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SOME INTEGRAL OPERATORS DEFINED ON p-VALENT
FUNCTION BY USING HYPERGEOMETRIC FUNCTIONS

A. TEHRANCHI AND S. R. KULKARNI

Abstract. In the present paper we introduce some integral operators and
verify the effect of these operators on p-valent functions and find radii
of starlikeness and convexity for these operators, finally we introduce the

concept of neighborhood.

1. Introduction and Definitions

Let A denote the family of functions analytic in unit disc A = {2z € C: |z| <
1} with positive coefficient and let A, be subclass of a consisting functions f(z) of

the form
2p—1
f(z) =mz? + Z tnpr12" P — o Fi(a,b;c;2), |2] < 1 (1.1)

n=p—1

- b
where 2Fy(a, b 2) = 3 26

!
o (¢,n)n!
r
(a7n):W:a(a—kl,n—l),c>b>07c>a+b,m>0
a
— 1)(b,n — 1
wd by (@ =p D= p ]

(c,n—p+1)(n—p+1) "
These functions are analytic in the punctured unit disk. For more details on hyper-
geometric functions 2F(a,b;c; z) see [4] and [7].
Let f € A, then we denote by UCVP the class of uniformly convex p-valent
function in A and « — ST the class of « - starlike functions also denote by aa — UCVP
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A. TEHRANCHI AND S. R. KULKARNI

the class of a-uniformly convex p-valent function in A which are introduced and
investigated by Kanas, Wisniwoska [6] and Silverman [10].
Definition 1. Let f € Ap and 0 < a < 0o. Then f € o — UCV? if and only if
Zf” Z,f//
Re{p+ 17 } > o 7
Definition 2. Let f € A,. The class o - uniformly starlike functions o — UST? is
defined as

z € A.

f 77
Definition 3. (cf. [7]; see also [11] and [12]). Let the function f be of the form
f(z)=2P — Z anz™ and be analytic in A. The fractional derivative of f of order §
is defined by

a—USTp:{fGA:Re<Zf/)>a 2

‘ aEO,ZEA}

5 1 d 7 @
DZf(Z)_F(l—é)dz_/o o (0sd<) (1.2)

where the multiplicity of (z — €)°® is removed by requiring log(z — &) to be real when

z — & > 0 and so we have
+p) _
D’ SRk E L(n n—3, 1.
2f(2) ( Fn—i—p 5) n® (1.3)

Making use of (1.2) and its known extensions involving fractional derivatives

and fractional integrals, Owa and Srivastava [11] introduced the operator
Qf(2):=T(2-08)2°D2f(2), 0<5 <1 (1.4)

and for § = 0 we have Q0f(2) = f(2).
Definition 4. Let f(z) € A, is said to be a member of the a — UCVL(n, ¢) if f(z)

satisfies the inequality
Re ( 2(Q1f(2)) +n22(QLf(2))" >
(1 =n)(Q2f) +nz(Q2f(2))

2(Q0f(2)) + 2222 f)"
(1 =mQ2f(2) +nz(2f(2))

where 0 <n<1,0<tan¢p <p,pe N;a>0and 0 <d < 1.

>«

—1‘ +tan¢ (1.5)

We note that by specializing the parameters «, ¢, 7, we obtain the following
subclasses studied by various authors (by putting tan ¢ = ().
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SOME INTEGRAL OPERATORS DEFINED ON p-VALENT FUNCTION

MIfa=0d=0and p=1=a—UCV(n,0) = pi(1, A, 3) was studied by Altintas
[1].

IMIn=16=0,a=0,p=1=a—-UCV(L,¢) = C(B) was studied by Silverman
[10].

() Ifn =0, =,0,p=1=a—-UCV(0,¢) = UCT(k, 3) was studied by R. Bharati,

R. Parvatham and A. Swaminathan [5].
IV)Ifp=1,n=0and =0 and § = 0, that is k — ST introduced by Kanas and
Wisniowsak [6].

2. Main Results

In the first theorem we will obtain coefficient bounds, before it we need the

following lemmas.

Lemma 1. Let w = u + v then
Re(w)>a< |lw—(1+a)| <|w+ (1—a)
Lemma 2. Let w = u+iv and o, 8 be real numbers. Then
Re(w) > a|lw — 1| + § & Re{w(1 + ae®®) — ae?} > 3.

