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THE EXPONENTIAL MAP ON THE SECOND ORDER TANGENT
BUNDLE

NICOLETA BRINZEI-VOICU

Abstract. On the 2-tangent (or 2-jet) bundle T 2M of a Riemannian man-

ifold endowed with geometrical objects as in [1] and [2], the first variation

of the energy E =
1∫
0

〈ċ, ċ〉 is computed and the conditions such that its

extremal curves should be invariant to the group of homotheties are de-

termined. In these conditions, by using homotheties, we define the expo-

nential map on T 2M .

1. Introduction

The geometry of the second order tangent bundle T 2M (called as well ”2-

osculator bundle” and denoted by Osc2M), constructed by R. Miron and Gh. Atana-

siu, ([12]-[17]) represents the geometry of the jet-space J2
0M , endowed with charac-

teristic geometrical objects as: 2-tangent structure, nonlinear connections and N -

linear connections. This construction allows the prolongation to T 2M of Riemannian

and Finslerian structures of M. Within this geometrical framework, V. Balan and

P.Stavrinos ([3], [4], [18]), defined geodesics of T 2M as stationary curves of the dis-

tance Lagrangian L(c) =
√
〈ċ, ċ〉 and deduced their equations. In these papers, the

authors use linear connections D with the property that the 2-tangent structure J is

absolutely parallel with respect to D.

A notion which plays a major role in our considerations is that of homogeneity

of a function given on T 2M (respectively, of a vector field on T 2M), defined and

studied by M. de Leon and E. Vasquez, [5], R. Miron, [7], Gh. Atanasiu, [2].
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In this paper, we define geodesics as extremal curves of the energy Lagrangian

E = 〈ċ, ċ〉 (not of the distance Lagrangian, as in [3], [4], [18]), deduce their equations

(Theorem 5), study the conditions that an exponential map could be defined on T 2M

(Theorem 7) and construct this application. It is worth mentioning the following

facts:

1. for Lagrangians defined on T 2M, the integral of action I(c) essentially

depends on the parametrization of the curve c; this is why the classical technique of

defining the exponential map (which relies on re-parametrizations) is here replaced

by a technique which uses the group of homotheties;

2. throughout the paper, by N - linear connection we shall mean (as in Gh.

Atanasiu, [1]) a linear connection which preserves by parallelism the distributions

generated by a nonlinear connection N , but is not necessarily compatible with J .

2. The 2-tangent bundle T 2M

Let M be a real differentiable manifold of dimension n and class C∞; the

coordinates of a point x ∈ M in a local chart (U, φ) will be denoted by φ (x) =
(
xi
)
,

i = 1, ..., n. Let (Osc2M,π2,M) be its 2-osculator bundle ([12]-[17]), which will be

called in the following, 2-tangent bundle and denoted by (T 2M,π2,M), ([1], [2]. A

point of T 2M will have in a local chart the coordinates (xi, y(1)i, y(2)i).

Let N be a nonlinear connection on T 2M, given by its coefficients (N
(1)

i
j , N

(2)

i
j),

[1], [7], [8]. Then, the adapted basis to N is

B = {δi :=
δ

δxi
=

δ

δy(0)i
, δ1i :=

δ

δy(1)i
, δ2i :=

δ

δy(2)i
},

where 

δ

δxi
=

∂

∂xi
− N

(1)

j
i

∂

∂y(1)j
− N

(2)

j
i

∂

∂y(2)j

δ

δy(1)i
=

∂

∂y(1)i
− N

(1)

j
i

∂

∂y(2)j

δ

δy(2)i
=

∂

∂y(2)i
.

(1)

The dual basis of B is B∗ =
{
dxi, δy(1)i, δy(2)i

}
, given by

δy(0)i = dxi, δy(1)i = dy(1)i + M
(1)

i
jdxj , δy(2)i = dy(2)i + M

(1)

i
jdy(1)j + M

(2)

i
jdxj . (2)
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THE EXPONENTIAL MAP ON THE SECOND ORDER TANGENT BUNDLE

The bases above correspond to the direct-sum decomposition

Tu

(
T 2M

)
= Nu ⊕N1u ⊕ V2u, (3)

T ∗u
(
T 2M

)
= N∗

u ⊕N∗
1u ⊕ V ∗

2u, ∀u ∈ T 2M.

