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SOME EXTENSION OF BIVARIATE TENSOR-PRODUCT
FORMULA

MARIUS BIROU

Abstract. In this article we construct bivariate approximation formulas
with scattered data by extensions of bivariate tensor-product Lagrange
formula, using spline univariate operators. The graphs of approximation

functions are given.

Let D C R? be an arbitrary domain, f a real-valued function defined on D,
Z = {z| zi = (%i,9:), i = ,N} C D and I(f) = {\.fl E = 1,...,N} a set of
informations about f (evaluations of f and of certain of its derivatives at z1,...,2n)-
A general interpolation problem is: for a given function f find a function g

that interpolates the data I(f) i.e

)\kf:Akga k:]-:N

Starting from bivariate Lagrange formula for the rectangular grid II =

{zo,- -y &m} X {yo,- - Yn}:

N v(y) - i
Fo) =2 e GG )+ PN )
where
(R f)) = wtalf o om0+ 2 o )

with u(z) = (z — z9)... (¢ — z,) and v(y) = (y — yo) ... (Y — Yn), there are two

generalizations.
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A first generalization of the formula (1) was given by J.F. Steffensen [7]:

== Y = y5)vi(y;)

where

m

Bonone D)) =@ 70, -0 £ )]+ 3 ) F )]

— (v — zi)ui(:)
with
vi(y) = ¥ —yo) - (Y — Yn,)-
The interpolation grid here is II; = {(z;,y;)| i =0,m, j =0,n;}.
A second generalization of the Lagrange interpolation formula (1), that is

also an extension of the Steffensen formula (2) was given by D.D. Stancu [5]:

m n;

f<w’y>=ZZ(x_Zifi,(xi)( ) s i) + (B Nay)  (3)

i=0 j=0 Y — Yij)v; (Yij)

where

(o)) = w0 4D Dy, S0 )

with v;(y) = (y — ¥i0) - . - (Y — Yin; ) and the interpolation grid

H2 = {(‘rlaym” i = Oama .] = Oanl}

Remark. 1. The Steffensen formula (2) does not solve the general interpolation
problem, Ty is only a particular case of the interpolatory set {z1,...,zn}.. Formula
(3) is really a solution of the considered general problem. Indeed, let Xy, C Z be the set
of nodes (zi,y;), i = 1, N with the same abscises xy, i.e. Xy = {(zk,yr;)| 5 =0,nk}
forall k =0,1,...,m. We have X; # X; fori # j and Z = Xo U ---U X,;,. Thus

Iy = Z. The set {zq,...,xpn} is obtained by projection of nodes set Z on Oz axis.

If L7 is the Lagrange’s operator for the interpolates nodes xo, ..., 2z, and

Ly , i = 0,m are the Lagrange’s operators for the nodes yo,...,¥yin; respectively,
then we have

f=Lnf+Ryf (4)
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with
e u()
(L3 f)(,y) = ; Tz @Y
and
f(xia ) = (L%, )(-T:z; ) + (Rgzl )(-7:1; ')a i=0,m (5)
with

S viy)
(Lo ) (@isy) = ) ————0— f (i, yij)-
Y j:z;) (v — ij )i (yis) /

If the remainder terms are written with the divided differences, from (4) and
(5) follows formula (3).

If we make the projection of nodes set Z on Oy axis(see [4],[8]), we consider
the Lagrange’s operator LY which interpolates the nodes yo,...,y, and Lagrange’s
operators Ly, , 1 = 0,7n which interpolate the nodes zg, ..., Zin,. In the first level of

approximation we use the approximation formula

f=Lyf+ Ry f (6)
with
n
f T, Yi
ZZ PR ETMEAR
where v(y) = (y —yo) .- . (y — yn). For every f(z,v;), ¢ = 0,n we use in a second level

of approximation the following formulas

(7)

3

with

m;

(L D) =3 e flason)

where u;(z) = (£ — i) - - . (x — Tim, ). We obtain the following approximation formula

n  m;

=33 YWty + B Dry) )

(v a:” (l'ij) (y — yi)v' (i)

where
(Rmi,nf)(wvy):v(y)[yayOa---ayna z, +Z )[xaxiOw--amimi;f('ay)]
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Then interpolation grid of formula (8) is

H3 = {(xljﬁyl” i= 0,’I’L, .7 = Oamz}

Remark. 2. Formula (8) is also a solution of the considered general problem. Indeed,
let Y, C Z be the set of nodes (x;,y;), i = 1,N with the same ordinates yy, i.e.
Vi = {(zxj,ux)| 5 = 0,my} for all k = 0,1,...,n. We have Y; #Y; fori # j and
Z =YoU---UY,,.Thus 3 = Z. The set {yo,...,yn} is obtained by projection of nodes

set Z on Oy axis.

We denote
pe N\ u(x) vi(y) ). 9
PEDE) = 2 X e = vy ) ®)
and
y V() .
S ZZ s G
The interpolation formula generated by the mean of operators P* and PV is
fla,y) = (PY f)(z,y) + (RY f)(z,y) (11)
where
and
(RMf)(.’E,y) — (Rm“nf)(ac,y) + (Rm,mf)(wvy)

2

The interpolation set of PM is also Z.

