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PARTIAL SUMS OF CERTAIN MEROMORPHIC P-VALENT
FUNCTIONS

B.A. FRASIN AND G. MURUGUSUNDARAMOORTHY

Abstract. In this paper, we study the ratio of meromorphic p-valent
functions in the punctured disk D = {z : 0 < |z| < 1} of the form

o0
flz) = zip + > ap+k_1zp+k71 to its sequence of partial sums of the

form f,(z) = zip + > ap+k,1zp+k_1. Also, we will determine sharp
1

lower bounds for Re {f(2)/fn(2)}, Re{fn(2)/f(2)}, Re{f'(2)/fr(2)} and
Re {£1(2)/f (=)} -

1. Introduction and definitions

Let X, denotes the class of functions of the form:

f(z) = Zip T Z:“erlc—lzp+k_1 (peN), (1)
k=1

which are analytic and p-valent in the punctured unit disk D = {z: 0 < |2] < 1}. A
function f € ¥, is said to be in the class 3*(p, &) of meromorphic p-valently starlike

functions of order « in D if and only if

_zG) a z ; a < p;
Re{ f(z)}> (z€D;0<a<p; peN). (2)

Furthermore, a function f € ¥, is said to be in the class ¥x(p, @) of meromorphic

p-valently convex functions of order a in D if and only if

LN L D<o
Re{l f’(z)}> (zeD;0<a<p; peN). (3)
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The class ¥*(p, o) and various other subclasses of ¥, have been studied rather
extensively by Aouf et.al. [1-3], Joshi and Srivastava [6], Kulkarni et. al. [7], Mogra
[8], Owa et. al. [9], Srivastava and Owa [11], Uralegaddi and Somantha [12], and
Yang [13].

Let Q,(c) be the subclass of ¥, consisting of functions f(z) which satisfy the

inequality
2f'(z)
Re < — <« (ze€D; 0<a<p; peN). (4)
f(2)
And let A, (o) be the subclass of ¥, consisting of functions f(z) which satisfy the
inequality
"
Re{—l—zj‘fl((?}<a (z€D;0<a<p; peN). (5)
z

The classes Q,(a) and Ap(a) were introduced and studied by the authors [5].

In [5] the authors obtained the following sufficient conditions for a function
of the form (1.1) to be in the classes €, () and Ap(«).

Lemma 1. If f(z) € ¥, satisfies

o0

STp+k+6—1+p+k+2a—06—1)apm—1 <2(p—a) (6)
k=1

for some a(0 < e < p) and some 6(a < § < p), then f(z) € Qp(a).
Lemma 2. If f(z) € ¥, satisfies

SNp+k—Dp+k+—1+[p+k+20—05—1ape—1 <2(p—a) (7)
k=1

for some a(0 < e < p) and some d(a < § < p), then f(z) € Ap(c).

In view of Lemma 1 and Lemma 2, we now define the subclasses 2 (a) C
Qp(a) and Aj(a) C Ap(a), which consist of functions f(z) € X, satisfying the condi-
tions (1.6) and (1.7), respectively.(see [5]).

In the present paper, and by following the earlier work of Silverman [10] (see
also [4]), we will investigate the ratio of a function of the form (1.1) to its sequence

of partial sums of the form

o) = L+ S (pe) (8)

k=1
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when the coefficients of f(z) are satisfy the condition (1.6) or (1.7). More pre-
cisely, we will determine sharp lower bounds for Re {f(2)/fn(2)}, Re{fn(2)/f(2)},
Re {f'(2)/f,(2)} and Re {11()/F'(2)}.
For the notational convenience we shall henceforth denote
op(p,d,a) :=p+k+d—-1+|p+k+2a—0—1| (9)

2. Main results

Theorem 1. If f(2) of the form (1.1) satisfies the condition (1.6), then
f(2) } ont1(p, 6, ) —2(p — @)
Re{fn(z) = UnJrl(pv 0, a)

The results (2.1) is sharp for every n, with extermal function

(z el) (1)

2) = 1 2(p B Oé) zp-l—n n
@ =1+ 20D () ©)

