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ON CERTAIN PROPERTIES OF THE FRECHET
DIFFERENTIAL OF HIGHER ORDER

ADRIAN DIACONU

Dedicated to Professor Stefan Cobzas at his GOth anniversary

Abstract. In this paper we propose to give detailed proofs for different
generalizations of the Leibnitz formula for the calculation of the derivative
of the order n, with n € N; of the functions’ product. We will consider the
Fréchet derivative of certain composed functions with the help of certain

multilinear mappings.

1. Introduction

The idea of this paper has its origin the well-known Leibniz’s formula con-
cerning the calculation of the derivative of the product of two real functions with real
variables.

So, given the number n € N, the interval I C R and the functions f,g: 1 — R
that have the derivative of the order n, then the product function fg:1 — R admits
the derivative of the order n as well, and:

" /n n n!
(fg)(n) . kz_:()(k) f=Rgk) = where (k) = i m _ ATk
for any function i : I — R, h(?) : T — R represents the derivative of the order i of the
considered mapping.

A first generalization of this formula appears by considering the case of m
functions with m € N, fy,...,fm : I — R. In this way, if these functions have

Received by the editors: 20.03.2006.

2000 Mathematics Subject Classification. 37DO06.

Key words and phrases. Fréchet differential, multilinear mapping.

61



ADRIAN DIACONU

derivatives of the order n, the same fact is true for the product function f;... fp, :

I — R and:

" n! o .
(rocfm)™ = 30 AT
ar+-tam=n arl. . ap,!

We can raise the issue of extending these formulas to the case of using func-
tions defined between linear normed spaces.

Of course in this case it is necessary to find a ”substitute” for the notion of
product, but it will be necessary to specify the definition used for the extension of
the notion of derivative.

To begin with, we have:

Remark 1.1. For the linear normed spaces (X, ||-|| ) and (Y, ||-|ly) let us denote by
(X,Y)" the set of the linear and continuous mappings T : X — Y. The set (X,Y)" can
be organized as a linear normed space with the usual operations that are the mappings’
addition and multiplication with a real number, and the norm that for T € (X,Y)" is
defined through:

[T = sup [T (h)ly -
heX,||h] =1

It is easy to show that if (Y,||||y) s a Banach space, then the space
(X, Y)",[|-]) is @ Banach space as well.

Let us recall the following definition.
Definition 1.2. Let be given the linear normed spaces (X, ||-|| ) and (Y, ||-|ly ), the
set D C X, the function f: D —Y and the point x € int (D).
The considered function is differentiable in the point x in the Fréchet meaning that

there exists a linear and continuous mapping Ty € (X,Y)" and a mapping R, : X —

Y with:
Jim (1R ()] =0

so that for every h € X the equality:
f@+h) = f(x) =T (h) + ||kl x Rz (h)

s true.
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ON CERTAIN PROPERTIES OF THE FRECHET DIFFERENTIAL OF HIGHER ORDER

Now we have:

Remark 1.3. For the linear normed spaces (X, |-l x), (Y. ||ly) and a fized element
x € X let be the set:

D, (X, Y)={f/3Ip D X,z €int(D),f:D —Y,f differentiable at x} .

We can easily prove that if f € D, (X,Y) the mapping T, € (X,Y)" exists with a

unique determination. We will denote:

and this mapping will be called a Fréchet differential of the mapping f in the point x.

Starting from the definition 1.2 and using the successive differentiation and
mathematical induction, we can introduce differentials of an order n, where n € N.

In order to clarify these questions, for m € N we denote by (X(m), Y)* the
set of the m—linear and continuous mappings which are defined from X™ to Y, where

X=X x---x X.
N———’

m times

We have:

Remark 1.4. For any m € N, the set (X(m),Y)* can also be organized as a linear
normed space using the mapping’s addition and multiplication with a number. The

norm in (X(m)7Y)* forT e (X(m)7Y)* is defined through:

1Tl = sup 1T (R s )y
h17'~;hneX7Hh‘1”X:"':”h’n”le

in addition, if (Y,|-|ly-) is a Banach space, (X(m),Y)* is a Banach space as well.
Therefore we have:

Definition 1.5. In addition to the facts from the definition 1.2 let us consider a
number n € N, n > 2. If:
a): there exists a neighbourhood V' of the points x, so that for everyy € VND
it exists the differential of the order n — 1 of the function f at the point y
and f(=1 (y) € (X("_1)7Y)*,
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b): the function f*~V .V ND — (X(”_l),Y)* is also differentiable at the
point x,
then (f("_l))l (z) € (X("),Y)* , mapping which we will denote by f™ (z) is
called the differential of the order n of the function f at the point x.