Then, a vector field X ∈ X
(
T 2M

)
is represented in the local adapted basis

as

X = X(0)iδi + X(1)iδ1i + X(2)iδ2i, (4)

with the three right terms (called d-vector fields) belonging to the distributions N,

N1 and V2 respectively.

A 1-form ω ∈ X ∗ (T 2M
)

will be decomposed as

ω = ω
(0)
i dxi + ω

(1)
i δy(1)i + ω

(2)
i δy(2)i. (5)

Similarly, a tensor field T ∈ T r
s

(
T 2M

)
can be split with respect to (3) into compo-

nents , named d-tensor fields.

The F
(
T 2M

)
-linear mapping J : X

(
T 2M

)
→ X

(
T 2M

)
given by

J (δi) = δ1i, J (δ1i) = δ2i, J (δ2i) = 0 (6)

is called the 2-tangent structure on T 2M,[7], [8].

Let

H =
{
ht | ht : R → R, t ∈ R∗

+

}
be the group of homotheties, ([1], [5], [7]), of the real numbers set. Then, H acts on

T 2M as a one-parameter group of transformations, as follows:

(ht, u) 7→ ht (u) : H × T 2M → T 2M, where

ht

(
x, y(1), y(2)

)
=

(
x, ty(1), t2y(2)

)
. (7)

A function f : T 2M → R, which is differentiable on T̃ 2M and continuous on

the null-section 0 : M → T 2M is called homogeneous of degree r (r ∈ Z) (or, shortly,

r-homogeneous) on the fibres of T 2M , if

f ◦ ht = trf, ∀t ∈ R∗
+, (8)
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A vector field X ∈ X
(
T 2M

)
, X = X(0)i ∂

∂xι
+ X(1)i ∂

∂y(1)ι
+ X(2)i ∂

∂y(2)ι
,

is r-homogeneous , [1], if and only if X(0)i are (r − 1)-homogeneous, X(1)i are r-

homogeneous and X(2)i are (r + 1)-homogeneous functions.

3. N- linear connections

An N-linear connection D, [1], is a linear connection on T 2M, which preserves

by parallelism the distributions N,N1 and V2. An N - linear connection, in the sense of

the definition above, is not necessarily compatible to the 2-tangent structure J (an N -

linear connection which is also compatible to J is called, [1], a JN-linear connection).

An N - linear connection is locally given by its coefficients

DΓ (N) =

(
L

(00)

i
jk, L

(10)

i
jk, L

(20)

i
jk, C

(01)

i
jk, C

(11)

i
jk, C

(21)

i
jk, C

(02)

i
jk, C

(12)

i
jk, C

(22)

i
jk

)
, (9)

where 

Dδk
δj = L

(00)

i
jkδi, Dδk

δ1j = L
(10)

i
jkδ1i, Dδk

δ2j = L
(20)

i
jkδ2i

Dδ1k
δj = C

(01)

i
jkδi, Dδ1k

δ1j = C
(11)

i
jkδ1i, Dδ1k

δ2j = C
(21)

i
jkδ2i

Dδ2k
δj = C

(02)

i
jkδi, Dδ2k

δ1j = C
(12)

i
jkδ1i, Dδ2k

δ2j = C
(22)

i
jkδ2i

. (10)

In the particular case when D is J-compatible, we have

L
(00)

i
jk = L

(10)

i
jk = L

(20)

i
jk =: Li

jk,

C
(01)

i
jk = C

(11)

i
jk = C

(21)

i
jk = C

(1)

i
jk,

C
(02)

i
jk = C

(12)

i
jk = C

(22)

i
jk = C

(2)

i
jk.

