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BIERMANN INTERPOLATION
WITH HERMITE INFORMATION

MARIUS BIROU

Abstract. If Py, P, ..., P, and Q1,Q2, ..., @, are Lagrange univariate pro-

jectors which form the chains i.e.
PSP <P, Q<@Q2<--<Q,
then the Biermann operator is defined by
B, = PQ @ PQ) & & PQY

where Pi,..., P/, QY,...,Q, are the parametric extension (see [5])

In this paper, we construct projectors of Hermite type which form
the chains. The representation of Biermann interpolation projector of
Hermite type and the corresponding remainder term are given. Using

Hermite information we increase the approximation order. We give some

examples.

1. Preliminaries

LetX,Y be the liniar spaces on R or C.

The liniar operator P defined on space X is called projector if and only if
pP2=Pp,

The operator P¢ = I — P, where I is identity operator, is called the remainder

projector of P.
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If P is projector on space X then the range space of projector P is denoted
by
R(P) ={Pf| f € X} (1)

The set of interpolation points of projector P is denoted by P(P).

Proposition 1.1. If P,(Q are comutative projectors

1) R(Pe@Q)=R(P)+R(Q)

2) P(P&Q)=P(P)UPQ).
If P, and P, are projectors on space X, we define relation ” <”
P<P&PP =P
Let be f € C(X xY) and z € X. We define f* € C(Y) by
ff@) = f(z,t), teY
For y € Y we define ¥f € C(X) by

Yf(s)=f(s,y), seX
Let P be a liniar and bounded operator on C(X). The parametric extension P’ of P
is defined by

(P'f)(z,y) = (PYf)(z) (3)
If P is a liniar and bounded operator on C(Y") then the parametric extension Q" of
@ is defined by

Q"N)(z,y) = (Qf)(y) (4)
Proposition 1.2. Let r € N, Py,...,P. be univariate interpolation projec-

tors on C(X) and Q1,...,Q, univariate interpolation projectors on C(Y). Let

Pl,...,PLQY,...,Q" be the corresponding parametric extension. We assume that
<P <P, Q1@< <Q, (5)

Then
B, = PiQy © Q& - & Py (6)
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s projector and it has representation

T r—1
_ 1 A _ 1 AN
BT - E : Pm r+1—m E Pm r—m (7)
m=1 m=1
Moreover, we have

B =P+ P QI + -+ Pl°QU + Q" — (PI°QY° +---+ P°Q"")  (8)

T

where P¢ =1 — P, I the identity operator.

2. Biermann interpolation

In this section we present the Biermann interpolation operator and some of

this properties from [5].
Let be the univariate projectors of polynomial interpolation
Pla"'apr‘ana"'aQ’r'

given by the folowing relations

km

(P f)(@) = f(@i)im ()

i=1

In
(Qn9)(y) = Zg(yj)d)jm(y)

The sets of interpolation points are

{mla---aka}g[aab]a {yla---ayln}g[cvd]
with
1<k <k<--<k., 1<lhi<lh<---<lI, (9)

The cardinal functions are given by

wo1 Li T Tk
[
Y-y
— Y
¢],n(y): , 1< <,
= Yi Y
15
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Then we have

(10)
R(Qn) = Ly, .,y =10, 1
From (9) and (10) we have that parametric extensions
P, .. P.QY, ....,Q!
are bivariate interpolation projectors which form chains.
Pi< <P, QY < <Q) (11)

Moreover we have

PQr=QP. , 1<mmn<r

n-m:?

P! Q! is the tensor product projector of bivariate polynomial interpolation.