It is necessary to remind one more case. Let us consider the linear normed

spaces:
Xl x,) s s (K Pl ) s (VS IFlly)

and a mapping T : X1 x ... x X,;, — Y. We can say that this mapping is an
m—linear and continuous mapping, if this mapping is linear and continuous after
every argument.

We denote by (X71,..., Xn;Y)" the set of all mappings that verify the afore-
mentioned properties.

For h = (h1,...,hm) € X1 X ... x X,, we can define:

1]l = max {[[A1]lx, - ol }

and so ((X1,...X,;Y)",|-]]) is a linear normed space. In the case if (Y,[-||y) is a

Banach space, then ((X1,...Xn;Y)",[-]|) is a Banach space as well.

2. A generalization of Leibnitz’s formula of derivation

Let us consider the linear normed spaces:

(XN s llly) s s Vs Dy, ) (Z1ElL2)

the set D C X, the nonlinear mappings f; : D — Y;; ¢« = 1,m and the m— linear
mapping L € (Yy,..., Y Z)".
With the help of these elements we build the function:

F:D—Z F(x)=L(fi(x),...,fm(x)). (1)

Our goal is to conclude, in the hypothesis of the differentiability of the func-

tions f; : D — Y;; ¢ = 1,m, on the differentiability of the function (1) establishing
connections between the differentials.
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ON CERTAIN PROPERTIES OF THE FRECHET DIFFERENTIAL OF HIGHER ORDER

To start with, we have the following:
Lemma 2.1. If the non-linear mappings f; : D — Y;; i = 1, m, are differentiable at
the point x € int (D), then the function (1) is also differentiable at the same point x

and for any h € X we have the relation:

F'(z)h =

m (2)
= ZL(fl (x)w'wfk*l (x)vfllc (x)h7fk+1 (x)vvfm(x))
k=1

Proof. From the differentiability of the functions f; : D — Y;; i = 1,m at
the point x € int (D) we deduce the existence, for any 7 € {1,2,...,m}, of the linear
mappings f! (z) € (X,Y;)" and of the non-linear mappings R X = Y;, so that for

any h € X we have:

=0.

fi(w 4 ) = fi @) + £ @) h+ |l B (), lim R ()|

So it is clear that:
F(x+h)=L(fi(x+h),.....,fm (x+h))
is in fact the value of the mapping L € (Y1,...,Y;; Z)" on the arguments:
Fu(@)+ £ @) b (1Bl B (h) oo fon () + F (2) B[R] RS (R

In this way:

+ZL (fr(@)s o fomr (@), fr (@) By frga (2) o o (2)) +

k=1

bl YL (f (@) s fima (@), B (B fin (@) o (2)) +

k=1

+5 N EY  (fxh),

k=21<i1 <--<ip<m
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where Ez(f)lk (f;z,h) € Z represents the value of the mapping L € (Y1,...,Y; Z)"
on the arguments fi (x),..., fm (z), with the exception of the positions i1, ..., €
{1,2,...,m} for which we have the arguments:

i @) h+ |Ihllx RS (), =Tk k=2m.

It is clear that if we define F' (z) € (X, Z)", through the equality (2), and

the mapping R, : X — Z through:

0 for h =0y,
R, (h) =

1
P(x,h)+ ——Q(x,h) for h+#0x,
121l x

where we have denoted:
Pah) =Y L(fi@), o fimt (@) RO (). fis (@), S (2)) € 2
k=1

and:

Q (.%',h) = i Z El(lk’)% (f;xvh) €7,

k=2 1<ii<--<ip<m

we will have:
F(z+h)—F(z)=F(2)h+|h] x R (h). (3)

It is clear that:

m

12wl <120y ([EP |, - T 15 @I,

k=1 j=Tm;j#k

and from lim HR&IC) (h)

h—0x

= 0 we deduce:

Yi

im [P (2, ) = 0. (4)
—UXx

Concerning the expression of Q (x, h) we deduce:

\\Q(x,h>|\ZSij S ||EY rem)]|

k=2 1<iy<--<ix<m
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ON CERTAIN PROPERTIES OF THE FRECHET DIFFERENTIAL OF HIGHER ORDER

and forany k € {2,3,...,m}and iy,...,ip € {1,2,...,m}with1 <i; <--- <ip <m

we have:

