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ITERATES OF SOME MULTIVARIATE APPROXIMATION
PROCESSES, VIA CONTRACTION PRINCIPLE

CLAUDIA BACOTIU

Abstract. In this paper we study a general class of linear positive opera-
tors, using the theory of weakly Picard operators. The convergence of the

iterates of the defined operators will be proven.

1. Introduction

In [2] and [1] Agratini and Rus applied the theory of weakly Picard operators
to prove the convergence of iterates of a certain class of linear positive operators. In
some particular cases, these operators are well known approximation operators, such
as Bernstein or Stancu operators. In the above mentioned papers, the authors have
considered the univariate, respectivelly the bivariate cases. In the present paper we
give a generalization of these results to a class of linear positive operators defined on

C([0,1]7), p € N.

2. Weakly Picard operators

Let (X, —) be an L-space and A : X — X an operator. In this paper we will

use the following notations:
Fp={xeX:Alx)=a}
I(A) ={Y e P(X): AY)CY};
A% =1y, A" = Ao A" ¥n € N.
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Definition 2.1. (Rus [7]) The operator A is said to be:

(i) weakly Picard operator (WPO) if Vzg € X A"(xo) — x, and the limit x§ is a
fized point of A, which may depend on xg;

(ii) Picard operator (PO) if Fy = {x*} and Vzo € X A™(z0) — z*.

If A is an WPO, we consider the operator A> defined by

A* X - X, A%®(z):= lim A"(z).

n—oo
We have the next characterization theorem of WPOs:

Theorem 2.1. (Rus [7]) The operator A is WPO if and only if there exists a partition

of X, X = |J X\ such that:
AEA
(i) Xx € I(A), YA € A;

(ii) Alx, : X — X is PO, VA € A.

3. Main results

Let p > 1 be a fixed integer and
D :=10,1] x [0,1] x ... x [0,1] = [0, 1]7.

CD)={f:D—R : f— continuous}.
We introduce the next notations: a!? := (0,0, ...,0) = Og» is the null vector. For all

k
g ) . the vector from
15225-045 23

ke€l,pandforall<i; <is<..<i <p,denote by «
RP defined as follows: on positions i1, iz, ..., the value 1 appears and on all other

positions the value 0 is displayed.
My, := {(i1, 2, ..yip) : 1 <1 <ipg<..<ip<p}CN' VkeTlp

vp = {a<0>} U {O‘z{f?ig,‘..,ik kel p and (i, iz, .oix) € Mk}'

Denote by e,, a € vp the test functions

P
ea: D —Ry;  eqlr1,22,..0,2p) 1= H xpt Y(x1,2,...,2p) € D,
k=1
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with the convention that, if in a component, «y, is null, then z}* will be replaced by

1.
‘We notice that

p

Card(My) = P ,Vk=1,p and Card(vp) = Z L
k=0 \ F
Remark 3.1. Any o € vp is a'® or there exist k € T,p and (i1, 12, ...,11) € My such
that o = a<k>, .
21,522,452k

Remark 3.2. Because Card(vp) = Card{1,2,..., N}, it follows that there exists a
bijective function

w:vp —{1,2,...,N}.
More precisely:

- for k = 0 there exists a unique j € 1, N such that w(a®) = j and

- for any k € 1,p and for any (i1,ia, ..., ix) € My there exists a unique j € 1, N

such that w(azgf,)iz,_“,ik) =J-

For all (mq,ma,...,m,) € NP consider the next p-dimensional net

Al = (0= Tpmp0 < Thmp1 < oo < Thymgme = 1) Yk =T1,p.

We also consider the next systems of real positive functions

0 < Ppmi €C[0,1], Vi=0,mp Vk=T,p.

Let the next assumptions be satisfied:

my
> kmi@) =1, Yrel[0,1], Vk=Tp; (1)
1=0
my
ka,mk,iwk,mk,i(m) =x, Vxe [07 1]7 Vk = 1,p; (2)
1=0

wk,mk,O(O) = wk,mk,mk(l) = 17 vk = 17 .

b~}

—
w

=

We also introduce the next notation:

K :={0,1,....,m1} x {0,1,...;ma2} x ... x {0,1, ..., mp}.
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Clearly,
0K = {(0,0,...,0), (m1,0,...,0),...,(0,0,...,mp), ..., (M1, ma, ...,mp)} C RP.
Notice that Card0K = N and
(T1my 015 o Tpompyiy) € VD, V(i1, .. ip) € OK. (4)

