0 ≤ (Cne1) (x) = m1,nx ≤ m0,n = 1,∀x ∈ [0, 1] ,

that is m1,n ∈ [0, 1] . Further, from t (1− t) ≥ 0,∀t ∈ [0, 1], we have

(Cne1) (x)− (Cne2) (x) ≥ 0

for any x from [0, 1], that is m2,nx ≤ m1,n. To complete the proof it is sufficient to

use the fact that (CnΩ2,x) (x) must be non-negative on [0, 1] . �

Lemma 3. Suppose that Cn is a positive operator with m0,n = 1.

1) If m2,n = 1, then m1,n = 1 ;

2) If m1,n = 1, then m2,n = 1.

Proof. Use Lemma 2. �

Lemma 4. Suppose that f : [0, 1] → R is convex on [0, 1] . If Cn is a positive operator

with m0,n = 1, then

f (m1,nx) ≤ (Cnf) (x) ,∀x ∈ [0, 1] .

Proof. It is known that for a convex function f : [0, 1] → R and a linear positive

operator T : Y → Y, we have

f ((Te1) (x)) ≤ (Tf) (x) , ∀x ∈ [0, 1] ( see [7] and [8]). �

Lemma 5. Suppose that (Cn)∞n=1 are positive operators with m0,n = 1. If

lim
n→∞

m1,n = 1,

then

lim
n→∞

m2,n = 1.
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Proof. From 0 ≤ m1,n −m2,n ≤ n
n−1 (1−m1,n), see Lemma 2. �

Further we consider the uniform norm ‖g‖ := max
x∈[0,1]

|g (t)| .

Lemma 6. Suppose that m0,n = 1, ∀n ∈ N∗. If (Cn)∞n=1 is a sequence of positive

operators, then lim
n→∞

m1,n = 1 implies

lim
n→∞

‖f − Cnf‖ = 0, ∀f ∈ C [0, 1] .

2. The Bernstein form of the operator Cn

Theorem 7. Suppose that Cn is defined as in (2). Then for f : [0, 1] → R

(Cnf) (x) =
n∑

k=0

bn,k (x)Ck,n [f ] , (4)

with

Ck,n [f ] =
k∑

j=0

(
k

j

)
f

(
j

n

) k−j∑
ν=0

(−1)ν

(
k − j

ν

)
mν+j,n.

Proof. Observe that[
0,

1
n
, ...,

k

n
; f

]
=

k!
nk

k∑
ν=0

(−1)k−ν

(
k

ν

)
f

(ν
n

)
.

From (2)

(Cnf) (x) =
n∑

k=0

Akx
k,

with

Ak := mk,n

(
n

k

) k∑
ν=0

(−1)k−ν

(
k

ν

)
f

(ν
n

)
.

Further, using the rule

n∑
k=0

Ck

n∑
j=k

Dk,j =
n∑

k=0

k∑
j=0

CjDj,k,

we get (see [9])

(Cnf) (x) =
n∑

k=0

Akx
k ((1− x) + x)n−k =

n∑
k=0

Ak

n∑
j=k

(
n− k

j − k

)
xj (1− x)n−j =

=
n∑

k=0

(
n

k

)
xk (1− x)n−k

Ck,n [f ] ,
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where

Ck,n [f ] :=
k∑

j=0

Aj
(n− j)!k!
(k − j)!n!

.

Therefore

Ck,n [f ] :=
k∑

j=0

(
k

j

)
mj,n

j∑
ν=0

(−1)ν−j

(
j

ν

)
f

(ν
n

)
=

=
k∑

j=0

(
k

j

)
f

(
j

n

) k−j∑
ν=0

(−1)ν

(
k − j

ν

)
mν+j,n

and we conclude with (4). �

3. Bernstein - Stancu operators: the case mj,n =
(an)j

j! , an ∈ (0, 1]

Further, for k ∈ N, z ∈ C, let (z)0 = 1 and (z)k = z (z + 1) ... (z + k − 1) .

