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PARTIAL SUMS OF CERTAIN MEROMORPHIC P-VALENT
FUNCTIONS

B.A. FRASIN AND G. MURUGUSUNDARAMOORTHY

Abstract. In this paper, we study the ratio of meromorphic p-valent

functions in the punctured disk D = {z : 0 < |z| < 1} of the form

f(z) = 1
zp +

∞∑
k=1

ap+k−1z
p+k−1 to its sequence of partial sums of the

form fn(z) = 1
zp +

n∑
k=1

ap+k−1z
p+k−1. Also, we will determine sharp

lower bounds for Re {f(z)/fn(z)} , Re {fn(z)/f(z)} , Re {f ′(z)/f ′n(z)} and

Re
{

f ′n(z)/f
′
(z)

}
.

1. Introduction and definitions

Let Σp denotes the class of functions of the form:

f(z) =
1
zp

+
∞∑

k=1

ap+k−1z
p+k−1 (p ∈ N), (1)

which are analytic and p-valent in the punctured unit disk D = {z : 0 < |z| < 1}. A

function f ∈ Σp is said to be in the class Σ∗(p, α) of meromorphic p-valently starlike

functions of order α in D if and only if

Re
{
−zf ′(z)

f(z)

}
> α (z ∈ D; 0 ≤ α < p; p ∈ N). (2)

Furthermore, a function f ∈ Σp is said to be in the class ΣK(p, α) of meromorphic

p-valently convex functions of order α in D if and only if

Re
{
−1− zf ′′(z)

f ′(z)

}
> α (z ∈ D; 0 ≤ α < p; p ∈ N). (3)
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The class Σ∗(p, α) and various other subclasses of Σp have been studied rather

extensively by Aouf et.al. [1-3], Joshi and Srivastava [6], Kulkarni et. al. [7], Mogra

[8], Owa et. al. [9], Srivastava and Owa [11], Uralegaddi and Somantha [12], and

Yang [13].

Let Ωp(α) be the subclass of Σp consisting of functions f(z) which satisfy the

inequality

Re
{
−zf ′(z)

f(z)

}
< α (z ∈ D; 0 ≤ α < p; p ∈ N). (4)

And let Λp(α) be the subclass of Σp consisting of functions f(z) which satisfy the

inequality

Re
{
−1− zf ′′(z)

f ′(z)

}
< α (z ∈ D; 0 ≤ α < p; p ∈ N). (5)

The classes Ωp(α) and Λp(α) were introduced and studied by the authors [5].

In [5] the authors obtained the following sufficient conditions for a function

of the form (1.1) to be in the classes Ωp(α) and Λp(α).

Lemma 1. If f(z) ∈ Σp satisfies

∞∑
k=1

(p + k + δ − 1 + |p + k + 2α− δ − 1|)ap+k−1 < 2(p− α). (6)

for some α(0 ≤ α < p) and some δ(α < δ ≤ p), then f(z) ∈ Ωp(α).

Lemma 2. If f(z) ∈ Σp satisfies

∞∑
k=1

(p + k − 1)(p + k + δ − 1 + |p + k + 2α− δ − 1|)ap+k−1 < 2(p− α) (7)

for some α(0 ≤ α < p) and some δ(α < δ ≤ p), then f(z) ∈ Λp(α).

In view of Lemma 1 and Lemma 2, we now define the subclasses Ω∗p(α) ⊂

Ωp(α) and Λ∗p(α) ⊂ Λp(α), which consist of functions f(z) ∈ Σp satisfying the condi-

tions (1.6) and (1.7), respectively.(see [5]).

In the present paper, and by following the earlier work of Silverman [10] (see

also [4]), we will investigate the ratio of a function of the form (1.1) to its sequence

of partial sums of the form

fn(z) =
1
zp

+
n∑

k=1

ap+k−1z
p+k−1 (p ∈ N), (8)
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when the coefficients of f(z) are satisfy the condition (1.6) or (1.7). More pre-

cisely, we will determine sharp lower bounds for Re {f(z)/fn(z)} , Re {fn(z)/f(z)} ,

Re {f ′(z)/f ′n(z)} and Re
{

f ′n(z)/f
′
(z)

}
.

For the notational convenience we shall henceforth denote

σk(p, δ, α) := p + k + δ − 1 + |p + k + 2α− δ − 1| (9)

2. Main results

Theorem 1. If f(z) of the form (1.1) satisfies the condition (1.6), then

Re
{

f(z)
fn(z)

}
≥ σn+1(p, δ, α)− 2(p− α)

σn+1(p, δ, α)
(z ∈ U) (1)

The results (2.1) is sharp for every n, with extermal function

f(z) =
1
z

+
2(p− α)

σn+1(p, δ, α)
zp+n (n ≥ 0). (2)

Proof. Define the function w(z) by

1 + w(z)
1− w(z)

=
σn+1(p, δ, α)

2(p− α)

[
f(z)
fn(z)