We have the representation

km In
(PLQnP) (@,y) =Y 3 F(@i,45)bim(2)thn(y)

=1 j=1

P! Q! has the interpolation properties
(P @ f)(zisy;) = f(wi,y5), 1<0<km, 1<) <ln.
The range space defined by P, Q" is
R(P,Qp) =}, 1 @10}, 1.
The projectors
P,...,P.Q,...,Q!
generate a distributive lattice € of interpolation projectors on C([a,b] X [c,d]). The
interpolation projector B, is defined by relation

B, = PiQ; & BQ,_, & & FQY
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where € N. The projectors By, ..., B, form a finit chain
By <By<---<B,

Proposition 2.1. The range space of Biermann interpolation projector is
R(By) =gy 1 @Iy, g + -+ + Mg, g @Iy, 4 (12)

Proposition 2.2. The Biermann interpolation projector satisfies the interpolation

properties
(B’r‘f)(wlay]):f(wlay])’ ISZSkma ISJSl’I"-‘rl—’ma IS’ITLS’I“ (13)

The set of interpolation points possesses a disjoint representation

P(B'I') = U U {(muy]) : kmfl < l S kma lrfmfn <j S lr+17mfn} (14)
m=1 n=0

with kg := 0, Iy := 0.
Using disjoint representation (14) of interpolation set P(B,) of Biermann
interpolation projector we obtain Lagrange representation of Biermann interpolant

r rtl—m—n

r—m ko 14
Bf=Y Y Y > f@iy)® (15)

m=1 n=0 i=1+kp 1 j=1+lp_m _n
Proposition 2.3. The cardinal function of Biermann interpolation is given by

m-+n m—+n—1

O i(@y) =Y Gis(@iri1—s) = D is(@)j—s(®), (16)

kmfl <igkm; lr7m7n<j§lr+17mfn; OSTLST—m, ]-Smg'r

Proposition 2.4. The Cauchy form of remainder formula in bivariate Biermann

interpolation is

f(z,y) = (Br f)(z,y) (a7
(kr,0) (0,0,
- (x_wl)---(z—wkr)fkiw+(y—y1)---(y—yzr)fl7(!z’m
r—1 kr—m lm (Kr—mslm)
+ H (.I‘ — :EZ) H(y — y])f - (%‘*'manm)
m=1 [=1 j=1 r—m-‘m-
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r kepiom lm f(kr+1—m7lm)(

S I @0 [L-w)

me=1 —1 j=1 kr+1fm!lm!

Or41—m, Tm)

~

where &, 0; € [a,b], n;, 7 € [e,d] with 1< <r.

Proposition 2.5. Let be ¢ = min{k,_,, + 1, : 0 < m < r} with kg = 0, Iy = 0.

Then q is the approximation order in bivariate Biermann interpolation, i.e.

f(@,y) = (B f)(@,y) = O(h?), h—0 (18)
Example Let be r=3 and triangular elements
ih

jh .
$i=§,yj=?,1§Z,J§3,h>0

km=m,l, =n,1<m,n<3

The cardinal functions are

®13(2,y) = d11(2)33(y)

D22 (2,y) = doa(2)¢h22(y)

®31(2,y) = ¢33(x)Y11(y)
®12(2,y) = d11(2)¢P23(y) + dr2(@)¢h22(y) — du1(2)¢h22(y)
D21 (2,y) = 22(2)12(y) + d23(2) 11 (y) — P22 ()11 (y)

Q11 (z,y) = d11(2)P13(y) + d12(2) 12 (y) + d13(2) V11 (y) — 11 (2)P12(y) — d12(2) Y11 (y)
Ys

Y2

Y1
x1 T2 3

The order of aproximation is 3.
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3. Main result

Our goal is to construct Hermite projectors which form the chains and with
their aid the Biermann operator of Hermite type.