Let um,,...,m, : D — R be the function given by

Umy,...,my (mh "'7xp) = Z /‘/jl,mhil (ml)"'wp,mpyip (‘rp) (5)
(81,--rip) EOK
and
Omy,...,m, ‘= inf {umh,_,mp(xl, v @p) 1 (@1, .y 1p) € D} . (6)

We define now the operators:
L, mo,...m, : C(D) — C(D)

by
(Lm17m27"'7mpf)(x17 L2y eey IP) =
my mp mp
=)D Crmein (81 Wk i () i, () (7)
i1=0 ix=0 ip=0
'f(xl,ml,ilv ey Theomp iy ooy xp,mp,ip)
for all f € C(D), Y(z1,x2,...,xp) € D.
Proposition 3.1. The operators Ly, m,,...m, have the next properties:
(i) Ly ms,...m,(€a) = €a, for all a € vp;

(1) (L, ma,....m, f)(a) = f(a), for all f € C(D), Ya € vp;

(iii) L, ms.....m, are linear and positive.

Proof: The first statement follows from (1) and (2). The second follows from
(1) and (3). The last statement is obvious.OI
For all A = (A1, A2, ..., \y) € RV, consider the sets

Xy = {f € C(D) : f(a) = Aua), Ya € VD} (8)
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Lemma 3.1. (i) For all A € RN, the sets X5 are closed in C(D);
(ZZ) XA el LnLl,mQ,...,mp);

(i) C(D) = |J Xa is a partition of the space C(D).
AERN
The main result is given by the next theorem.

Theorem 3.1. If oy,

,,,,,

defined by (7) are WPOs and for all (m1,ma, ...,mp) € NP, we have:

L707$17M2,.‘.7mp (f) = @}7 vf S C(D)

The function ¢} is defined by

O(T1, 72,000y 1p) = Y + Z C’illzil + Z 0121,1'2@13312 + ..t
i1€M; (i17i2)EM2

+ Z Ci’i’i%___’ikxilxﬁ‘..xik—|—...—|—Cf’2w’px1m2...xp Vf e C(D)Y(z1,22,....,2p) € D
(41,82, 50k ) EMy
where C§ and CF

91,82,.0000k 7

Vk € 1,p, V(i1,iz,...,i1) € My are real numbers which
depend of f, given by
= f(a<0>);
k
Cf iy = (DM@ + (DR YT F@f) + (DM Y e )+
s1=1 1<s1<s2<k

F (DR ST @l ) e (CDO @, )

1<s51<82<...<51<k T
fO’f’ all k € m, V(il,ig, ...,ik) € M.
Proof: By virtue of Lemma 3.1, the sets X, are closed, X, €
I(Lml,mz,..‘,mp) and C(D) = |J X, is a partition of the space C(D).

AERN
Denote by || - [|¢(p) the Cebysev norm in C(D), i.e.

lvllcpy = sup [v(z1, ..., zp)], Yve C(D).
(z1,...,xp)ED

For all A € C(D) and for all f,g € X5 we have:

|(Lm17m27--<7mpf)(x17$27 "'7331)) - (Lml,m27---,mpg)($17x2a ceey pr)| =

- ] ST S Wt @0 tmin (T iy ()-

i1=0 =0 i,=0
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(f - g)(xl,ml,in ooy Theymug i s "'7xpumpvip) =

| Y i @)y, @) - (F = D@ s Ty <

(i1,erip) EK

S ’ Z ¢1,m1,i1 (xl)"-wp,mp,ip (xp) : (,f - g) ('rl,’ml,i1a ey xp,nbp,ip)

(i150eyip) EK—OK

+‘ Z wl,mhh (xl)"'wp,mp,ip(xp) : (f - g)(x17m11i17"'7:ijvmp1ip)

(i15rnyip) EOK

- ’ Z wl,ml,il (xl)"'wp,mp,ip (xp) : (f - g)(‘rlam17i1?"‘7:L‘p7mp7ip) <

(150 eyip) EK—OK

_|_

(€]

< Z wl,ml,il(331>---wp,mp,ip($p) : ||f - 9||C(D) =

= Z ¢1’m1,i1($1)“-¢p,mp,ip (xp) - Z U1,ma ia ($1)~~~¢p’mp,ip (xp)

(i150000p)EK (i15000sip) EOK

1) (5)
N =gllemy = 1= D Crami @) Cpimyiy (@) | - IIf = glep) =

(i1,0emrip) EOK

(6)
= [1 - uml,‘-v’mp(mlw'vxp)] : ||f - QHC(D) < (1- Umhm,mp) : Hf _QHC(D)'

Because oy, ,...,m, in non-zero, the restrictions Ly, m,,....m,|x, are contractions with

»
the same constant 1 — oy, ... m, € [0,1[. Consequently, they are POs.