Then the operator Cn from (2), denoted further by Cn, becomes

(
Cnf

)
(x) =

n∑
k=0

(an)k

nk

(
n

k

) [
0,

1
n
, ...,

k

n
; f

]
xk, f ∈ Y. (5)

Lemma 8. Assume that Cn is a positive operator, i.e. an ∈ (0, 1]. Then



(
Cne0

)
(x) = 1(

Cne1
)
(x) = anx = x− (1− an)x(

Cne2
)
(x) = x2 +

x(1− x)
n

an +
1− an

2
(

an

n − (2 + an)
)
x2(

CnΩ2,x

)
(x) =

x(1− x)
n

an + x2 (1− an)
(

2− an

2
+
an

2n

)
.

(6)

Moreover

∣∣(CnΩ2,x

)
(x)

∣∣ ≤ an

4n
+ (1− an) , ∀x ∈ [0, 1] . (7)
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Proof. The above assertions follow using (3):

(
Cne0

)
(x) =

(an)0
0!

=(
Cne1

)
(x) =

(an)1
1!

e1 = ane1 = anx = x− (1− an)x(
Cne2

)
(x) =

(an)2
2!

e2 +
e1
n

(
(an)1

1!
−

(an)2
2!

e1

)
=

=
an (an + 1)

2
e2 +

an

n
e1

(
1− an + 1

2
e1

)
=

=
an (an + 1)

2
x2 +

an

n
x

(
1− an + 1

2
x

)
=

=
x(1− x)

n
an + x2

(
a2

n + an

2
+
an − a2

n

2n

)
=

=
x(1− x)

n
an + x2 + x2

(
(an + 2) (an − 1)

2
+
an (1− an)

2n

)
=

= x2 +
x(1− x)

n
an +

1− an

2

(an

n
− (2 + an)

)
x2

and

(
CnΩ2,x

)
(x) =

(
(an)2

2!
− 2

(an)1
1!

+ 1
)
x2 +

x

n

(
(an)1

1!
−

(an)2
2!

x

)
=

=
(
an (an + 1)

2
− 2an + 1

)
x2 +

x

n

(
an −

an (an + 1)
2

x

)
=

=
(
an (an − 3)

2
+ 1

)
x2 +

an

n
x

(
1− an + 1

2
x

)
=
an

n
x+ x2

(
−an

n
+
a2

n − 3an + 2
2

+
an − a2

n

2n

)
=

=
x(1− x)

n
an + x2 (1− an)

(
2− an

2
+
an

2n

)
. �

Lemma 9. Assume that Cn is a positive operator, i.e. an ∈ (0, 1]. Then

(
Cne3

)
(x) =

(an)3
n3

 n

3

x3 +
3 (an)2
n3

 n

2

x2 +
an

n2
x =

= x3 +
3(n− 1)

2n2
(an)2 x

2 +
2− 3n
6n2

(an)3 x
3 +

an

n2
x+

(an)3 − 6
6

x3
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(
Cne4

)
(x) =

(an)4
n4

 n

4

x4 +
6 (an)3
n4

 n

3

x3 +
7 (an)2
n4

 n

2

x2 +
an

n3
x =

= x4 +
(n− 1) (n− 2)

n3
(an)3 x

3 − 6n2 − 11n+ 6
24n3

(an)4 x
4 +

an

n3
x+

+
7(n− 1)

2n3
(an)2 x

2 −
(1− an)

(
a3

n + 7a2
n + 18an + 24

)
24

x4

(
CnΩ4,x

)
(x) =

 (an)4
n4

 n

4

−
4 (an)3
n3

 n

3

 +
6 (an)2
n2

 n

2

− 4an + 1

x4+

+

6 (an)3
n4

 n

3

−
12 (an)2
n3

 n

2

 +
6an

n

x3+

+

7 (an)2
n4

 n

2

− 4an

n2

x2 +
an

n3
x

= −
(
e4 (x)−

(
Cne4

)
(x)