Theorem 1. The function f(z) defined by (1.1) is in the class
a—UCVE(n,¢) if and only if

o0

D AP 8)[(1—n+nmn)(n(1+ @) = (a+ tan )k,
n=p+1
<m(l+np—mn)(p—tang+a(p—1)) (2.1)

where vP(n,d) = % and 0 < tan¢ < p,a > 0,0 < n < 1,p € N and
0<d<1.

Proof. The function f(z) in A, can be expressed in the form

f(z) =mzP — Z knz", peN (2.2)

n=p+1
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such that k, = —Lletnlb+n)l(e) ), p+1. Also

T(a)L(b)L(c+n)L(n+1)
—~ _L(n+p)
) _ Yl _ n
n=p+1
= mzP — Z VP (n, §)k, 2" (2.3)
n=p+1

Now, let f(z) € a« — UCVY(n, ¢) that is

S ) + Q0 f(2)
Re{( “ @) + 0z (B ()Y }
0%
()

2(Q0(2) +n2* (2

f(z
N ) () + (e

1‘ + tan ¢

Using Lemma 2 we have

S+ Q1 (2)) o
fre { T f=) + iy L) }

> tan ¢, (0 < tan¢ < p)

or equivalently

Re{([2(Q2f(2)) + 02" (Q2f(2))"](1 + ae) — (ae” + tan )
(1= mQ2f (=) +02(Q2F () D/ (1 = Q2 (2) +02(QLf(2)))} 2 0

Then, we can write

oo

Re{[m(1+np—n)(p—tang) — > 4"(n,8)((n+nn(n — 1)

n=p+1
—tan¢(1 — 1 +nn))k,2" "7 — ac’(m(1 =0+ pn)(p — 1))

et Z (n,0)(n+nn(n—1)— (1 —n+nn))k,z""?]

n=p+1
[Im(L=n+pn) = > 7P (n.8)(1 = n+nn)k,2""7]} >0
n=p+1
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SOME INTEGRAL OPERATORS DEFINED ON p-VALENT FUNCTION

The above inequality must hold for all z in A. Letting z — 1~ yields

Re{[m(1 +np—n)(p— tan ) — > 77(n, 8)(1 = + 1) (n — tan 6

p+1
—ae”(m(1 = n+pn)(p— e’ Z (n,8)(1 = n+nn)(n—1)]
n=p+1
[Im(L=n+pn)— > A"(n,6)(1—n+nnka} >0
n=p+1

and so by the mean value theorem we have

Re{m(1 +np —n)(p — tan ) — »_77(n,8)(1 —n+nn)(n — tan ¢)k,
p+1

+ac[m(L—n+pn)(p—1)] = ae? }_1"(n.0)(1 = n+nn)(n = 1kn} >0
p+1

Therefore we obtain

oo

> AP(n,8) (1 —n+nn)(n—tan¢+a(n—1))k, <m(1+np—n)(p—tan$+a(p—1))
n=p+1

Conversely, let (2.1) hold true. We will show that (1.5) gets satisfied and
then f(z) € « —UCV{(n, $). Using the Lemma 1 it is enough to show that

2(Q2/(2)) +n22(02f ()"

b= ‘ T )@ () + = BF )
AR @) |
B <1+a‘(1—n)(95f( D+ 02221 () 1‘“6‘ ¢’>’
‘Z(Q‘if(z))”rw( f(2))"
T )@/ () T 12(BF )
A @) |
* (1 ‘( Q) + (RS )) 1‘ ‘ ¢>
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We must show E < F or F—E > 0. For letting e’ = % where B = (1—n)(Q2 f(2))+

n=(Q2(2))', we may write
E = ‘;H A () + 0@ F(2)" — (14 tan @)1~ n)(F(2)
(2 (2))]] — e |(1 = )z(QLF(2))' + 02 (L (2)"
~(1 - (@ F )]

|2[”

< ﬁ( m(1+np—n)(p—1—tang+a(p—1))

+ Z Pn,)(L+nn —n)[(n—1—tand) + a(n + 1))k,
n=p+1

Also, we have
Fo= ul?‘ 2(QLf(2)) + 022 (QLF(2))" + (1 = tan d) (1 = ) (22 f(2))
—12(Q2f(2))) = ae”|(1 = n)2( f(2)) +n2(Q2f(2))" — (L= m)(QLf ()]

> ||B|f|)( (L+np —n)(p+1—tand + a(p — 1))

- Z Pn, o) (L —n+mn)(n+1—tan¢ + a(n + 1))k,.
n=p+1

Tt is easy to verify that F' — E > 0, if (2.1) holds and so the proof is complete. O