The torsion tensor of an N - linear connection D, T (X, Y ) = DXY −DY X−

[X, Y ], is well determined by the following components, which are d-tensors of (1, 2)-

type ([1], [7], [8]:

vγT (δβk, δαj) =:
(γ)

T
(αβ)

i
jkδγi, α, β, γ = 1, 2;

the detailed expressions of
(γ)

T
(αβ)

i
jk can be found in [1].
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THE EXPONENTIAL MAP ON THE SECOND ORDER TANGENT BUNDLE

The curvature of the N - linear connection D, namely, R (X, Y )Z =

DXDY Z −DY DXZ −D[X,Y ]Z, is completely determined by its components (which

are d-tensors):

R (δγl, δβk) δαj = R
(αβγ)

i
j klδαi, α, β, γ = 0, 1, 2.

4. Metric structures and geodesics on T 2M

A Riemannian metric on T 2M is a tensor field G of type (0, 2), which is

non-degenerate at each point p ∈ T 2M and is positively defined on T 2M.

If G is a Riemannian metric on T 2M, we denote

〈X, Y 〉 := G(X, Y ), ∀X, Y ∈ X (T 2M). (11)

In this paper, we shall only consider metrics in the form

G = g
(0)

ijdxi ⊗ dxj + g
(1)

ijδy
(1)i ⊗ δy(1)j + g

(2)
ijδy

(2)i ⊗ δy(2)j , (12)

this is, so that the distributions N, N1 and V2 generated by the nonlinear connection

N are orthogonal in pairs with respect to G.

An N - linear connection D is called metrical if DXG = 0, ∀X ∈ X (T 2M).

This means

X 〈Y, Z〉 = 〈DXY,Z〉+ 〈Y,DXZ〉 , ∀X, Y, Z ∈ X
(
T 2M

)
. (13)

In the following, we shall consider throughout the paper T 2M endowed with:

• a nonlinear connection N ;

• a Riemannian metric G;

• a metrical N - linear connection D with coefficients 9.

Let c : [0, 1] → T 2M, c (t) =
(
xi (t) , y(1)i (t) , y(2)i (t)

)
be a piecewise smooth

curve and 0 = t0 < t1 < ... < tk = 1 a division of [0, 1] so that c|[ti−1,ti] be of class

C∞ on each interval [ti−1, ti] . Let us denote c (0) = p, c (1) = q.

A variation of c (with fixed endpoints) is a mapping α : (−ε, ε) × [0, 1] →

T 2M, (where ε > 0), with the properties

1. α (0, t) = c(t), ∀t ∈ [0, 1];

2. α is continuous on each (−ε, ε)× [ti−1, ti] , ∀i = 1, ..., k.
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Let α the mapping defined on (−ε, ε) by

α(u)(t) = α(u, t).

If α is a variation with fixed endpoints of c, then the vector field W ∈

X
(
T 2M

)
along c, given by

W (t) =
∂α

∂u
(0, t) (14)

is called the deviation vector field , [3], [4], [18], attached to α. We obviously have

W (0) = W (1) = 0.

Let us denote, as in [3], [4], [18], V = ċ. Then, V locally writes

ċ = V = V (α)iδαi,

with

V (0)i =
dxi

dt
, V (1)i =

δy(1)i

dt
, V (2)i =

δy(2)i

dt
.

Let also

A :=
DV

dt
= A(0)iδi + A(1)iδ1i + A(2)iδ2i, (15)

be the covariant acceleration, where, for X ∈ X
(
T 2M

)
, we denoted

DX

dt
:= DċX,

and

∆tX = X (t+)−X (t−) , t ∈ [0, 1] , X ∈ X
(
T 2M

)
, (16)

the jump of X ∈ X
(
T 2M

)
in t.

The energy of the curve c is

E (c) =

1∫
0

g
(0)

ijV
(0)iV (0)j + g

(1)
ijV

(1)iV (1)j + g
(2)

ijV
(2)iV (2)jdt, (17)

this is, E (c) =
1∫
0

〈V, V 〉 dt.