(k) .
HEil,...,ik (f?xvh)HZ S

k
<iel- IT @iy, < I

JE€{1,cemINLit,ein }

I @ h+ bl RS )| <

k k
< ||| - 8l - CF) L (k)

where:

k
SHRCOE | SN TETRE 1 {
j=1

Je{lomIN{in,ie}

£ @)|| + | B ()

Y,-])

From the differentiability of the functions fi,..., f;» we deduce clearly that:

k
. k
Jim Y (k) = I1 1@y, < [T @
Je{l,...mIN\{i1,....ik } Jj=1
‘We hayve:
= k— k
1Q (@, W)l < LN -kl D IRl > € L (wh)
k=2 1<i1 < <ip<m

and from this relation we deduce for any h # fx the inequalities:

0<|[Rs (W)llz <

m (6)
— k
<P (@) + L -kl SR ST e @h)

k=2 1<ip <--<ip<m

From the relations (4) — (6) we deduce that:
i (|, ()] =0. ™
—UXx

The relations (3) and (7) indicate that the function (1) has a differential at
the point z € int (D) and its value is given through the formula (2).

The lemma is proved. [J

In order to pass to the expression of the differential of an order n € N it is

necessary to make certain specifications and to adopt certain notations.
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To begin with, let be the set:
Am’n:{a/a: (al,...,am) S (NU{O})m, a1+---+am:n}.

In certain cases we can use the notation |a| for ag + -+ + .

Considering a finite set K C N, for a number p € N we can consider the set:
Cp(K)={i/i=(t1,...,1p) €KP, i3 <--- <ip},

evidently C, (K) represents the set of all subsets with p elements of the set K.
Evidently in the case in which the set K has g elements and p < ¢, then the
set Cp, (K) has (7) =

M ! 7 elements, and if p > ¢ the set C,, (K) is a void set.

P!

In the special case in which K = {1,2,...,n}, we will use the notation C, 4
for Cj, (K), with k < n and evidently this set has (}) = ﬁlk), elements.

Let us consider now the finite set K C N having n elements and we will build
the sets Jy, J1,...,Jm € K considering Jy = K. Let us also consider for m € N a
system o = (a1, ..., Qm) € Apy .

Starting from these elements let us make the following construction.

To start with, we choose a system (igl), e ,i&?) € Cqy (Jo) -

Let be now the set J; = Jy\_ {igl), ... ,igl)}that has n — aq elements. We

choose a new system:

(#5712 € Cay ().

So there exist (";20‘1) = % possibilities for the choice of this new
system.

Further on, for the systems (i(ll), . 72.5111)) and (igz), e ,igi)) that are chosen
above and are fixed we consider the set Jo = Ji\ {i?), e ,i@}with n—a; — Qs

elements, then we choose a new system:

(i?’,...,i@) € Ca, (),

n—al—ag) _ (n—a—as)!

s Pl Cerse————— possibilities for the choice of this new system.

existing (
We continue in this manner using mathematical induction.
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ON CERTAIN PROPERTIES OF THE FRECHET DIFFERENTIAL OF HIGHER ORDER

Thus for the systems (igl) z&?) s e (igk_l), e ,ig:?) already cho-

sen and fixed, we consider the set:

N I )

_ {1,2,...,n}\{z'§1 2533,...,Z-gk*1>,...,¢g11>},

that has n —ay —- - - — ag_1 elements and we choose the new system {igk), . zg‘kk)} €
. s — ——— ——— _1)! 1sTa
Cay (Ju—1) existing ("~ o -1y = ak!(%_oil_m_sk’illlak)l possibilities for the

choice of the new system.

At the end of this process we have already chosen and fixed the systems:

(@) (i)

we consider the set:
1) 1
Jm—l— m— 2\{(m ?"'7251777:1 1)}

:{1,2,...,n}\{i§1),. 1533,...,igm—ﬂ,...,ig:f;?},

and we choose the new system (igm), . fom ) € Cq,, (Jm—1) existing
(n—al—---—am,l) — (nfal 7"'7am—1)!
%m ap!(n—a1 — - — Qo1 — )]

possibilities for the choice of the new system.

If we consider:
T = T 1\{ ;(m) ...,ig’;?}
this set has n — a1 — -+ — a1 — ay, = 0 elements, therefore J,, = @ and so the

process is finished.