Proof. Define the function w(z) by
1+ U}(Z) _ O'n-‘rl(pa (;,Oé) |: f(Z) _ <0n+1(pa 57 Oé) — 2(p - O[)):|

L—w(z)  20p—a) [fu(2) Int1(p, 9, )
14y kip o Ont1(08.0) o ktp
+ Z Aprk—1% + 2(p—a) Z Ap+k—1%
_ k=1 k=n+1 (3)
L+ Y aprp—12FtP
k=1

Tt suffices to show that |w(z)| < 1. Now, from (2.3) we can write

ont1(p,d,a) io: a Zk+p
2(p—a) ptk—1
U)(Z) _ k=n-+1
2+2ia 2kt 4 Int1(P0,0) i a Sk+p
p+k—1 2(p—a) p+k—1
k=1 k=n+1
to find that
o0
Tk+1(p,6,0)
2(p—a) > |ap+l~c—1|
Jw(2)| < : e :
9 9 k41 Tkt1(p;0,0) k+1
=23 appp2itt — 20p-a) Do Gprh-1Z
k=1 k=n-+1

Now |w(z)| <1 if

On+1(p7 5, a) .
P Nl < 92—
2( 20p ] ) E lag| <2—2 E |ap+k,1 ,

k=n+1 k=1
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which is equivalent to
Un+1(pa J, a)
Z |apr—1|+ Z <2(—o¢)> |apyr—1] < 1.
k=n+1 p
From the condition (1.6), it is sufficient to show that
. - Un+1(p567a> - p76 O[
D laper-al+ Y (2(a)> lapr—1] < Z y lapre-al - (4)
k=1 k=n+1 P k=1

which is equivalent to

i: Uk(p757 Oé) _2(p ) ‘a/ b 1‘ + Z O'k(p,é Oé) Un+1(p;5 Oé)
P

Apik— >0
2 —a) 25— a) @3-+

k=1 k=n-+1

To see that the function given by (2.2) gives the sharp result, we observe that

for 2z = re™i/ (ntp+l)

fz) _ 20 =) aypnr__2lp—0)
e T T e’ L o)
gn+1(p7 53 Oé) B 2(p - a)

= when r — 17.
0n+1 (pa 57 Ot)

Therefore we complete the proof of Theorem 1.

Theorem 2. If f(z) of the form (1.1) satisfies the condition (1.7), then

f(z) } (p+n)ony1(p,6,0) —2(p — a)
re{ 15 (b + M)os1(.5.0) et ®)
The results (2.5) is sharp for every n, with extremal function
o=ty 2o e (x0) 0

z (p + n)0n+1(p7 57 O()

Proof. We write

1+ w(z) _ (p + ’n)O'n+1(p, (5, a) [ f(Z) _ ((p + n)0n+1(p7 5, a) — 2(]7 - a)>:|
1—w(z) 2(p — @) fa(2) (p+n)ont1(p, 6, a)

n 00
k p+n)on+1(p,d,a k
1+ > apyr 1277 + ( )2(;21() ) S apip12FtP
k=1 k=n+1

n
L4 37 apyr—12*+P
k=1
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where
n)on+1(p,0,a &,
- )Z(ptia()p ) > laprr—1]
w(z) = —— s :
n)on, 0,0
2+2 3 Jappro| + EEREL B apyy
k=2 k=n+1
Now
n)on ,0,Q S
D D Ly
Jw(2)] < : — <1
2-2 " Jappy| - ZEemlpoa) S g
k=1 k=n+1
if
- - (p + n)0n+1(p7 67 Oé)
_ <L 7
; |ap+k7 1| + kgl 2(]9* Oé) |ap+]€ 1| = ( )
The left hand side of (2.7) is bounded above by
kzl[(p +k—1ok(p,6,0)/(2(p — )] lapr—1] if
1 n
Wp—a) Z[(p +k —1Dok(p,d,a) —2(p — )] laptr—1]
k=1
+ 3 [+ k= Dow(p.6,0) = (p+n)ons1(p, 5, 0)] |apss-1|
k=n+1