Definition 1. We call a geodesic of T 2M, a critical path c : [0, 1] → T 2M of the

energy E, which is C∞-smooth on the whole [0, 1] .

By a direct computation, taking into account the metricity of the N - linear

connection D, we obtain
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Theorem 2. (The first variation of the energy): If c : [0, 1] → T 2M is a

piecewise smooth path and α : (−ε, ε)×[0, 1] → T 2M is a variation with fixed endpoints

of c, then

1
2

dE (α (u))
du

cu=0 = −
k−1∑
i=0

〈W,∆ti
V 〉+

1∫
0

〈T (W,V ) , V 〉 − 〈W,A〉 dt. (18)

Remark 3. If the curve c is C∞-smooth on the whole [0, 1] , then

1
2

dE (α (u))
du

cu=0 =

1∫
0

〈T (W,V ) , V 〉 − 〈W,A〉 dt.

In order to deduce the equations of the geodesics of T 2M, in (18), we write

the term 〈T (W,V ) , V 〉 in the form 〈F,W 〉; in local coordinates, one obtains

Theorem 4. 1. F =
2∑

α=0
F (α)iδαi given by

F (α)i = g
(α)

il g
(γ)

kh

(γ)

T
(βα)

k
jlV

(β)jV (γ)h, α = 0, 1, 2 (19)

is a vector field, globally defined along c.

2. There holds the equality

〈T (W,V ) , V 〉 = 〈W,F 〉 . (20)

3. The vector field F does not depend on the variation α of c.

Taking into account the previous theorem, we get

1
2

dE (α (u))
du

cu=0 = −
k−1∑
i=0

〈W,∆tiV 〉 −
1∫
0

〈W,F −A〉 dt.

We have proved this way

Theorem 5. The C∞-smooth curve c : [0, 1] → T 2M, t 7→ (xi (t) , y(1)i (t) , y(2)i (t))

is a geodesic of T 2M if and only if

D

dt

dc

dt
= F, (21)
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or, in local coordinates,

DV (0)i

dt
= F (0)i,

DV (1)i

dt
= F (1)i, (22)

DV (2)i

dt
= F (2)i.

It will be useful to write the last equalities in the following form

dV (0)i

dt
+ L

(00)

i
jkV (0)kV (0)j + C

(01)

i
jkV (1)kV (0)j + C

(02)

i
jkV (2)kV (0)j = F (0)i,

dV (1)i

dt
+ L

(10)

i
jkV (0)kV (1)j + C

(11)

i
jkV (1)kV (1)j + C

(12)

i
jkV (2)kV (1)j = F (1)i, (23)

dV (2)i

dt
+ L

(00)

i
jkV (0)kV (2)j + C

(01)

i
jkV (1)kV (2)j + C

(02)

i
jkV (2)kV (2)j = F (2)i.

5. Invariance to homotheties of the equations of geodesics

We consider the homotheties hλ in (7).

Definition 6. Let c : [0, 1] → T 2M, t 7→ c (t) =
(
x (t) , y(1) (t) , y(2) (t)

)
be an arbi-

trary curve and λ > 0 a real number. We call the homothetic of c the curve

c :
[
0,

1
λ

]
→ T 2M, c

(
1
λ

t

)
:= hλ (c (t)) , (24)

and we denote

c = hλ (c) .

Let us remark that hλ (c) 6= hλ ◦ c.

c = hλ (c) locally writes

xi

(
1
λ

t

)
= xi (t) ,

y(1)i

(
1
λ

t

)
= λy(1)i (t) , (25)

y(2)i

(
1
λ

t

)
= λ2y(2)i (t) .
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If we suppose that

N
(1)

i
jare 1-homogeneous, N

(2)

i
jare 2-homogeneous, (26)

(which implies that M
(1)

i
j are 1-homogeneous and, M

(2)

i
j are 2-homogeneous), then, δi

are 1-homogeneous, δ1i are 0-homogeneous and δ2i are –1-homogeneous; consequently,

the tangent vectors of c are given by

V
(α)i

(
t

λ

)
= λα+1V (α)i (t) , α = 0, 1, 2. (27)

or V

(
t

λ

)
= λh∗λV (t) .

