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EINSTEIN EQUATIONS IN THE GEOMETRY OF SECOND ORDER

GH. ATANASIU N. VOICU

Abstract. In [7], R. Miron and Gh. Atanasiu wrote the Einstein equa-

tions of a metric structure G on the tangent bundle of order two, T 2M

(previously named ”2-osculator bundle” and denoted by Osc2M), endowed

with a nonlinear connection N and a linear connection D such that the

2-tangent structure J be absolutely parallel to D.

In the present paper, the authors determine the Einstein equa-

tions by making use of the concept of N -linear connection defined by Gh.

Atanasiu, [ 1], this is, a linear connection which is not neccesarily compati-

ble with J , but only preserves the distributions generated by the nonlinear

connection N .

1. The Tangent Bundle T 2M

Let M be a real n- dimensional manifold of class C∞,
(
T 2M,π2,M

)
its second

order tangent bundle and let T̃ 2M be the space T 2M without its null section. For a

point u ∈ T 2M , let (xa, y(1)a, y(2)a) be its coordinates in a local chart.

Let N be a nonlinear connection, [3, 8-13], and denote its coefficients by(
N
1

a
b , N

2

a
b

)
, a, b = 1, ..., n.Then, N determines the direct decomposition

TuT 2M = N0(u)⊕N1(u)⊕ V2(u), ∀u ∈ T 2M. (1)
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The adapted basis to (1) is (δa, δ1a, δ2a) and its dual basis is

(dxa, δy(1)a, δy(2)a), where
δa =

δ

δxa
=

∂

∂xa
−N

1

c
a

∂

∂y(1)c
−N

2

c
a

∂

∂y(2)c

δ1a =
δ

δy(1)a
=

∂

∂y(1)a
−N

1

c
a

∂

∂y(2)c

δ2a =
∂

∂y(2)a
,

(2)

respectively, 
δy(1)a = dy(1)a + M

1

c
adxc

δy(2)a = dy(2)a + M
1

c
ady(1)c + M

2

c
adxc,

(3)

where M
1

c
a,M

2

c
a are the dual coefficients of the nonlinear connection N .

Then, a vector field X ∈ X
(
T 2M

)
is represented in the local adapted basis

as

X = X(0)aδa + X(1)aδ1a + X(2)aδ2a, (4)

with the three right terms (called d-vector fields) belonging to the distributions N,

N1 and V2 respectively.

A 1-form ω ∈ X ∗ (
T 2M

)
will be decomposed as

ω = ω(0)
a dxa + ω(1)

a δy(1)a + ω(2)
a δy(2)a.

Similarly, a tensor field T ∈ T r
s

(
T 2M

)
can be split with respect to (1) into compo-

nents ,which will be called d-tensor fields.

The F
(
T 2M

)
-linear mapping J : X

(
T 2M

)
→ X

(
T 2M

)
given by

J (δa) = δ1a, J (δ1a) = δ2a, J (δ2a) = 0 (5)

is called the 2-tangent structure on T 2M,[8-13].

2. N-linear connections. d-tensors of curvature

An N-linear connection D, [1], is a linear connection on T 2M, which pre-

serves by parallelism the distributions N,N1 and V2. Let us notice that an N -linear

connection, in the sense of the definition above, is not necessarily compatible to the
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2-tangent structure J (an N -linear connection which is also compatible to J is called,

[1], a JN-linear connection).

An N -linear connection is locally given by its coefficients

DΓ (N) =
(

L
(00)

a
bc, L

(10)

a
bc, L

(20)

a
bc, C

(01)

a
bc, C

(11)

a
bc, C

(21)

a
bc, C

(02)

a
bc, C

(12)

a
bc, C

(22)

a
bc

)
, (6)

where 
Dδcδb = L

(00)

a
bcδa, Dδcδ1b = L

(10)

a
bcδ1a, Dδcδ2b = L

(20)

a
bcδ2a

Dδ1c
δb = C

(01)

a
bcδa, Dδ1c

δ1b = C
(11)

a
bcδ1a, Dδ1c

δ2b = C
(21)

a
bcδ2a

Dδ2c
δb = C

(02)

a
bcδa, Dδ2c

δ1b = C
(12)

a
bcδ1a, Dδ2c

δ2b = C
(22)

a
bcδ2a

. (7)

In the particular case when D is J-compatible, we have

L
(00)

a
bc = L

(10)

a
bc = L

(20)

a
bc =: La

bc,

C
(01)

a
bc = C

(11)

a
bc = C

(21)

a
bc = C

(1)

a
bc,

C
(02)

a
bc = C

(12)

a
bc = C

(22)

a
bc = C

(2)

a
bc.

For an N -linear connection, let
D
0

H
XY = DXH Y H , D

0

V1
X Y = DXV1 Y H , D

0

V2
X Y = DXV2 Y H

D
β

H
XY = DXH Y Vβ , D

β

V1
X Y = DXV1 Y Vβ , D

β

V2
X Y = DXV2 Y Vβ ,

β = 1, 2.