Let be the univariate projectors of Hermite interpolation

Pla"'ap’r‘ana"'aQ’r'

given by relations

ko Ui,m

(Pof)() =D > fP(z)hip(x), 1<m<r
i=1 p=0
l, Vjn _

(@u9)W) =>> dy)hj,y), 1<n<r
j=1¢=0

Assume that

{z1,..., 21, } Cla,b]

{yla"'ayln} c [C,d]

with
1<k <ky<---<k
(19)
1<h<lh<---<l,
and
Uim < Uimt1, ¢ =1, kp, m=1,r—1
(20)

Vjn S Vjn+1, 1= l,ln, n= I,T -1

The cardinal functions A}, m = 1,7 and E?q, n = 1,r satisfy

h:Z (])(xu) = Oa v 7£ iv .7 = Oauu,m
hg W (i) = djp, J=0,uim
for p = 0,u;,m, v,i = 1, ky,, and respective

W (y,) =0, v#j, i =0vn
E?q(l) (yj) = big, 1 =0,vj
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for ¢ = 0,vjn, v,j =1,1,.

Theorem. 1. The parametric extensions
P,...,P.Q},...,Q!
are bivariate interpolation projectors which form the chains
Pl<--<P, @Q<--2Q (21)
Proof. Let be 1 < m; <msy <r. Then

kml S ka )

Ui,mq < ui,mmi < kml

We have that

kmy Wiymy kmy Uigmy

(Pry Pray f) =3 YA X X s i, @) | B, () (23)

i1=1 p1=0 \i2=1 p2=0

But
hz;;pl)(mil) = 0iiyOp1ps (24)
From (22), (23) and (24) we have

kmq Wigmq

(Pray P, = > SO, wh, (@) = (P, (z,y)
11=1 p1=0
i.e.
P, < P¥n2
Thus P|, Py, ..., P! form a chain. Analogous QY ..., Q" are projectors which form
a chain. O
Moreover we have
PQI=Q"'P., 1<m,n<r
The tensor product projector P, Q! of bivariate interpolation has represen-
tation
km Uim 1, Vjn
(Pro@uf)(z,y) = F (@i ys) i ()5, (y)
i=1 p=0 j=1 ¢=0
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and it has the interpolation properties
(P Q)P (i, y;) = FP (@i y;)

1<i<km 1<j<lp, 0<p<uim, 0<q<ujn

The projectors P/, ..., P, QY,...,Q. generate a distributive lattice ¢ of pro-

jectors on C([a,b] % [¢,d]). A special element in this lattice is
Bl' =PlQI & PQ] & &PQ], reN (25)

called Biermann projector of Hermite type

Let be ay =wi,i + -+ +uk,i +hi, fi=vii+--+o,+lh, 1<i<r.

Proposition 3.1. The range space of projector BH is given by
R(B/T) = Hay—1 @ Mg,y + - + o1 @ Tlg, (26)
Proof. Using Proposition 1.1. we have
R(BY) = R(PIQ)) U... UR(PQ])
Taking into account that
R(Py,)=0,,-1,1<m<r

R(Qn) =lg,-1,1<m<r

we get (26).0

Proposition 3.2. Biermann projector B has the interpolation properties
(BTI.{](‘)(IL(I) (mia y]) = f(p’Q) (Zvia y]) (27)
ISZSk’ma ISjSlT‘-‘rl—’malSmSTa

Ujm—1 < P < Ui ms 0<¢g< Vjr—m+1;

where Wi pm—1 = =1, ko1 <1 <kp, 1 <m<r, with kg =0
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Proof. Using Proposition 1.1. we have
P(B;') = P(PIQY) U ... UP(PQ])
If we denote
I(P) = {f P9 (ziyp)|(PfPO) (@iy;) = fP (5.95)}
then
I(B]") = Z(PIQ)) U ... UL(P{QY)

We have

I(PQ)) ={fP)(ziy))li =Tk, j =
= {f(p’q)(wly])|z = lakla .7 =
= Cl

—

alrapzoyuilaqzoavjr }

—_

ey p=1ui0 + 1,ui1,9=0,vj, }

with Uj0 = —1, 1= ko + ].,kl

For m = 2,r we have

I([)Tln Ir/+17m) = {f(p’q) (%ZU]NZ = 15 k’ma .7 = lal’l"-i-l—’ma pP= Oauimaq = Oavj,’r‘—i-l—’m}
= {f(p7q) (wly])h = 15 k’m—la .7 = 15 lr+1—ma D= Oaui,’m—la q= Oavj,’l"-i-l—’m}