We denote by

= () e (i)

a system composed of systems obtained through the process already presented.
For the numbers m,n € N and o € A,,, fixed, let us denote through
A[a] (K) the set of all systems built in the manner already indicated.

It is clear that the number of elements of the set A,[%]n (K) is #'a,

m-
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In the case in which K = {1,2,...,n}, we will use the notation .AL?{]n for

A (11,2, n)).

We can now enunciate the following:

Remark 2.2. With the hypotheses of the lemma 2.1 the relation concerning the

value of F' (x) h can be written under the form:

Z Z <f1a1 h (1> hi{gl), e f;ﬂo‘m) (aj) higm) .. h&:ﬂ))

a€hm 1 re gle]

m,1

with hy = h.

Indeed, the fact that o € A, 1 means that « € (aq,...,aq.,) € (NU{0})™ (
therefore oi; € NU{0} for any i = 1,m) with |a| = ay + -+ + a;, = 1, so we deduce
that there exists a number k € {1,2,...,m}, so that:

0 for i#k,

oy =

so the only possibility for the choice of

I= (( (1),...,1’5111)), e (igm),_..,igﬁ))) - (iy“),---, 52)) i) GA[ma}l

is igk))l and because hy = h, it is clear that:

L (fl((’“) (x) higm . hisl), RN T(nam) (x) hz‘ﬁ"” e hzsm) =

:L(fl ('7“')7"-7]016*1 (Z’),f;é(l’)h,fk+1 (.%'),...,fm(.%'))7

which justifies the proposition from this remark.

Taking into account the remark 2.2 as well, we are now able to establish
the theorem concerning the values of the differential of the order n of the non-linear
mapping (1).

Thus we have:

Theorem 2.3. If for n € N the non-linear mappings f; : D — Y;, i = 1, m admit a
differential of the order n at the point x € int (D), then the non-linear mapping (1)
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also admits a differential of the order n at the same point x and:

F™ (2)hy...h, =

= Z Z L ( 1(041) (x) higl) .. hir(xlf’ e fy(r‘;"”) () hiYn) .. higzl)) .

€Ay n IE_AES:]"

Proof. We will proceed through mathematical induction after n € N.

For n = 1 the proposition is true on account of the lemma 2.1 and of the
remark 2.2.

We suppose therefore that the property in discussion is true for a number

n € N. We will prove that this property is true for n substituted by n + 1.

Therefore we consider that the non-linear mappings f; : D — Y;, i = 1,m
admit at the point = € int (D) differentials with the order n 4+ 1. On the basis of
the definition there exists a neighbourhood V of the point z, so that the functions
fi : D —Y;, i =1,m admit differentials of the order n at every point u € V N D.

On the basis of the hypothesis of the induction we deduce that the function
F : D — Z defined through (1) also admits a differential of the order n at the point
u € VN D and the equality in the conclusion of the theorem takes place with z
replaced by w.

Choosing therefore h;y € X so that x + hy € V N D and arbitrarily
hay ... hp,hny1 € X the equality in the conclusion of the theorem will be true
for hy,...,hy replaced by ha, ..., hpt1 and A,[%]n by Lﬁ]n ({2,...,n+1}) and there
will be another similar equality but with x replaced by x + hq.

Subtracting these equalities member by member we obtain:

[F(") (z +hy) — F™) ()] ha .. hpy1 =

= Z Z E(()tl) (I;h17h27--~7hn+1)’

a€Amn Te AR ({2, 413)
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where:
L (23he, by hpgt) =
= L (A @A b g By ey S5 @ B e By )
L (A @ by By o S @) b g )
in the last expression a = (o, ..., 0y) € Ay, and:
I= (17, dD) s (i) ) e Al (2, k1) ()

Let be the number ¢ € {1,2,...,m}. From the existence of the Fréchet dif-
ferential of the order n + 1 of the function f; : D — Y; at the point = € int (D) we
deduce the existence of these differentials for every k <n + 1.