Corollary 1. If f(z) € a —UCV{(n, ¢), then
m(a(p —1) +p — tan @) (1 —n +np)
7P (n,6)[(1 +nn —n)(n(l + a) — (a + tan ¢)]

where 0 < tang < p,a > 0,0 <n <1,p € N and +?(n,d) = %l;(fggp)

Corollary 2. f(z) € a — UCV(n,¢) if and only if

oo

Z I—=—n+n)n(l+a)— (a+taneg))k, <m(l —tang¢), 0 <tan¢ <1
n=p-+1

that is a class introduced by E. Aqlan and S. R. Kulkarni [3].
Corollary 3. f(z) € 0—UCV(n, ¢) if and only if

Ky < ,n>p+1

oo

Z (I—=n+mnn)(n—tang)k, <m(l —tan¢), 0 <tan¢ <1
n=p+1

that is a class studied by Altintas [1].
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Corollary 4. f(z) € a — UCV{(0,¢) if and only if

oo

Z (14 o) — (a+tang))k, < m(l —tan¢), 0 <tan¢ < 1.
n=p+1

That is class studied by R. Bharati, R. Parvatham and A. Swaminathan [5].

3. Special Functions and Integral Operators on a — UCV{(n), ¢)

Definition 5. Let ¢ be a real number such that ¢ > —p. For f € a — UCVY(n, ¢), we

define F, by
c+p

F.(2) = — /OZ s f(s)ds (3.1)

ZC

Theorem 2. F.(z) defined by (3.1) belongs to o — UCV{ (n, §).

Proof. Let f(z) =mzP — Y k2" € a — UCV{(n, $) then
n=p+1

o (GRS W) P i

n=p+1 n=p+1

Since f(z) € a — UCVY(n, ¢) and zi—ﬁ <1,n > p+1 and by Theorem 1,
F.(2) e a =UCVE(n, ¢) if

S 001 =0+ nn)(n(1+ @) = (a+ tan )] -k,
n=p+1
< 30 0O -+ )l +a) — (a+tan )k,
n=p+1
<m(a(p—1) +p—tang)(1 —n+np) (3-2)
So Fu(z) € a —UCVP(n, ¢). O

Theorem 3. The function F.(z) defined in 3.1 is starlike of order A\(0 < A < p) in
|z] < r1(n, ¢, 6,n,p,c, \) where

[(1—=n+,nn)(n(l+a) — (a+ tan )]
m(a(p — 1) +p —tan@)(1 — 1+ 1p)

(555) () v} ™

7"1(7’],(?,04,(5,71,]), C, )\) = lnf {

nzp+1

133
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The bound for |z| is sharp for each n with extremal function being of the form

m(a(p—1) +p—tan¢)(1 —n + np) c+n

Fon&) = = )L+ mn)(n(1 + @) — (a + tang)]

2"n>p+1.

Proof. We must show that

—p‘<p—/\ (3.3)

But we have

o0
O TINL
2F!(2) p‘ < nopH ctn

s .
m— 3 ehknlanr
n=p+1

Therefore (3.3) holds if

> c+p 2p—n— A n—p
> (53) G <

n=p+1

Now in view of (3.2) the last inequality holds if

nep _ (I=n+nn)(n(l+a)—(a+tang)|] [ m(p—A) ctn\ .
‘Z| = m(a(P—1)+p—tan¢)(1—n+77p) <2p_n_)\> (C—i—p)f}/ ( 75)

This gives the required result.

O

Corollary 5. The function F.(z) defined in 3.1 is convex of order A(0 < X\ < p) in
|z| < 1o =ra(n,d,a,d,m,p,c, \) where

(I =n+nn)(n(l+a)— (a+tang))
m(a(p—1)+p—tan¢)(1 — 1+ np)

m(p — ) ctny , =
<2p—n— A) <C+p) o)

2F ()

F&(2)

nzp+1

T2(777¢7au57n7pa C, )\) = inf {

Proof. We must show that

<p—Afor|z| <7y and ¢ > —p.

But we have

mp(p—1)+ 3 SRkan(n —1)[z*7P

2F!(2) n=pt1 "
Fc/(z) mp — § ctp knn|z‘n—p
n=p+1 crn
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F(2)
1226)

< p— A holds if

i nn—1+p—2N) (c+p>k 2 < 1.