It can be proven that for all A € RV, 0} € Xa Vf € Xp. For any A € RY,
the restriction Ly, m,,...,m,|x, has a unique fixed point which is ¢} (it follows from
Proposition 3.1).

From Theorem 2.1 it follows that Ly, m,,...m, : C(D) — C(D) are WPOs. Besides,

.....

for all f € C(D), the limit operator is ¢y U

Remark 3.3. In the case p =2 we have D = [0,1] x [0,1], N =4,
o =(0,0), o =(1,0, of=(0.1), a%}=(,1)

and

Vp = {(0, 0)7 (17 0), (07 1)7 (L 1)}
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There exists a bijective function w : vp — {1,2,3,4}.

For all A := (A1, A2, A3, \y) € R* consider the sets:

Xp = {f € C(D) : f(070) = )‘w(0,0)7 f(170) = )‘w(l,O)a f(07 1) = )‘w(O,l)a f(17 1) = Aw(l,l)}

For all my :=m € N, mg :=n € N, the operators Ly, , are WPOs and

Ly n(f) =93, VfeC(D)

where

. (f<a<°>> C[Fe) + )] + f(af%)) 2y

12
So, we reobtain [1; Remark 1 - Theorem 9] in the particular case a; = ag = 0 and

by =by =1.
4. Applications

4.1. Bernstein operators of (m1,...,m,) order. For all (m1,...,m;) € NP consider

the next system of points:

0 1
A’;lk::<0:<<...<mk: ) Vi =1,p.
my my my

Let the functions vy, ; be the fundamental polynomials of Bernstein

my . .
Yhmy,i(T) 1= by i(x) = ‘ (1 —x)™ " Yz e[0,]1]
1
for all i = 0,my, k=1, p.
Then the polynomials Ly, ms,....m, : C(D) — C(D) from (7) are the Bernstein poly-

nomials of (myq,...,m,) order, given by

(Lm1,7r12,...,7rtpf)(x17 L2y eey xp) =

mq mp ; ]
11 7
= bm1,i1 (xl)"'bmpvip(‘rp) ’ f <’In1’ o T?lp) '
E § D

i1=0  ip=0
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The next theorem states the convergence of the iterates of the generalized Bernstein

operator.

Theorem 4.1. The Bernstein operators Ly, m,,...m, are WPOs and

Ly (f) = ¢}, VfeCD)

mi,mz,....,Mp

with ¢% as in Theorem 5.1.

Remark 4.1. In the particular case p = 2, m1 := m, mo := n we reobtain the
estimation
1
Amn = Goins

(see [1; §4.1.])

4.2. Stancu modified operators of (my,...,mp) order. For all (my,...,m;,) € NP
k

¥+ k=1,p as in the previous application.

consider the systems of points: A

The functions ¥, p,, ; are the fundamental polynomials of Stancu:

M x[i,fak}(l o x)[mkfi,fak]

7

wk,mk,i(l') = Wy, o (-13) = Tomn—on] Vo € [0, 1]

for all i = 0,myg, k = 1,p. oy are real positive numbers.
Then Ly, ms,...,m, from (7) are the Stancu modified polynomials of (my, ..., m,) order,

given by

(Lm1777L2;<~~777Lpf) (1’1, L2 -0y mp) = (Sﬁr?ll,"r?g::::ﬁf:f)(xl? L2y xp) =

AN i i
P
= E E wmlsi17a1(xl)"'wmpwip7ap(xp)-f<TrL17"'7m)
P

i1=0  ip,=0
The next theorem states the convergence of the iterates of the generalized Stancu
operators:

a1,02,...,Qp)

Theorem 4.2. The Stancu operators anl,m%___,mp are WPOs and
(Sfr?fﬁzj:::;%”}) (f)=¢} Vfel(D)
where * is as in Theorem 3.1.
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Remark 4.2. In the particular case p =2, my :=m, mq := n we obtain:

1

>
m,n — om+n—2 . 1[m,—0¢1] . 1[”,—052]

A

which is the estimation given in [1; §4.2.].
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