If we claim that, for any geodesic c of T 2M, the homothetic c should be a

geodesic, too, we obtain:

Theorem 7. Let N
(1)

i
j be 1-homogeneous , N

(2)

i
jbe 2-homogeneous. If:

1. L
(00)

i
jk, L

(10)

i
jk, L

(20)

i
jk are homogeneous of degree 0;

2. C
(01)

i
jk, C

(11)

i
jk, C

(21)

i
jk - homogeneous of degree −1;

3. C
(02)

i
jk, C

(12)

i
jk, C

(22)

i
jk - homogeneous of degree −2;

4. g
(α)

ij - homogeneous of degree −α, α = 0, 1, 2,

then the equations of the geodesics of T 2M are invariant to the homotheties

(24).

Proof. 1., 2. and 3. can be obtained by a direct computation.

In order to prove 4., we must take into account that:

• V (α)i are (α + 1)-homogeneous;

• in the expression of F (α)i, the term
(γ)

T
(βα)

k
jlV

(β)jV (γ)h is homogeneous of

degree γ − β − α + β + 1 + γ + 1 = 2γ − α + 2;

• if g
(γ)

kh are homogeneous of degree −γ, then g
(γ)

kh are homogeneous of

degree +γ.

91



NICOLETA BRINZEI-VOICU

6. The exponential map of T 2M

It is known, [7], that for regular Lagrangians defined on T 2M, the integral

of action I(c) essentially depends on the parametrization of the curve c (the Zermelo

conditions); consequently, the equations of geodesics (22) are generally not invariant

to re-parametrizations of the form t 7→ t

λ
, λ > 0. This is why, instead of the classical

technique of defining the exponential map (which relies on such re-parametrizations),

we shall use the homotheties c 7→ c as defined above.

Let us remark, for the beginning, that the equations of geodesics (22) con-

stitute a system of 6n ODE system with the unknown (real) functions xi, y(1)i, y(2)i,

V (0)i, V (1)i, V (2)i. This allows us to state an existence and uniqueness result.

For p ∈ T 2M , let us denote in the following, p := (xi, y(1)i, y(2)i) its coordi-

nates in a local chart and, for X ∈ X (T 2M), X := (X(0)i, X(1)i, X(2)i).

Let p1 := (xi
1, y

(1)i
1 , y

(2)i
1 ) ∈ T 2M and V1 := (V (0)i

1 , V
(1)i
1 , V

(2)i
1 ) ∈ Tp1

(
T 2M

)
be arbitrary. There holds

Theorem 8. There exists a neighbourhood W of (p1, V1) ∈ R6n and a real number

ε > 0 so that, for any (p0, V0) ∈ W, the system (22) has a unique solution

t 7→ (p (t) , V (t))

defined for t ∈ (−ε, ε) and which satisfies the initial conditions

p (0) = p0, V (0) = V0. (28)

Furthermore, the solution depends smoothly on the initial conditions (28).

In the conditions of Theorem 7, if c is a geodesic of T 2M, then c = hλ (c) is

also a geodesic. We are now able to state

Theorem 9. In the conditions of Theorem 7, for any p0 ∈ T 2M there is an ε > 0 so

that, for any tangent vector V ∈ Tp0

(
T 2M

)
, with ‖V ‖ < ε, there exists the geodesic

c : (−2, 2) → T 2M, t 7→
(
xi (t) , y(1)i (t) , y(2)i (t)

)
with the initial conditions

c (0) = p0,
dc

dt
(0) = V.
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Definition 10. The point c (1) :=
(
xi (1) , y(1)i (1) , y(2)i (1)

)
is called the exponential

of V ∈ Tp0

(
T 2M

)
in p0 and will be denoted by

c (1) = expp0
(V ) . (29)

Let us prove Theorem 9:

Let p0 ∈ T 2M, ε > 0 and V ∈ Tp0

(
T 2M

)
with ‖V ‖ < ε be arbitrary.