−
(

σn+1(p, δ, α)− 2(p− α)
σn+1(p, δ, α)

)]

=
1 +

n∑
k=1

ap+k−1z
k+p + σn+1(p,δ,α)

2(p−α)

∞∑
k=n+1

ap+k−1z
k+p

1 +
n∑

k=1

ap+k−1zk+p

(3)

It suffices to show that |w(z)| ≤ 1. Now, from (2.3) we can write

w(z) =

σn+1(p,δ,α)
2(p−α)

∞∑
k=n+1

ap+k−1z
k+p

2 + 2
n∑

k=1

ap+k−1zk+p + σn+1(p,δ,α)
2(p−α)

∞∑
k=n+1

ap+k−1zk+p

to find that

|w(z)| ≤

σk+1(p,δ,α)
2(p−α)

∞∑
k=n+1

|ap+k−1|

2− 2
n∑

k=1

ap+k−1zk+1 − σk+1(p,δ,α)
2(p−α)

∞∑
k=n+1

ap+k−1zk+1

.

Now |w(z)| ≤ 1 if

2
(

σn+1(p, δ, α)
2(p− α)

) ∞∑
k=n+1

|ak| ≤ 2− 2
n∑

k=1

|ap+k−1| ,
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which is equivalent to

n∑
k=1

|ap+k−1|+
∞∑

k=n+1

(
σn+1(p, δ, α)

2(p− α)

)
|ap+k−1| ≤ 1.

From the condition (1.6), it is sufficient to show that

n∑
k=1

|ap+k−1|+
∞∑

k=n+1

(
σn+1(p, δ, α)

2(p− α)

)
|ap+k−1| ≤

∞∑
k=1

σk(p, δ, α)
2(p− α)

|ap+k−1| (4)

which is equivalent to

n∑
k=1

σk(p, δ, α)− 2(p− α)
2(p− α)

|ap+k−1|+
∞∑

k=n+1

σk(p, δ, α)− σn+1(p, δ, α)
2(p− α)

|ap+k−1| ≥ 0.

To see that the function given by (2.2) gives the sharp result, we observe that

for z = reπi/(n+p+1)

f(z)
fn(z)

= 1 +
2(p− α)

σn+1(p, δ, α)
zn+p+1 → 1− 2(p− α)

σn+1(p, δ, α)

=
σn+1(p, δ, α)− 2(p− α)

σn+1(p, δ, α)
when r → 1−.

Therefore we complete the proof of Theorem 1.

Theorem 2. If f(z) of the form (1.1) satisfies the condition (1.7), then

Re
{

f(z)
fn(z)

}
≥ (p + n)σn+1(p, δ, α)− 2(p− α)

(p + n)σn+1(p, δ, α)
(z ∈ U). (5)

The results (2.5) is sharp for every n, with extremal function

f(z) =
1
z

+
2(p− α)

(p + n)σn+1(p, δ, α)
zp+n (n ≥ 0). (6)

Proof. We write

1 + w(z)
1− w(z)

=
(p + n)σn+1(p, δ, α)

2(p− α)

[
f(z)
fn(z)

−
(

(p + n)σn+1(p, δ, α)− 2(p− α)
(p + n)σn+1(p, δ, α)

)]

=
1 +

n∑
k=1

ap+k−1z
k+p + (p+n)σn+1(p,δ,α)

2(p−α)

∞∑
k=n+1

ap+k−1z
k+p

1 +
n∑

k=1

ap+k−1zk+p
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where

w(z) =

(p+n)σn+1(p,δ,α)
2(p−α)

∞∑
k=n+1

|ap+k−1|

2 + 2
n∑

k=2

|ap+k−1|+ (p+n)σn+1(p,δ,α)
2(p−α)

∞∑
k=n+1

|ap+k−1|
.

Now

|w(z)| ≤

(p+n)σn+1(p,δ,α)
2(p−α)

∞∑
k=n+1

|ap+k−1|

2− 2
n∑

k=1

|ap+k−1| − (p+n)σn+1(p,δ,α)
2(p−α)

∞∑
k=n+1

|ap+k−1|
≤ 1

if
n∑

k=1

|ap+k−1|+
∞∑

k=n+1

(p + n)σn+1(p, δ, α)
2(p− α)

|ap+k−1| ≤ 1. (7)

The left hand side of (2.7) is bounded above by
∞∑

k=1

[(p + k − 1)σk(p, δ, α)/(2(p− α))] |ap+k−1| if

1
2(p− α)

n∑
k=1

[(p + k − 1)σk(p, δ, α)− 2(p− α)] |ap+k−1|

+
∞∑

k=n+1

[(p + k − 1)σk(p, δ, α)− (p + n)σn+1(p, δ, α)] |ap+k−1|

≥ 0,

and the proof is complete.

We next determine bounds for fn(z)/f(z).