Remark. 3. Usually the degree m of the operator L%, is more greater than the
largest degree of LY. i.e. m > max{ng,...,n,} and degree n of the operator LY, is
more greater than the largest degree of L7, i.e. n > max{my,..., my}, which imply
a large computational complezity of the polynomials interpolation (P*f)(z,y) and
(PYf)(z,y). From this reason and the another ones, in [1],[2] instead of Lagrange
polynomial operator L%, is used a spline interpolation operator. In this article, in
formula (6), instead of Lagrange polynomial operator LY, is used a spline interpolation
operator.

14



SOME EXTENSION OF BIVARIATE TENSOR-PRODUCT FORMULA

Let S%,erl be the spline interpolation operator of the degree 2r — 1, that

interpolates the function f with regard to the variable y at the nodes (x,yx), k = 0,n

i.e.
r—1 n
(SY o 1 D@,y) =D afy' + > iy —y)7 (13)
i=0 j=0
for which

(S:‘I{,2r—1f)($vyk) :f(wayk)a k= ,
(S:‘I{,Qr—lf)(o’p)(xﬂa) = 05 b= 2 - 1: a>Yn

The spline function of Lagrange type can also be written in the form

(14)

(SLQT 1f T y Zsk 117 yk

where s, are the corresponding cardinal splines i.e., they are of the same form (13),

but with the interpolatory conditions

sk(y;) = 0y, k.j=0,n.

This way, formula (8) becomes

fx,y) = (PSf)(z,y) + (RS f)(x,y) (15)

where
n m;

(PN ) = Y3 1(0) e o)

i=0 j=0 T = .’E”)Uz (ml])
and (R%f)(z,y) is the remainder term.
Taking into account that for f(z,-) € C"[yo, Yn]

Yn

(RY 5, 1 f)(a,y) = / (5, ) Oz, t)dt
Y

0

with
)r—l

Sﬁr(y,t):(r_l_ Zs, 7),

i=

it follows
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Theorem. 4. If f € C%"(D) then

(ReD)w0) = [ orly.0f O o, e+ (16)
+ si()ui(x)[x, i, -+, Timy s [ @i, )]
=0

and if f € CPTH7(D) with p = max{my,...,m,} we have
Ym
(B0 = [ o) ) a7
Yo

Tim;

1/}mi (.’L’, S)f(miJrl’O) (Sa yl)ds

+i2n;8i(y)/

Zio

with

_(@=s)i i u;(7) (zij — 8)"
= (@ —zi)ui(zy)  mi!
If the projection of nodes set is on Ox axis, we have from [1], [2] the interpo-

lation formula

f(@,y) = (P5f)(@,y) + (R f)(z,y) (18)
where .
P2f ) =3 S sle)— )
5 ’ =0 i=o (W — ij)vi(yis) o

and (R%f)(x,y) is the remainder term.

Theorem. 5. ([1], [2]) If f € C"PT1(D) with p = max{no,...,n,} we have

BN = [ orla ) 00, u)ds+ (19)

Zo

m Yin;

£ 5i@) [ 0707 1)

i=0 Yio

with

r—1 m

i! = - Yij)vi(yig) !
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FIGURE 1. The grid I is projected on Ox and respective Oy axis

We obtain the following interpolation formula

flay) = (PYPa,y) + (RY P(ay) (20)
where
(P2 o) = PN+ (PE ) o)
and

(R5f)(z,y) + (REf)(2,y)
2

(RE f)(z,y) =

Example 6. . Let
fr-L1 % [-1,1] > R, f(z,y) = exp(—2? —y?)

The sets of nodes are

-grid I

Pi(—1,-0.5), P,(—1,0.5), P3(—0.5, —1), P4,(—0.5,0), Ps(—0.5,1), Ps(0, —1),
P;(0,-0.5), P3(0,0), Py(0,0.5), Pio(0,1), P1(0.5, —1), P15(0.5,0), P;5(0.5, 1),
Pyi4(1,-0.5), P;5(1,0.5)

-grid IT

Pi(—1,-1),P(—1,0), P3(—1,1), P4(—0.5,—0.5), Ps(—0.5,0), Ps(—0.5,0.5),
P;(0,—1), Pg(0,—0.5), Py(0,0), P10(0,0.5), P11 (0,1), P12(0.5, —0.5), P13(0.5,0),
P14(0.5,0.5), Pi5(1,—1), P1(1,0), Pi7(1,1)

We plot the graph of functions f and the graphs of P%f, PYf, PM. For a

matriz Z we define

1f = Pfllo.z = I{(f = PF)(@i,y;)|(zi,y;) € Z}Hl,
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FiGURE 2. The grid II is projected on Ox and respective Oy axis

If we take Z =[-1:0.1:1] x [-1:0.1: 1] we obtain

P | |lf=Pfll,y,
I | P2 |0.9469

P! | 0.8685
PM | 0.7326
II| P2 | 1.0244
PY | 1.0244

PY | 0.5004
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(a) Graph of function f

,///I/; 0 ‘\‘
. /i/’ifl’/f,{,'/":"“‘

(c) Graph of P! f (d) Graph of P f

FI1GURE 3. The graph of function f and the graphs of P%f, P¢f,
PM f for grid 1
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(b) Graph of P§ f
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(c) Graph of P! f (d) Graph of P f

FI1GURE 4. The graph of function f and the graphs of PZf, P¢f,
PM f for grid 11
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