> 0,

and the proof is complete.
We next determine bounds for f,,(z)/f(2).
Theorem 3. (a) If f(z) of the form (1.1) satisfies the condition (1.6), then

fn(Z) 0n+1(p7 (S, a)
Re{ 1) } 2 oo 2p—a) €Y (8)

(b) If f(2) of the form (1.1) satisfies the condition (1.7), then

fn(z) (p+ n)an_H(p, 67 Ol)
He { f(z) } S (p+n)oni1(p,d, @) +2(p — @)

The results (2.8) and(2.9) are sharp for the functions given by (2.2) and

(z €U). 9)

(2.6), respectively.
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Proof. We prove (a). The proof of (b) is similar to (a) and will be omitted.

We write
1+U)(Z) _ Uﬂ+1(p76aa)+2(p_a) |:fn(z) N ( 0n+1(p75,a) ):|
14+ Y appp—12"17 + 70"5(;(5’35&) > apyr—12"TP
. k=1 k=n+1
1+ > apyp—12FtP
k=1
where
Ont1(p0,0)F2(p—a) <
+1 pz(p_a) P k_zn:_u laptk—1]
)| € — e <1
R T e e R
k=1 k=n+1
This last inequality is equivalent to
= = 0n+1(p7 6a Oé)
_ AR s e 1] <1 10
D lopnical+ 30 T ol < (10)

The left hand side of (2.10) is bounded above by f: [ok(p,6,0)/(2(p — @))] lap+k—1],
the proof is completed. =

We next turn to ratios involving derivatives

Theorem 4.If f(z) of the form (1.1) satisfies the condition (1.6), then for
zeU,

(2) Re {f/(2)/4()} 2 [0ws1(p,6,0) — 200 + 1)(p — )} /oms1 (p, 6, ).

(b) Re{f5.(2)/f'(2)} = onta(p,6, @) /[on41(p, 6, ) +2(n + 1) (p — ).

The results in (a) and in (b) are sharp with the function given by (2.2)

Proof. We prove only (a), which is similar to the proof of Theorem 1. The
proof of (b) follows the pattern of that in Theorem 3(a). We write

1+w(z)  onua(p,d,a) [f’(Z) _ <0n+1(p,5704) —2(n+ 1)(2?-@))]

1-w(z) 2+1)p-a) |[f1() Tni1(p; 6, )

where

on1(pda) | g Kt
) (2(n:11)(p—a)) k:%;»l kapyr—12""P
wl(z) = Py P~
242 kZQ kapyp—128P + (72‘?2111()12;57_2)) . > ) kapyp—127+P
= =n+
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Now |w(z)| <1 if

- Un+1(p,5 a)
k _ —_— k <1.
E laprr—1]+ 2+ 1)(p E lapyr—1]

From the condition (1.6), it is sufficient to show that

n
On+1 pa(s Ot p76 O[
Zk|%+k71| + (nnJrl— Z klapir—1] < Z |ap+k 1
= k=n-+1 k=

which is equivalent to

n o (pvava) o0 o (p,(s,Oé) On 1(p’5,a)
kzzz (Qk(p—a) - k) |ap+k—1|+k;rl ( zk(p o jr =) k) lapsk_1] >0,

and the proof is complete.

Theorem 5.If f(z) of the form (1.1) satisfies the condition (1.7), then for
z€U,

(a) Re{f'(2)/fn(2)} = [(p + n)ont1(p,6,0) — 2(p — )(n + D}/[(p +
n)oni1(p,d,a)l.

(b) Re{f,(2)/f'(2)} = [(p + n)ons1(p, 6, )]/[(p + n)oms1(p, b, ) + 2(p —
a)(n+1)].

The results in (a) and in (b) are sharp with the function given by (2.6).

Proof. Tt is well known that f € Ay(a) & zf' € Q,(«). In particular, f
satisfies condition (1.7) if and only if zf’ satisfies condition (1.6). Thus, (a) is an

immediate consequence of Theorem 1 and (b) follows directly from Theorem 3(a).
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