From this fact we deduce that for any k < n and h; € X there exists R;k’i) :
X = (X9,)" with lim | R (h)| = 0 50 that:

5O (@t ) = £ @)+ S5 (@) b+ ] RED (). 9)

From o € A, , we deduce that o = (ay,..., o) € (NU{0})™ and |a| =
a1+ -+ + ay = n, therefore a; € {0,1,...,n}. So the relation (9) is true for k = a.
Using a similar process with that from the lemma 2.1 and taking into ac-

count the remark 2.2, we obtain for « € A, , and I € A%]n the equality:

L (20, hay o ) =

a,B;1,J a,B51,J
=3 Y p(r T 4 10)

pehms seAl),

) RE (25 h, hoy - )

with /8 € Am,,l (therefore ﬁ = (ﬁla s 7ﬂm,) € (NU {0})7”« and |ﬂ| = 61 +-- +ﬁm = 1)7

while:

J = ((j?),...,jgl)), L (j§m>,...,jg:j>)) e AD = AP (11, ()
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where for £ = 1, m we have denoted:
. (Bk)
T]gaﬁJ’J) = (f]iak)) (:L') hj(k) R hj(k)hi(k) S hi(k) =
1 B, Y ap
= f]gak+ﬂk) (m) hj(k) cochwhay Rk
1 Jg, U Loy,

The element Rg) (x;h1,ha, ... hnt1) € Z has the value 07 in the case in
which hy = 0x and the value that is deductible from (10) for hy # 0x.
So:

[F(n) (.Z‘ + hl) — F(n) (x)] ho.. ~hn+1 =
(12)
=& (w;ha, has o by hor) + ([Pl x R (25 b, hay o oy )

where:
E(x;h1,hoy .o hy, ) =
= 3 S Y Y (Tl(aﬁ;I,J)7 o T&aﬂ;I,J)) ’ (13)
a€hm.n re Al ({2, +1}) FEAmA Jeald),
while:

R(z;h17h27"'7hn;hn+1) ==

0y, for hy = Ox,

[F™) (z+ hy) — F™ ()] ha .. hyr — E (x5 ha, o hng)
171l
It is clear that for hy # 0x we have:

for hy # Ox.

R(l‘;hlvh27~--ahn;hn+l) =

14
=Y > RY (01, hay o iy By 1)

aChmn re Al ({2,...n+1})

Now let be:
v=01 o m) =a+ B= (a1 + B, ..., am + Bm) € (NU{0})™.
Because |a| = n and |8 = 1 we deduce that:

M=m+-tym=(a+tan)+ Bt +0n) =lo[+]0 =n+1,
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therefore v € Ay, 4.
For the system I which verifies (8) and the system J which verifies (11), let

us introduce:

k (k (k) (k .
<5§)a~-~,5%)) = (ﬁ ),...,jék),zg ),...,z&i)); k=1,m

and:
1 m m
S=((sg),...,sgll)),...,(sg ),...,sgm)>>. (15)
Because 8 € A, 1 we deduce that there exists a number r € {1,...,m} so
that:
0 for i#r,
B = ,

1 for i=r,

so the only possibility for the choosing of the index system:

J= () () = (7 8)) =
= (") e A (1),

is jyc) =1

Form here we deduce that the systems from S are identical with a system
Ie Aiﬁ]n ({2,...,n+1}) ( having the form (11)) except the subsystem situated on
the position r. To this subsystem we add the element 1 on its first position. This
indicates that S € Amn 1

Through the aforementioned process starting with the elements a € A, 5,
BeAhny, € AL%}H ({2,...,n+1}) and J € Aﬁl ({1}) we obtain a v € Ay g1
together with S € AD]

m,n+1°

(]
m,n—+

The inverted process starting from vy € A, 11 together with S € A 1 €x-
ists with a unique determination, a o € A, ,, together with I € A,[%]n {2,...,n+1})
and J € A[£1,1 ({1}), so that we obtain the systems from S through (15), the systems
I and J having the forms (8) and (11) respectively.

So it is clear that for any k = 1, m we have:

T]Eaﬁ;I,J) _ f,iw“) (z) hsﬁ’“) ...hsg?
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and from (13) we deduce that:

E(xihyhay o by b)) = Y > LY,

’YEAm ntl SE‘ArZ]n+1

where:
L,(YS) =1L (fl(’n) (QZ) hs(ll) o hs’(y11), ceey fy(,;ym) (I) hs(lm) . hs’(y'r:;)) .

Let us denote:

Hn,X = {h/hz (hl,...,hn) < Xn7 Hh1||X == Hh”HX = 1}

(17)

and let us now evaluate |R (x; h1, ha, ..., hn, hny1)| , supposing that (he, ..., hnt1) €

Hp,x which means that [|ha]|y =+ = [[hny1]|x = 1.