Then, according to Theorem 8, for any p0 ∈ T 2M and for any V ∈ Tp0

(
T 2M

)
, there

uniquely exists the geodesic cV : (−2ε2, 2ε2) → T 2M with

cV (0) = p0,
dcV

dt
(0) = V . (30)

We set

p0 : = h 1
ε2

(p0)

V : =
1
ε2

h∗1
ε2

,p0
(V ) ∈ Tp0

(
T 2M

)
(31)

ε < ε1ε2.

(V is the tangent vector field of h 1
ε2

(c)).

Because ‖V ‖ < ε and according to (31), we have∥∥V ∥∥ =
1
ε2

‖V ‖ < ε1;

consequently, there uniquely exists the geodesic cV with the initial conditions (30).

Furthermore, if |t| < 2, then |ε2t| < 2ε2, which allows us to define

c (t) := hε2 (cV (t)) : (−2, 2) → T 2M,

then c is obviously a geodesic and is uniquely defined by the above equality. Further-

more,

c (0) = hε2 (cV (0)) = hε2 (p0) =
(
hε2 ◦ h 1

ε2

)
(p0) = p0.

Let Z be the tangent vector field of cV ; then, Z (0) = V = 1
ε2

h∗1
ε2

,p0
(V ); taking into

account that h∗ε2
=
(

h∗1
ε2

)−1

, we get

dc

dt
(0) = ε2h

∗
ε2,p0

(
Z
)

= ε2
1
ε2

h∗ε2,p0

(
h∗1

ε2
,p0

(V )
)

= V,

which completes the proof.
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It is worth mentioning that:

1. The exponential map in p ∈ T 2M is generally defined only for small values

of ‖V ‖. If it exists, the value expp (V ) is unique.

2. If c is a geodesic of T 2M with p0 = c (0) , V = ċ (0), then

c (t) = expp (tV ) . (32)

7. Example

Let (M, g) be a Riemannian manifold, (T 2M,π2,M), its second order tangent

bundle and T̃ 2M = T 2M\{0}, i.e., T 2M without its null section. We consider the

following geometric objects on T̃ 2M :

• the canonical nonlinear connection N , [8], given by its dual coefficients

M
(1)

i
j = γi

jky(1)k, M
(2)

i
j =

1
2

{
C
(
γi

jky(1)k
)

+ M
(1)

i
kM
(1)

k
j

}
,

where γi
jk = γi

jk (x) are the Christoffel symbols of g and C = y(1)i ∂

∂xi
+ 2y(2)i ∂

∂y(1)i
;

• the homogeneous N-lift of the metric g, defined by prof. Gh. Atanasiu,

[2],

o

G = gijdxi ⊗ dxj +
a2∥∥y(1)
∥∥2 gij δy(1)i ⊗ δy(1)j +

a4∥∥y(1)
∥∥4 gijδy

(2)i ⊗ δy(2)j ,

where
∥∥y(1)

∥∥ =
√

gijy(1)iy(1)j ;

• the canonical N-linear connection, D
o

Γ (N), [2], given by the coefficients

L
(00)

i
jk = L

(10)

i
jk = L

(20)

i
jk = γi

jk (x) , C
(01)

i
jk = 0,

C
(11)

i
jk = − 1∥∥y(1)

∥∥2

(
δi
jy

(1)
k + δi

ky
(1)
l − gjky(1)i

)
, C
(21)

i
jk = 2 C

(11)

i
jk,

C
(02)

i
jk = C

(12)

i
jk = C

(22)

i
jk = 0.

By a direct calculus, one proves that the conditions of Theorem 7 are accom-

plished; consequently, if T̃ 2M is endowed with these structures, the exponential map

can be defined on T̃ 2M .
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