Bt mp(A—1) c+n

Therefore

The last inequality holds if
o7 < (I—=n+nn)(n(l+a)— (a+tang)) ( mp(A — 1) >
m(a(p—1)+p—tand)(l1 —n+np) \n(n—1+p— A

(c—|— n) +P(n, 6).

c+p

This gives the required result. O

Definition 6. Let ¢ be a real number such that ¢ > —p and let f € a —UCVP(n, ¢),
Komato operator in [8] is defined by
1
(c+1)¢ Loy f(t2)
G(z) = ———t°(log — —2dt, ¢>—1,£ > 0. 3.4
()= [ o ttos et i ar o> e > (3.4

Theorem 4. G(z) defined in 3.4 belongs to « —UCVE(n, ¢).
Proof. Since fol t(—logt)s~dt = % and fol tnte=P(—logt)s~dt
r()

= (ern—pF1)E
n > p+ 1. Therefore we obtain

D [t 1 e |
G(z) = (c+1) / t°2Plog(-)*tdt — > / log(=)s~ 1 PHek, 2 dt
') 0 t npi1 70 t
o0 ¢
c+1

= mzP — ——— | kp2™. 3.5
n§1(c+n_p+1) \ (3.5)
Therefore and with use of Theorem 1 and +1cirlkp < 1 for n > p+ 1 we can write

oo . f
Y 7,01 =+ nn)(n(l+a) - (a + tang))] (“) K,

gt c+n—p+1
<m(a(p—1)+p—sing)(l —n+np) (3.6)
So G(z) € a —UCV{(n, ¢). O

Theorem 5. The function G(z) defined in 3.4 is starlike of order A\(0 < X\ < 1) in
|Z| <ry = 7"1(7% (;57 «, 57 n,p,c, 57 >\) where

135



A. TEHRANCHI AND S. R. KULKARNI

(I—n+nn)(n(l+a)— (a+tang)
m(a(p—1) +p —sing)(1 —n +np)

(27;:(_]);_/\))\> (C+Z;f+l>§vf’(n,6)}nlp

ZSES) - P’ < p — A or we must show

n>p+1

rl(n?¢7a76an7p7 ca§7/\) = inf {

Proof. We must show that

o0 ¢
ct+1 ) -n kn |n—p

o 3
G(1) m— 3 () kalalnr
n=p+1

<p—2A

The last inequality holds if

. 1\ (@2p—
Z < c+ ) (p (n+>‘))kn|z|n7p<1.
WS c+n—p+1 m(p — \)

Now in view of (3.6), (3.5) the last inequality holds if

7P (n,6)(1 —n+nn)(n(l + o) — (a + tan ¢))
m(a(p—1)+p—tan¢)(1 — 1+ np)

() ()

This gives the required result. O

2" 7P <

Corollary 6. The function G(z) defined in (3.4) is convex of order A(0 < XA < p) in
|Z| <rg = TQ(T/? ¢7 Q, 5a n,p,c, €7 >\) where

(1 =n+nn)(n(l+a) - (a+tanp)
m(a(p —1) +p —sin¢)(1 —n + np)

R R

2G" (2)
)

T2(773 ¢705,57nap7 0757 >‘) = n;rzl)gl {

Proof. We must show that

<p—2A, |z] <ryor

S 3
mp(p— 1)z~ — 3 <c+f:;+1) knn(n — 1)zt

ZG”(Z) N n=p+1 A
G/(Z) a p—1 S c+1 ¢ n—1 =P
mpzP~l — 3 crnopt1 ), 2

n=p+1
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Therefore

> 1 ¢ ~A4n—1
3 et np At DY s g (3.7)
Bt c+n—p+1 mp(1 —A)

Therefore (3.7) holds if

7P (n,0)(1 — 1 +nn)(n(1 + o) — (a + tan ¢))
m(a(p — 1) +p — tan ¢)(1 — n + np)

(2 (i)

|2 7P

Definition 7. Let f € a« —UCV{(n,¢). Function H,(z) defined by
_ » : f(t)
H,(z)=(1—p)mzP + up Tdt0§u<1,z€A (3.8)
0

Theorem 6. The function H,(z) defined in (3.8) belongs to o — UCVY (n, ¢) if
0<p<L

Proof. Let f(z) € « — UCV{(n, ¢) and is of the form (1.1) so

oo

H,(z) =1 —p)mzP + up(/z(mtp*1 - Z Ent" h)dt) = m2P — Z (%k‘n)z”