)
+ 4x

(
e3 (x)−

(
Cne3

)
(x)

)
−

− 6x2
(
e2 (x)−

(
Cne2

)
(x)

)
+ 4x3

(
e1 (x)−

(
Cne1

)
(x)

)
Proof. Using (5) we have:

(
Cne3

)
(x) =

an

n

 n

1

 [
0,

1
n

; e3

]
x+

(an)2
n2

 n

2

 [
0,

1
n
,
2
n

; e3

]
x2+

+
(an)3
n3

 n

3

 [
0,

1
n
,
2
n
,
3
n

; e3

]
x3 =

(an)3
n3

 n

3

x3+

+
3 (an)2
n3

 n

2

x2 +
an

n2
x =

an

n2
x+

3(n− 1)
2n2

(an)2x2 +
(n− 1)(n− 2)

6n2
(an)3 x

3 =

= x3 +
3(n− 1)

2n2
(an)2 x

2 +
2− 3n
6n2

(an)3 x
3 +

an

n2
x+

(an)3 − 6
6

x3

(
Cne4

)
(x) =

an

n

 n

1

 [
0,

1
n

; e4

]
x+

(an)2
n2

 n

2

 [
0,

1
n
,
2
n

; e4

]
x2+

+
(an)3
n3

 n

3

 [
0,

1
n
,
2
n
,
3
n

; e4

]
x3 +

(an)4
n4

 n

4

 [
0,

1
n
,
2
n
,
3
n
,
4
n

; e4

]
x4
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=
(an)4
n4

 n

4

x4 +
6 (an)3
n4

 n

3

x3 +
7 (an)2
n4

 n

2

x2 +
an

n3
x

=
an

n3
x+

7(n− 1)
2n3

(an)2x2 +
(n− 1)(n− 2)

n3
(an)3 x

3 +
(n− 1)(n− 2)(n− 3)

24n3
(an)4 x

4

= x4 +
(n− 1) (n− 2)

n3
(an)3 x

3 − 6n2 − 11n+ 6
24n3

(an)4 x
4 +

an

n3
x+

7(n− 1)
2n3

(an)2 x
2

−
(1− an)

(
a3

n + 7a2
n + 18an + 24

)
24

x4.

We use the fact that

(
CnΩ4,x

)
(x) =

(
Cne4

)
(x)− 4x

(
Cne3

)
(x) + 6x2

(
Cne2

)
(x)− 4x3

(
Cne1

)
(x) + x4

to obtain the above assertions. �

Theorem 10. The linear operator Cn from (5) may be written in the Bernstein basis

in the form (
Cnf

)
(x) =

n∑
k=0

bn,k (x)Ck,n [f ] , (8)

with

Ck,n [f ] =
1
k!

k∑
j=0

(
k

j

)
f

(
j

n

)
(an)j (1− an)k−j

Proof. Let us find a convenient form of the coefficients Ck,n [f ] from (4). In our case

we have

Ck,n [f ] =
k∑

j=0

(
k

j

)
f

(
j

n

) k−j∑
ν=0

(−1)ν

(
k − j

ν

) (an)ν+j

(ν+j)!
=

=
k∑

j=0

(
k

j

)
f

(
j

n

) (an)j

j!

k−j∑
ν=0

(−k + j)ν (j + an)ν

(j + 1)ν ν!
=

=
k∑

j=0

(
k

j

)
f

(
j

n

) (an)j

(j)!
·2 F1 ( −k + j, j + an; j + 1; 1) .

Because 2F1 ( −m, b; c; 1) =
(c− b)m

(c)m

for m ∈ N∗, we have

Ck,n [f ] =
k∑

j=0

(
k

j

)
f

(
j

n

) (an)j (1− an)k−j

j! (j + 1)k−j

,
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in other words

Ck,n [f ] =
1
k!

k∑
j=0

(
k

j

)
f

(
j

n

)
(an)j (1− an)k−j .