First we notice that for any h; # 0x, o € A, , and I € .Am 'n We have:

R(QI) (x;h’lvh’Qv . '7hn+1) =

s

=Y "G (w11, ha, o ) +
j=1

Z S B (@b ha, o o).

k=2 1<r <---<rg<m

Hh1||x

(18)

In (18) G;I; (x;h1,hay ... hny1) € Z for j € {1,2,...,m} represents the

value of the mapping L € (Y7,...,Y,,; Z)" with the arguments:

féQQ) (x) hi(lq) .. hi(aqq) €Yy g=1,m,
except the argument of the rank j, this argument being:
R(waj’j) (hl) higj) - hl((x]) .

So:

I i o
oo, <[] L s
g=1,m q#k

here we take into account that I € A[a] ({2,...,n+1}), therefore:

1;[1 <Hhi§” X

q

g

=||h v P =1
) = Wl e Tl
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In the same relation (18) for k € {2,...,n+1} and rq,...,7, € N with
1 <7 < - <71y < m the expression ngalr)k (z;h1,ho, ..., hyyp) is the value
of the mapping L € (Y1,...,Y,,;Z)" with the arguments féa‘Z) (@) hyo - hyo €
1 agq
€ Y, g = 1, m except the arguments situated in the position rq,...,r; where the

arguments:
|:f1§ap+1)( )hl+th|| Oé;u:p) (hl):| hi(lp) ...hi‘(lp); pG {Tl,...,rk}

appear.

So:

HE k:a[) (.23 hlah2?"'7hn+1)H < thHI;( X ||L|| X

Oérq+1 arqﬂ"q Qgq
Aol fenl) T el
qe{1,.. m}\{r STk}
Therefore we can write that:

|RY @b, i) < IENCE (k) (19)

where:
c¥ (x,hy) = Z H ) | T [ (m)H
=1 q=1,m q#k
k— k,o, 1
+y lmlly x>0 DI @),
k=2 1<r; < <rp<m

while for k € {2,...,m} and r1,...,7rp € Nwith 1 <r; <--- <71 < m we have:

DV(“]f:ayﬁ")k ('75’ hl) =

R R N

GE{LoemIN{r1senns

au

Thus, it is clear from the hypotheses on account of which for the specified

values of k and of r1,...,r; we have:
k 1)
h1lggx D(k I) q H . Hfl5 " (33) ’ ’

g€{Ll,...mI\{ry,..,re}
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that for any a € A, , and I € A%]n we have:

lim CY) (z,hy) =0
h—0x

and so, in the same situation as in (19) we deduce that:

lim sup IR (x;h1, ha, ... hpg)|l; = 0. (20)
h1—0x (hg ..... hn+1)€Hn,X
We define the mapping:
F(n+1) (,]j) c (X(n+1),Z)*’
(21)
FOID () hihg .. hpyr = E (@ hy, ha, oo hpy)
and it is clear that if we define R, (h1) € (X™, Z)* through:
0., ; hi =0x
R, (hl) = (n) (x + hl) — ) (:C) — p(n+1) (x) hy
i hi #0x
17l x
we have in (X("), Z)>k the equality:
F™ (24 hy) — F™ (2) = FOFY (1) by + |h1]l x Rz (R1) - (22)

In the same time for hy # 0x we have:

”Rm (hl) ha... hn—&-lHZ <

_ [[F®) (@ + hi) = F™ ()] hy .. hyyr — FOFD (2) hahg . b ||,

17l x
B [[F™) (z+hi) = F™ (2)] hy .. hnyr — € (w3 by, b, b)), B
1l x
= HR(.T, h’la h27 s ?h’n"rl)HZ ’
therefore:
0 <R (h1)|l = sup [Re (h1)ho .. hnyilly <
(ha,..c;hny1)EHn, x

< sup ||R(1?;h1,h2,.

- bl
(h2yshnt1)EHn, x o 7
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From here, also using the relation (20), we deduce that:
lim [ Ry (ha)]| = 0. (23)
h—60x

From the relations (22) and (23) we deduce that the mapping F' : D — Z
has a Fréchet differential of the order n + 1 at the point « € int (D), the expression
of the mapping F"*V (z) € (XD, Z)* being specified through (21), therefore on

account of the obtained expression (16) for £ (x; hy, ha, ..., hnt1) we have:

FOrD () hy .. by =

= Z Z ( 71) )h - hsgll),..., f/lErL"L) (a;) hs(lm) ...hs%i)) .

YEAm nt1 ge Al

The aforementioned assertion together with its corresponding equality indi-
cates that the property expressed through this theorem is true for any n € N replaced
by n + 1.

