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THREE WAYS OF DEFINING THE BIVARIATE SHEPARD
OPERATOR OF LIDSTONE TYPE

TEODORA CATINAS*

Abstract. In this paper they are given three possible definitions of the
bivariate Shepard operator of Lidstone type. Also, there are given error

estimations for the corresponding interpolation formulas.

1. First variant of the Shepard operator of Lidstone type

Let f be a real-valued function defined on X C R?, (z;,5;) € X, i =0,...,N
some distinct points and r; (z,y), the distances between a given point (x,y) € X and
the points (x;,y;), i =0,1,...,N.

First, we consider the original bivariate operator introduced by Shepard in

1968. This operator is defined by:

N
(SN,uf>($7y) = ZAi(xa y)f(xhyi)’ (1)
=0
where N
[174 (z,9)
=0
A; (z,y) = ]\? ZN ) (2)
> Iy (zy)
k=05=0
Jj#k

The functions A;, i = 1,..., N have the cardinality properties:
Ai(xv7yu):5iv, i,Vzl,...,N,
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and

The main properties of Sy ,, are:

1. the interpolation property:
(Snuf) (@isyi) = f (@i yi), i=0,1,...,N
2. the degree of exactness is:
dex (Sn,) = 0.

Consider a,b,c,d € R, a <bandc<dandlet A:a=z90< 1z <...<
pyy1 =band A" :ec=yo < y1 < ... < yn+1 = d denote uniform partitions of [a, b]
and [c, d] with stepsizes h = (b—a)/(M + 1) and | = (d — ¢)/(N + 1), respectively.
Further, let p = A x A’ be a rectangular partition of [a, ] X [c,d].

In [4] it was introduced the bivariate Shepard operator of Lidstone type, using
the classical definition of the Shepard operator (1).

For a function f € C?™~2[a, b, according to [1], the Lidstone interpolant uni-
quely exists and it is of the form

MA41m—1
(L f)(z) = g} Eorm,i,u(z)f(z“)(xi)v (4)

where 7,55, 0 <1 <M +1,0<j <m—1 are satisfying
DQUTmJ"j(LUM) = 61‘;4521),]‘; 0<u<N+10<v<m-1. (5)

On the subinterval [z;,2;11], 0 < i < M, the polynomial L% f can be explicitly

expressed as

(L' )() = (6)
= (LA Dlmet(®) = 5 [A (E572) £ (@) + A (552 £ ()| 12,
k=0

where Ay is the Lidstone polynomial of degree 2k + 1, k € N. In analogous way it is
obtained the expression of Lﬁl’i f, corresponding to A’.
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For a function f € C?m=22m=2([q,b] x [c,d]), the bivariate Lidstone
interpolant L? f uniquely exists and can be explicitly expressed as

M4+1m—1N+1m—1

Lo N @y) = 3 X 2 X rmin(@)rm g () S (20, y5), (7)
=0 pu=0 j=0 v=0

with 7,5, 0<i < M+1,0<j <m—1 given by (5).
Lemma 1. [1] If f € C?*™=22m=2([q,b] X [c,d]) then
(L D) (,y) = (Lin Ly )(@,y) = (L Lin ) (@, ).

Corollary 2. [1] For a function f € C*"=22m=2([a,b] X [c,d]), from Lemma 1, we

have that
Lo f=(f—Laf)+Lo(f — Lo f) (8)
=(f—LAH + LA — LA ) = (f =LY O+ (f = LY f).

We recall that the k—th modulus of smoothness of f € Ly[a,b], 0 < p < oo,
or of f € Cla,b)], if p= o0, is defined by (see, e.g., [11]):

we(fit)p = sup [[ARf(2)]

0<h<t ?’
where
k
Abf(@) = (=DM () f(x +ih).
=0
In what follows ||-|| detones the uniform norm over the corresponding interval.

We have some error bound for the bivariate Lidstone interpolation, that is

useful in what follows. It is obtained based on some results from [5].