U{fPD (ziy)i = Lkm1,5= L, lrt1-—m, D= Win1 + L, %imyq=0,0j,11-m}
U{f P (2;.9)|i = k-1 + Lk, 5= 1, Li1—m, P = 0,Uim, ¢ = 0,0j,,51—m}

= {f(p7q) (wly])h = 15 k’m—la .7 = 15 lr+1—ma D= Oaui,’m—la q= Oavj,’l"-i-l—’m}

U{f(p’Q) (:Elyj)|Z = 15 k’ma .7 = lal’l"-i-l—’ma D =Ujm-1 + laui,’ma q= Oavj,’l"-i-l—’m}
=AUl

with wim = —1, 1 = k1 + 1, kps.

As A,y CI(P),_1Q} 1 5_p,), m = 2,7 it folows that
I(Bfy=17(P/Q")U...UZ(P/Q")=C,U...UC,

q.e.d.d

Remark. 2. The sets C;,i = 1,r are dizjoncts.
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From (7) we get the folowing representation for the projector B

r km Wi,m leg1—m Vi rd1—m

(B f)(2.y) = 3 S L T ) (9

S Y M@, w0 )

Taking into account (27) we obtain

Uim lr—m+1 Vj,r—m+1

(BHf (z,y) Z Z Z Z Z qu) wzayz) ( ,Y) (29)

m=1 i=1 p=u; m-1+1 j=1 q=0

Proposition 3.3. The cardinal functions ®}; given by

*(z,y) = Y RR@B, " y) = > k(@b (y) (30)

meAPq meBPq

]-Sigkm; ISjSZTJrlfma]-SmS'ra

Uim—1 < P < Ui,m, 0<¢g< Vjr—m+1;

where
Aqu - {m € {]-v ,T'}|Z € vap S Ui,m;j € Y;“+17m7q S ’Uj,TJrlfm}
ijq = {m € {17 Y 1}|Z € X’map S Ui,maj € Y}—m,q S vj,’r‘—m}
X =A{1, .. kn}, Yo ={1,..,0}
Proof. For the function
f(z,y) = hip(x)h}, (y)
we have

Brf = (pzp]q
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Taking into accoumt relation (7) we get

e = ZPI hiy) © QY (1] ZP' hip) ® Qy_p(hjy)

_ m " Tr
- E ® QrJrl m( ) - E hip ® Qrfm(hjq)
me{l,...,r} me{l,...,r—1}

1€ Xm, P>Uim 1€ Xm P2 Ui,m
_ m o pr+l-m _ m o pr—m
- Z hip ® hjq Z hip @ hjq

me{l,...,r} mée{l,...,r}
1€ Xm, P2Uim 1€ Xm, P2Uim
JEYrt1—m, A2V rt1—m JEYr—ms 4205, r—m

Proposition 3.4. If f € Ck~!"([a,b] x [¢,d]) we have Cauchy form of remainder

F(a,y) — (B f)(z,y) (31)
(an,0)
=(z— le)u1,r+1 o (z— xkr)uk”’”_l f ar(!fray)
(0,8r)
PRI _ vm,,+1f (z,mr)
+(y yl) ! (y ylf’l“) ! 67“'
r—1 kr_m !
. = . f(arfm"ﬁm)(frfm; nm)
+ (& — agyor 1 Ty — )t =
m=1 i=1 j=1 Q! B!
r krp1-m I
: 1 FO ) (G4 Tin)
_ (1. _ ./I:i)uz‘r+1—m+1 (y _ y,)vg,m—i-l
m=1 i=1 E ! aTJrlfm!Bm