On account of the principle of mathematical induction this property is true
for any n € N.

The theorem is proved. [J

Remark 2.4. In the case of m = 2, case in which L € (Ly,Lo; Z)*, f: D — Yq,
g:D — Yy where D C X and x € int (D), in the hypothesis of the existence of the
differentials with the order n of the considered functions at the point x, it results the
existence of the differential with the order n of the function F' : D — Z, F(x) =
L(f(x),g(x)) together with the equality:

F(”) ( ’ Z Z (f(k) 11 s h’ikag(nik) (JJ) hj1 s hjnfk) (24)

k=0 i€Cm

where we have denoted i = (i1,...,1;) € Co k. and:

{jl?"'ajnfk} € {1727777/}\\{217’21@}

with 71 <+ < Jn—k-
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Indeed, in this case:
foa = {a/a=(a1,02) € NU{0})?, a1+ a3 =n} =
= { (koo — )/ k =07}

and the set A[zajl = A(Qlfr’t"_k) is made of a pair of disjunct systems, the first system
has k elements and the second n — k elements. If we put together the elements from
these systems we obtain the set {1,2,...,n}.

If we denote this pair of systems from A(Qlf;l"_k) by:

(Z7]) = ((ilw'wik)»(jh"wjnfk))

because 1 < i3 < -+ < i < n and the system (j1,...,Jn—) is obtained in the

aforementioned manner, then ¢ € C,, ;, and we also obtain the equality (24).

Remark 2.5. In the case when hy = -+ = h, = h € X we have for the equality from

the conclusion of the theorem 2.3 the form:

|
(n) n __ n: (a1) « (am) Qn
F () h —QEEA ol o !L( D (@) h L ) () B ) (25)

and for the equality (24) we have the form:

n

FO (@) =3 <Z)L ( FO () 1, gn=R) () hH) . (26)

k=0

These relations are evident because the number of elements of the set ALO{]n

is — 2 while the number of elements of the set Chi is ﬁlk), = (Z)

agl..am!?

In the aforementioned writings it is clear that f*) (x) h* means:

f®) () (h,...,h).

k times
3. An application to the differential of certain composed functions
Let us consider the number m € N, the linear normed spaces:

(X s Y llly) s s (Vs DDy, ) (Z1ElL2) s
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the set D C X and the mappings:

U:D—Y,i=1m; W:D— (Yi,....Y; Z)".
Using the aforemationed mappings we consider the composed mapping:
G:D—Z, Gx)=[W(@)] U (z),...,Un(x)). (27)

Concerning the mapping (27), we have the following proposition:

Proposition 3.1. If for an n € N the mappings W : D — (Y1,...,Yu; Z)" and
Ui : D — Yy i = 1,m admit Fréchet differentials with the order n at the point
x € int (D), then the mapping G : D — Z defined through (27) also admits a Fréchet
differential of the order n at the same point x, and for any hy,...,h, € X we have
the equality:
G™ (z)hy...h, =
- (28)

= > > ESD (W,Us b, )

k=0 a€hmnr SECuk 1Al | (M, x(5))
where U = (Uy, ..., Uy) and S50 (WU a5 ha, ... hy) is
[W(’“) () hs, hk} (U{“l) (2) Byt -y USRS (@) by h<,7,:3> (29)
where for S = (s1,...,8k) € Cp i, we have denoted:
M (S)=A{1,....n}\A{s1,..., 8k}
Proof. We will consider the mapping;:
L:(Yi, ...V Z) X Y1 XX Yo = Z, L(T;y1, - Ym) =T (Y1, Ym)

where y; € Y; with i = 1,m while T € (Y1,..., Y Z2)".

From the definition of the operations in the set of mappings we deduce the
linearity of the mapping L after the first argument, while from the linearity of the
mapping T : Y7 X -+ X Y,, — Z we deduce the linearity of the mapping L after the
last m arguments.
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It is also clear that:

LTy, ym)llz = 1T W ym)llz S N0 Mlally, - llymlly,, »

therefore:

Le((Yio. o Yo 2)" Y1, . Yo Z)°
and:

G(z)=L(W (z),U; (2),...,Un(x))
as well.