0 n=p+1 n=p+1 "
(3.9)
By Theorem 1 we must show
> 01—+ nn)(n(l+a) — (a+ tan§)| Lk,
n=p+1
< 3 P, - 0+ nn)(n(l+ @) — (a+ tan §))] -k,
n=p+1 p+ 1
< > AP, 8)[(1 = n+mm)(n(1+ @) — (o + tan ¢))]ky,
n=p+1
<m(a(p—1)+p—tang)(l —n+np)
So H,(z) € a —UCVEP(n, ¢). O
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Theorem 7. By the similar method which we applied for Theorem 5 and Corollary
6, we obtain the radii of starlikeness and convexity of order \(0 < X < p) for H,(z)

respectively as following

L+ ) = (a + tan ¢))7"(n, 9)

{(1 — 1+ nn)(n(
m(a(p —1)+p —tan¢)(1 — 1+ np)

Ges) )l

. (I —n+nn)(n(l+ o) — (a+tang))y"(n,d)
7"2(na¢aa75anvpa/u'7>‘) - négﬁ»l{ ( ( )+p_51n¢)(1_77+77p)

( u(pniple—_;)— 1) ) } v

rl(n?¢aa757napa,U7)\) - n;gil

where 0 < p < 1.

4. (n,\) - Neighborhood

Definition 8. ([9], [2]) : Let A > 0 and f(z) € A, and f defined by (1.1). We define
the
(n, A) - neighborhood of a function f(z) by

Noa(f) = {g €A, :g(z) =mzP — Z k; 2" and Z nlk, — k)| < )\} (4.1)
n=p+1 n=p+1
For the identity function e(z) = z, we have
Nyoa(e) = {g €Ay :g(z) =mzP — Z k;,z" and Z n|kl| < )\} (4.2)
n=p+1 n=p+1

Theorem 8. Let

_(p+1)mla(p—1)+p—tang)(1 —n+np)
W(p+10)1+pn)(p(l+a)+1—tang) -

T2 — 8)0(2p +1)

T(2p—0) . Then

where P (p+ 1,9) =

a—UCVE(n,¢) C Ny(e).
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Proof. For f € a —UCV{(n, ¢) we have from (2.1)

(14 p)(p(L+0) + 1~ tan $)7?(p+1,8) 3 ky
n=p+1
< D [(A=n+m)(n(l+a) - a—tan §)]y" (n, 8)kn
n=p-+1

<m(a(p—1)+p—tand)(1 —n+ np)

Therefore

oo

m(a(p—1) +p —tan¢)(1 — n + np)
2 kS LA (Lt ) T 1 tang)

n=p-+1
and on the other hand we have for |z| < r

oo

()] <mplzP~H 4 217 D nk,
n=p+1

o0

< mprP~t 4P Z nky
n=p+1

(p+1)m(a(p —1) +p —tan¢)(1 — 1+ np)

(from (4.3)) < prP=! 4¢P

From above inequalities we conclude

o0

(p+1)m(a(p—1)+p—tang)(l —n+np)
2 nhn < P (p+1,8)(1+pn)(p(1 + ) + 1 — tan ¢) =2

n=p+1

YP(p+1,0)(1+pn)(p(l+a) +1—tang)

O

Definition 9. The function f(z) defined by (1.1) is said to be a member of the class

a— UC’V(Sp’f(n, ) if there exists a function g € a — UCVY(n, ¢) such that

‘f(z)
9(z)

Theorem 9. If g € a — UCVY(n,¢) and

A
E=p-— mu(n, ¢, ., 0,p)

(4.4)
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such that
w(n, ¢, 0,6,p) = [Y(p+1,6)1+pn)(pla+1)+1—tang)]
/Imy?(p+1,8)(1 + pn)(p(e + 1) + 1 — tan $)
—m(a(p—1) +p—tan¢)(1 —n +np)]
then Ny (g) C a — UCVFE(n, ¢).

Proof. Let f € N, x(g), then we have from (4.1) that > n|k, — k|| < X which
n=p+1
readily implies the coefficient inequality

> A
> k= Kyl < ——.
n=p+1 p+1

Also since g € a — UCVY(n, ¢) we have from (2.1)

— m(a(p—1) 4+ p — tan ¢)(1 — 1 + np)
nglk” = P (p+1,0)(1L +pn)(p(a+1) + 1 — tan ¢)

so that
> ko - Kl
P e
g(z) m — § K “\p+1
n=p+1 "

(Y +1,8)1+pn)(pla+1)+1—tang)
/mAP(p+1,0)(1+pn)(p(a+1) + 1 — tan @)
—m(a(p—1) +p—tan¢)(1 —n+np))

A
= (M) M(777¢70¢75ap) :p_g

Then ‘chgg - 1‘ < p— &. Thus, by definition 9, f € o — UC’Vép’g(n, ¢) for £ given by

(4.4). 0
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