£iaai€ [aab]a niaTiE [C,d],lS’L‘ST

Proof. We have that

m (am)
(P @) = 1)~ (Pun)@) = [[la—e et L) 6 e (0,0, 1 € o (a0
- 19 () ’
Q)W) =9) — (QmNHW) = ||y —y;)"+ T € [c,d], g € C™([e,d])
. 1<mn<r

Taking into account relation (8) we get (31).0
Let be h=b—a=d—cand ¢ = min{a,_m + fm, 0 <m < r} with ag =0,
Bo = 0. Then we have

f(a,y) = (B f)(z,y) = O(h?), h—0. (32)
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Example. We determine the order of approximation of the Biermann inter-

polation projector BH for triangular elements.We choice r=3 and

ih jh ..
gayj:?713273337h>0

Tr; =
km=myl,=n,1<mn<3
Let be the Hermite interpolation projectors

T T T T Ty X
P = H* 1 P = H 1 2 Py = H 1 2 3
0 1 0 1 0 1

O, = HY Y1 Qy=HY Y1 Y2 Qs =HY Y1 Y2 Y3
1 1 1 1 1 0
i.e.
u11 = 0;
urz = 15 ugp = 0;
urz = 15 ugg = 05 ugz = 1;
vi1 = 1
vz = 15 029 = 15
v13 = 15 veg = 1; w33 = 0;

It folows that parametric extension form the chains
Pi<P <Py QI<Q2<Q
and we can define the Biermann operator of Hermite type
B3 = PlQj & PQ5 & P;Q5.

The operator B4 has the interpolation properties
(B?{‘If)(p,q) (561, yl) = f(p7q) (mlayl)a (pa q) € {(Oa O)v (Oa 1)5 (la O)v (la 1)}

(B )P0 (21, y2) = fP9 (21,92). (p,0) € {(0,0),(0,1),(1,0),(1,1)}
(B3 )(p’q) (z1,93) = fe0 (z1,¥3), (p,q) = (0,0)

(B )P0 (zy,51) = f D (22,51), (p,q) € {(0,0),(0,1)}

(B3 )9 (2, y2) = fP9 (22,92), (p,q) € {(0,0),(0,1)}

(B )P0 (@3, 91) = fP9 (23, 91). (p,0) € {(0,0),(0,1),(1,0),(1,1)}
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The cardinal functions of B4 are
@1 (z,y) = hiy (@)h3, (y) + 13, (@)h3, (y) + b3, (@)D, (y) — hip (@)D3, (y)—
—hip(@)hi, (), (p,q) € {(0,0),(0,1)}

N (w,y) = b3, (2)h3,(y) + b3, (2)hL, (y) — b3, (2)hd, (), (p.q) € {(1,0),(1,1)}
®4(2,y) = hi,(@)h3, () + b3, (2)h3, (y) — ht,(2)h3,(v), (. q) € {(0,0),(0,1)}
o} (z,) = h3,(2)h3, (), (p, ¢) € {(1,0), (1, 1)}

o4 (2,y) = ht,(2)h3, (), (p,q) = (0,0)

® (x,y) = h3,(@)h3,(y) + b3, (2)ht, (y) — h3,(2)hi,(v), (p.q) € {(0,0),(0,1)}
B84 (x,y) = h3,(2)h3,(y), (. q) € {(0,0),(0,1)}

®8Y(z,y) = h3, (x)ht,(y), (p,q) € {(0,0),(0,1),(1,0),(1,1)}

We compute the approximation order

ar =up +1=1;

a = u12 + U2 +2 = 3;

a3 = u13 + u23 + uzz + 3 = 9;
fr=vn+1=2

B2 =viz2 + V22 +2 =4

B3 =v13 + va3 +v33 + 3 = 5;

g =min{as, az + i, a1+ B2, B3} = 5;

The order of approximation in this case is 5.
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