In this way for the existence and the calculation of the differential with the
order n of the non-linear mapping defined by (27) it is possible to use the theorem
2.3, therefore as the mappings U; : D — Y;; i =1T,mand W : D — (Yq,..., Y Z2)"
have the Fréchet differentials with the order n, at the point x € int (D), the same
fact can be said about the mapping G : X — Z, and for any hq,...,h, € X we have:

G(”)(.CL‘)hlhn: Z Z g%1<.’1};h1,...7hn>7

Y€Am+1,n Jeal

m+1,n

where G, j (x; ha, ..., hy) has the value:

L <W(’71) (CL’) h....h (1) Ul(’ﬁ) (33) h....h. yeey UT(J’”JFI) (3]) h (m+1y...h .(m+1))
J1 Jv1 J1 I~z J1

Ym+1

for v = (v1,72, .-, Ym+41) € Apy1, and
J = ((]%1)7 s 7.]f(yi)> ) (]§2)a cee 7.]»()13)) PR (j£m+1)a s 7]§Zrll))> € ALZ.L—l,’!L'
The fact that v € Ay, 41, means that v = (y1,72, - -, Ym+1) € (NU {oy™t!

with [y| =51 + 72+ + Y1 = n.
We place:

k:’ylv a1 =72, -+, Om = Ym+1
and we deduce that in fact k € {0,1,...,n} and a = (a1, ..., ) € (NU{0})™ with
ol =01+ + apy =n—y1 =n —k, therefore a € Ay, .

We then place:

S=(s1,...,5%) = (j{”,...,j,i’) - (j§1),...,j$))
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and:

1= (G d2), (g 9) o (G0, ).

Thus it is evident that J = (S,I) € Agi]ﬂm if and only if S € C,, 1, and:

Te A (L2, onI\ s os)) = AL (Mo (9)),

]

this fact results from the manner in which we have obtained the systems J € A, ", .

Thus the relations (28) and (29) are clear.
The proposition is proved. [J
We have the following:

Remark 3.2. In the case where hy = --- = h,, = h € X in the hypotheses of the

proposition 3.1 we have the equality:

G™ (x) k" =
n o [W®) () h*] (Ul(al) () her, ... U™ (z) hm) (30)
k=0 oa€A, n_k g

For n =1 we have:
Remark 3.3. If the mappings W : D — (Y1,...,Y; Z) and U; : D — Y;; i =1,m
are Fréchet differentiable at the point x € int (D), then the mapping G : D — Z
defined through (27) is also differentiable at the same point xz, and for any
hi,...,hy, € X we have the equality:

G (@) h =W (2) h} (U1 (2), ..., Un (2)) +

m (31)
Y W @] (UL ()., Ujor (@) U] (2) by Uja (2) .. U () -

j=1

For n € N arbitrary and m = 1 we have:
Remark 3.4. If the linear normed spaces (X,|-||x), Ys|lly), (Z,|]|;) and the
functions f: D — (Y, Z)", g: D — Y, that admit Fréchet differentials with the order

n at a point © € int (D) are given, then the function:

G:D—Z; G(z)=[f(z)]g(z)
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also admits a Fréchet differential with the order n at the same point x, and for any

hi,ho, ..., h, € X we have:

(If (@) g @)™ hy...hy =
(32)

0 i€Cn 1

=> [F5) (@) iy - hi ] g0 (@) By, by,
where i = (i1,...,9%) € Cox and {j1,.. ., Jn—k} = {1,2,...,n}\A{i1,..., ik} with

J1 < < Jn—k-

The remarks 3.2-3.4 are evident.

References

[1] Diaconu, A., Sur quelques propriétés des dérivées de type Fréchet d’ordre supérieur,
Preprint nr. 1, 1983, ”Babeg-Bolyai” University, Faculty of Mathematics, Research sem-
inars, Seminar of Functional Analysis and Numerical Methods, 13-26.

[2] Krasnoselski, A. M., Vaininko, M. G., Zabreiko, P. P., Rutitzkii, B. A., Stetzenko, V.,
Priblijennoe rechenie operatornih uravnenii, Izdatelistvo nauka glavnaia redactzia fizico-
matematicescoi literaturi, Moskva (1969) (in russian).

[3] Pavaloiu, L., Introducere in teoria aprozimdrii solutiilor ecuatiilor, Editura Dacia, Cluj-

Napoca, (in Romanian) 1976.

BABES-BoLyAl UNIVERSITY,
FAacuLTY OF MATHEMATICS AND COMPUTER SCIENCE,

STR. KOGALNICEANU NR. 1, RO-400084 CLUJ-NAPOCA, ROMANIA

83