When an ∈ (0, 1), it is clear that f ≥ 0 on [0, 1] implies Ck,n [f ] ≥ 0, that is Cn is a

linear positive operator. �

For g : [0, 1] → R the Stancu operators Sk : g → Skg, k ∈ N, are defined as(
S<b>

0 g
)
(x) = g(0) and for k ∈ {1, 2, ...} (see [17], [18] and [4]):

(
S<b>

0 g
)
(x) =

1
(b)k

k∑
j=0

(
k

j

)
(bx)j (b− bx)k−j g

(
j

k

)
, x ∈ [0, 1] ,

where b ∈ [0, 1] is a parameter. Observe that C0f = C0,0 [f ] := f(0) and

(
S<1>

k g
)
(an) =

1
k!

k∑
j=0

(
k

j

)
(an)j (1− an)k−j g

(
j

k
· k
n

)
, k ≥ 1.

Therefore,

Ck,n [f ] =
(
S<1>

k g<f>
n,k

)
(an)

with

g<f>
n,k (t) = f

(
t
k

n

)
, k ≥ 1.

Definition 11. The linear transformations Ck,n : Y → R, k ∈ {0, 1, 2, ..., n} , n ∈

N∗, are the Stancu functionals. When an ∈ (0, 1), the linear positive transformations

Cn :Y→ Πn , n ∈ N∗, are called Bernstein-Stancu operators.

Using the Chu-Vandermonde identity

n∑
k=0

(
n

k

)
(a)k (b)n−k = (a+ b)n

it is possible to find the images of Stancu functionals Ck,n at some monomials.

Next we use the following proposition
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VOICHIŢA ADRIANA CLECIU

Lemma 12. (A.Lupas [9], pag. 205) . Let n be fixed, 1 ≤ s ≤ n, and ‖bn,k‖ be

the Bernstein basis. Suppose that A is a linear mapping defined on the algebra of

polynomials such that Πs−1 ⊆ Ker (A) . If

p(x) =
n∑

k=0

akbn,k(x),

then

A(p) =
n−s∑
j=0

A (ψj,s) ∆saj ,

where

∆saj =
s∑

ν=0

(−1)s−ν

(
s

ν

)
aj+ν

and

ψj,s (x) =
(

n

s+ j

)
xs+j

2 F1 ( −n+ s+ j, j + 1; s+ j + 1;x) =

= s

(
n

s

) ∫ x

0

(x− y)s−1
bn−s,j(y)dy.

Moreover,
1
s!
· d

s

dxs
ψj,s (x) =

(
n

s

)
bn−s,j(x).

Using this proposition one can prove:

Theorem 13. Let an ∈ (0, 1) and

In,j,ν =
∫ 1

0

tj−1+an (1− t)−an bn−j,ν(xt)dt.

Then

dj

dxj

(
Cnf

)
(x) =

(
n

j

)
(j!)2

nj
· sin (πan)

π

n−j∑
ν=0

[
j

n
,
j + 1
n

, ...,
j + ν

n
; f

]
In,j,ν .

Because the integrals In,j,ν , j ∈ {0, 1, 2, ..., n} , are positive it follows:

Corollary 14. Let j,n ∈ N∗, 0 ≤ j ≤ n− 2. The operator Cn preserves the convexity

of order j.

The asymptotic behavior of the sequence
(
Cn

)∞
n=1

on a certain subspaces of

C[−1, 1] is given in the following proposition:
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Theorem 15. Suppose x0 ∈ [0, 1] and f ′′ (x0) exists. If an ∈ (0, 1), lim
n→∞

an = 1 and

L := lim
n→∞

n (1− an) exists, then

lim
n→∞

n
[
f (x0)−

(
Cnf

)
(x0)

]
= −x(1− x)

2
f ′′ (x0) +

[
x0f

′ (x0)−
x2

0

4
f ′′ (x0)

]
L.

Proof. We apply a version of a general proposition given by R. G. Mamedov (see [7]).