Theorem 3. (a) If f(z) of the form (1.1) satisfies the condition (1.6), then

Re
{

fn(z)
f(z)

}
≥ σn+1(p, δ, α)

σn+1(p, δ, α) + 2(p− α)
(z ∈ U). (8)

(b) If f(z) of the form (1.1) satisfies the condition (1.7), then

Re
{

fn(z)
f(z)

}
≥ (p + n)σn+1(p, δ, α)

(p + n)σn+1(p, δ, α) + 2(p− α)
(z ∈ U). (9)

The results (2.8) and(2.9) are sharp for the functions given by (2.2) and

(2.6), respectively.
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Proof. We prove (a). The proof of (b) is similar to (a) and will be omitted.

We write

1 + w(z)
1− w(z)

=
σn+1(p, δ, α) + 2(p− α)

2(p− α)

[
fn(z)
f(z)

−
(

σn+1(p, δ, α)
σn+1(p, δ, α) + 2(p− α)

)]

=
1 +

n∑
k=1

ap+k−1z
k+p + σn+1(p,δ,α)

2(p−α)

∞∑
k=n+1

ap+k−1z
k+p

1 +
∞∑

k=1

ap+k−1zk+p

where

|w(z)| ≤

σn+1(p,δ,α)+2(p−α)
2(p−α)

∞∑
k=n+1

|ap+k−1|

2− 2
n∑

k=1

|ap+k−1| −
(

2(p−α)−σn+1(p,δ,α)
2(p−α)

) ∞∑
k=n+1

|ap+k−1|
≤ 1.

This last inequality is equivalent to
n∑

k=1

|ap+k−1|+
∞∑

k=n+1

σn+1(p, δ, α)
2(p− α)

|ap+k−1| ≤ 1. (10)

The left hand side of (2.10) is bounded above by
∞∑

k=1

[σk(p, δ, α)/(2(p− α))] |ap+k−1|,

the proof is completed.

We next turn to ratios involving derivatives

Theorem 4.If f(z) of the form (1.1) satisfies the condition (1.6), then for

z ∈ U ,

(a) Re {f ′(z)/f ′n(z)} ≥ [σn+1(p, δ, α)− 2(n + 1)(p− α)]/σn+1(p, δ, α).

(b) Re {f ′n(z)/f ′(z)} ≥ σn+1(p, δ, α)/[σn+1(p, δ, α) + 2(n + 1)(p− α)].

The results in ( a) and in (b) are sharp with the function given by (2.2)

Proof. We prove only (a), which is similar to the proof of Theorem 1. The

proof of (b) follows the pattern of that in Theorem 3(a). We write

1 + w(z)
1− w(z)

=
σn+1(p, δ, α)

2(n + 1)(p− α)

[
f ′(z)
f ′n(z)

−
(

σn+1(p, δ, α)− 2(n + 1)(p− α)
σn+1(p, δ, α)

)]
where

w(z) =

(
σn+1(p,δ,α)
2(n+1)(p−α)

) ∞∑
k=n+1

kap+k−1z
k+p

2 + 2
n∑

k=2

kap+k−1zk+p +
(

σn+1(p,δ,α)
2(n+1)(p−α)

) ∞∑
k=n+1

kap+k−1zk+p
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Now |w(z)| ≤ 1 if

n∑
k=2

k |ap+k−1|+
σn+1(p, δ, α)

2(n + 1)(p− α)

∞∑
k=n+1

k |ap+k−1| ≤ 1.

From the condition (1.6), it is sufficient to show that

n∑
k=2

k |ap+k−1|+
σn+1(p, δ, α)

2(n + 1)(p− α)

∞∑
k=n+1

k |ap+k−1| ≤
∞∑

k=2

σk(p, δ, α)
2(p− α)

|ap+k−1|

which is equivalent to

n∑
k=2

(
σk(p, δ, α)
2(p− α)

− k

)
|ap+k−1|+

∞∑
k=n+1

(
σk(p, δ, α)
2(p− α)

− σn+1(p, δ, α)
2(n + 1)(p− α)

k

)
|ap+k−1| ≥ 0,

and the proof is complete.

Theorem 5.If f(z) of the form (1.1) satisfies the condition (1.7), then for

z ∈ U ,

(a) Re {f ′(z)/f ′n(z)} ≥ [(p + n)σn+1(p, δ, α) − 2(p − α)(n + 1)]/[(p +

n)σn+1(p, δ, α)].

(b) Re {f ′n(z)/f ′(z)} ≥ [(p + n)σn+1(p, δ, α)]/[(p + n)σn+1(p, δ, α) + 2(p −

α)(n + 1)].

The results in ( a) and in (b) are sharp with the function given by (2.6).

Proof. It is well known that f ∈ Λp(α) ⇔ zf ′ ∈ Ωp(α). In particular, f

satisfies condition (1.7) if and only if zf ′ satisfies condition (1.6). Thus, (a) is an

immediate consequence of Theorem 1 and (b) follows directly from Theorem 3(a).
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