Theorem 3. If f € C?*™=22m=2([q,b] x [c,d]) then

1 = LA (4 NI Wor o o (£C.0): 552) Y

d]
L IR War o (7 = L8700 )

+ (1 + ”LﬁIH)WQm II?[%}E] Wam, (f(llf, ) d—c) )

where Wy, is Whitney’s constant.
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The bivariate Shepard operator of Lidstone type is given by:

(S5 f)(2,y) = 4_% A, ) (L2 ) ), (10)

where L2 f is the restriction of L2, f, given by (7), to the subrectangle [z;,z;11] X
[yivy’H’l}a 0 é ) S N.

We have the bivariate Shepard-Lidstone interpolation formula,
f=S"f+R"f, (11)

where R f is the remainder term.
Estimations of the remainder of this interpolation formula were obtained by

us in [4] and [5].

2. Second variant of the Shepard operator of Lidstone type

For a function f : [0,1]x[0, 1] — R we consider the bivariate Shepard operator

as a tensor product [13]:

M N
(S P y) =D sin@)s;uW)f (3, %) (12)

i=0 j=0
where A\, u > 1 and
i
sian(r) = M‘x d :
LR T
k=0
_ar
) = L
IDRVES I
k=0

If we denote as in [13], by Sara(f, ) the univariate Shepard operator regarding a

univariate function f we have that

(S, f)(@,y) = Sua(f2)Snu(fry).
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For a function f € C?"~22m=2(D) m € N, the Shepard operator of Lidstone

type corresponding to (12), is defined by
(SM N, y) ZZS“\ )8j,u( y) (LY f) (]VL %) (13)
1=0 j=0

where L f is the restriction of L?, f, given by (7), to the subrectangle [x;, z;41] X
[Yj,Yj1], 0<i <M, 0<j < N.

The corresponding interpolation formula is
f=Svnl+Riin,

where RJL\Z nJf denotes the remainder.
Further we give some error bounds for this interpolation procedure. First,

we recall some known results.

Theorem 4. [5] If f € C?*™~2[a,b] then
If = SaaF @)l < (U L ) Wamwam (5 557) - (14)
Theorem 5. For any f € C?™=22m=2(D) and pu > 2 we have

Hf - S]%/Ii,NfH < (1 + HLmH Wam Hl[%x] Wam (f(ay)7 ﬁ) (15)

(L4 [|ZA ] ) Wam max_wop (F — LA £) ()5 55
y€[0,1]

2m

Proof. By Corollary 2 and taking into account (13) it follows that

1F = SatnFlleoy = I1f = Smeafllop
+ H(f — L5 f) = Sara(f — Lﬁ/’if)Hc[o 1]

+1f = SN,uf”c[o’l] :

and from (14) we obtain (15). O
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3. Third variant of the Shepard operator of Lidstone type

In [13] was introduce another type of the bivariate Shepard operator which has
good approximation properties and better global smoothness preservation properties
then that defined by (1). It is defined by

T 3,1
Sun(fix,y) = %’

with o >0, f: D —R, DCR? D=10,1] x [0,1], z; =i/M, i =0, ..., M; y; = j/N,
j=0,...,N and

f(xiayj)
(= 2)? + (y —y;)?]"

M N
i=05=0

For a function f € C?m=22m=2(D), m € N, the corresponding Shepard

operator of Lidstone type is given by

i Taf' n (F52,9)
(S )@, y) = Hialos), (16)

with

M N id
; LPvaJ Y
Ty (fio) = & 3 iy
1= J:

where L2 f is the restriction of L?, f, given by (7), to the subrectangle [x;, z;41] X

[y]ayj+1]70§Z§M7OS]§N

Theorem 6. [13] For any f € C(D) and pn > 3/2 we have

I1f = Sun (DIl < ew(fs 37: %) (17)

2|~

where

Using Theorem 6 we can give some error bounds.
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Theorem 7. For any f € C*™=22"=2(D) and p > 3/2 we have

1f = Sxtw Il <ew(Lfufs ap ) + (L4 [ Lin | ) Wem max wam (F(0)i ) (18)

]
+ L+ [ L] Wanm ax wam ((f = L5 ) (9); 55)

+(1+ HLﬁ’H)Wzm Jnax wom (f(z,) 5=) -

[0,1] 2m

Proof. We have

If = Suin S < IF = LA+ [|L5.f = Si v ]

and by (16) and (17) we obtain
If = Suinfl I = Lo Il + cw(Lh, f 37, w)-

By (9) it follows (18). O
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