More precisely, let ϕ : N → R, lim
n→∞

ϕ (n) = ∞, such that

lim
n→∞

ϕ (n)
[
ek (x0)−

(
Cnek

)
(x0)

]
= rk (x0) ,

for k ∈ {1, 2} .

In our case

n
[
e1 (x0)−

(
Cne1

)
(x0)

]
= n (1− an)x0

n
[
e2 (x0)−

(
Cne2

)
(x0)

]
= −x0(1− x0)an−

−an (1− an)x2
0

2
+
n (1− an) (2− an)x2

0

2
n

[
e3 (x0)−

(
Cne3

)
(x0)

]
=

3(1− n)
2n

(an)2 x
2
0+

+
3n− 2

6n
(an)3 x

3
0 −

an

n
x0 − n

(an)3 − 6
6

x3
0 =

=
3(1− n)

2n
(an)2 x

2
0 +

3n− 2
6n

(an)3 x
3
0−

−an

n
x0 +

n(1− an)(a2
n + 4an + 6)
6

x3
0

n
[
e4 (x0)−

(
Cne4

)
(x0)

]
= − (n− 1) (n− 2)

n2
(an)3 x

3
0+

+
6n2 − 11n+ 6

24n2
(an)4 x

4
0 +

an

n2
x0 +

7(n− 1)
2n2

(an)2 x
2
0−

−
n (1− an)

(
a3

n + 7a2
n + 18an + 24

)
24

x4
0.

Therefore

r1 (x0) = Lx0,

r2 (x0) = −x0(1− x0) +
3L
2
x2

0,

r3 (x0) = −3x2
0(1− x0) +

11L
6
x3

0,

r4 (x0) = −6x3
0(1− x0) +

25L
12

x4
0.
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If Ω4,x = (t− x)4, then

n
(
CnΩ4,x

)
(x) = −n

(
e4 (x)−

(
Cne4

)
(x)

)
+ 4nx

(
e3 (x)−

(
Cne3

)
(x)

)
−

−6nx2
(
e2 (x)−

(
Cne2

)
(x)

)
+ 4nx3

(
e1 (x)−

(
Cne1

)
(x)

) ⇒

lim
n→∞

n
(
CnΩ4,x

)
(x) = −r4 (x) + 4xr3 (x)− 6x2r2 (x) + 4x3r1 (x) =

Lx4

4

and

lim
n→∞

ϕ (n)
(
CnΩ4,x0

)
(x0) = 0,

then

lim
n→∞

ϕ (n)
[
f (x0)−

(
Cnf

)
(x0)

]
= [f ′ (x0)− x0f

′′ (x0)] r1 (x0) +
r2 (x0)

2
f ′′ (x0) (*)

and from (∗) we complete the proof. �
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[12] Lupaş, L., Lupaş, A., Polynomials of binomial type and approximation operators, Studia

Univ. Babes-Bolyai, Mathematica, XXXII, 4, (1987), 61-63.

[13] Moldovan, Gr., Generalizari ale polinoamelor lui S.N. Bernstein, Teza de doctorat,

Cluj-Napoca, 1971.

[14] Muhlbach, G., Operatoren von Bernsteinschen Typ, J. Approx. Theory, 3(1970), 274-

292.

[15] Popoviciu, T., Remarques sur les polynomes binomiaux, Mathematica 6(1932), 8-10.

[16] Stancu, D.D., Evaluation of the remainder term in approximation formulas by Bernstein

polynomials, Math. Comp. 83(1963), 270-278.

[17] Stancu, D.D., Approximation of functions by a new class of linear positive operators,

Rev. Roum. Math. Pures et Appl. 13(1968), 1173-1194.

[18] Stancu, D.D., Approximation of functions by means of some new classes of positive lin-

ear operators, ”Numerische Methoden der Approximationstheorie”, Proc. Conf. Ober-

wolfach 1971 ISNM vol 16, Birkhauser Verlag, Basel, 1972, 187-203.

Universitatea ”Babeş-Bolyai”,
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