D
α

H , D
α

V1 , D
α

V2 are called respectively, hα-, v1α- and v2α-covariant derivatives, α =

0, 1, 2. In local coordinates, for a d-tensor field

T = T a1...ar

b1...bs

(
x, y(1), y(2)

)
δa1 ⊗ ...⊗ δ2ar

⊗ dxb1 ⊗ ...⊗ δy(2)bs .

we have

D
α

H
XT = X(0)m T a1...ar

b1...bs|αm
δa1 ⊗ ...⊗ δ2ar

⊗ dxb1 ⊗ ...⊗ δy(2)bs ,
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where

T a1...ar

b1...bs|αm
= δmT a1...ar

b1...bs
+ L

(α0)

a1
hmTha2...ar

b1...bs
+ ... L

(α0)

ar

hmT
a1...ar−1h
b1...bs

−

− L
(α0)

h
b1mT a1...ar

hb2...bs
− ...− L

(α0)

h
bsmT a1...ar

b1...bs−1h.

and

D
α

Vβ

X T = X(1)m T a1...ar

b1...bs

(β)

| αm δa1 ⊗ ...⊗ δ2ar
⊗ dxb1 ⊗ ...⊗ δy(2)bs ,

where

T a1...ar

b1...bs

(β)

| αm = δβmT a1...ar

b1...bs
+ C

(αβ)

a1
hmTha2...ar

b1...bs
+ ... C

(αβ)

ar

hmT
a1...ar−1h
b1...bs

−

− C
(αβ)

h
b1mT a1...ar

hb2...bs
− ...− C

(αβ)

h
bsmT a1...ar

b1...bs−1h.

The curvature of the N -linear connection D,

R (X, Y ) Z = DXDY Z −DY DXZ −D[X,Y ]Z

is completely determined by its components (which are d-tensors) R (δγl, δβk) δαj .

Namely, the 2-forms of curvature of an N - linear connection are, [1],

Ω
(α)

a
b =

1
2

R
(0α)

a
b cddxc ∧ dxd + P

(1α)

a
b cddxc ∧ δy(1)d + P

(2α)

a
b cddxc ∧ δy(2)d + (8)

1
2

S
(1α)

a
b cdδy

(1)c ∧ δy(1)d + Q
(2α)

a
b cddy(1)c ∧ δy(2)d +

1
2

S
(2α)

a
b cdδy

(2)c ∧ δy(2)d,

α = 0, 1, 2, where the coefficients R
(0α)

a
b cd, P

(βα)

a
b cd, Q

(βα)

a
b cd, S

(βα)

a
b cd are d-tensors, named

the d-tensors of curvature of the N -linear connection D. For a JN - linear connection,

there holds

Ω
(0)

a
b = Ω

(1)

a
b = Ω

(2)

a
b,

this is,

R
(00)

a
b cd = R

(01)

a
b cd = R

(02)

a
b cd = R

(0)

a
b cd;

P
(β0)

a
b cd = P

(β1)

a
b cd = P

(β2)

a
b cd = P

(β)

a
b cd (9)
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Q
(20)

a
b cd = Q

(21)

a
b cd = Q

(22)

a
b cd = Q a

b cd

S
(β0)

a
b cd = S

(β1)

a
b cd = S

(β2)

a
b cd = S

(β)

a
b cd , β = 1, 2.

The detailed expressions of the d-tensors of curvature can be found in [1].

3. Metric structures on T 2M

A Riemannian metric on T 2M is a tensor field G of type (0, 2), which is

nondegenerate in each u ∈ T 2M and is positively defined on T 2M.

In this paper, we shall consider metrics in the form

G = g
(0)

abdxa ⊗ dxb + g
(1)

abδy
(1)a ⊗ δy(1)b + g

(2)
abδy

(2)a ⊗ δy(2)b, (10)

where g
(α)

ab = g
(α)

ab(x, y(1), y(2)); this is, such that the distributions N, N1 and V2

generated by the nonlinear connection N be orthogonal with respect to G.

An N -linear connection D is called a metrical N -linear connection if DXG =

0, ∀X ∈ X (T 2M).

This means

g
(α)

ab|αc = g
(α)

ab

β

|αc = 0, α = 0, 1, 2, β = 1, 2.

The existence of metrical N−linear connections is proved in [2].

4. The Ricci tensor Ric (D)

Let us notice that, if D is not J- compatible, we could expect that the com-

ponents of the Ricci tensor look in a more complicated way that the ones in the

Miron-Atanasiu theory, [7].

Indeed, if we consider the Ricci tensor Ric (D) ,[14], as the trace of the linear

operator

V 7→ R (V,X) Y, ∀V = V (0)aδa + V (1)aδ1a + V (2)aδ2a ∈ X
(
T 2M

)
, (11)
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then we have:

Ric (D) (X, Y ) = trace(V 7→ R
(
V H , X

)
Y + R

(
V V1 , X

)
Y +

+R
(
V V1 , X

)
Y ). (12)

By a straightforward calculus, we obtain:

Theorem 4.1. The Ricci tensor Ric (d) has the following components:

Ric (D)
(

δ

δxb
,

δ

δxa

)
= R

(00)

c
a bc =: Rab;

Ric (D)
(

δ

δy(1)b
,

δ

δxa

)
= − P

(10)

c
a cb =: −

2

P
(10)

ab;

Ric (D)
(

δ

δy(2)b
,

δ

δxa

)
= − P

(20)

c
a cb =: −

2

P
(20)

ab;

Ric (D)
(

δ

δxb
,

δ

δy(1)a

)
= P

(11)

c
a bc =:

1

P
(11)

ab;

Ric (D)
(

δ

δy(1)b
,

δ

δy(1)a

)
= S

(11)

c
a bc =: S

(1)
ab;

Ric (D)
(

δ

δy(2)b
,

δ

δy(1)a

)
= − Q

(21)

c
a cb =: −

2

Q
(21)

ab;

Ric (D)
(

δ

δxb
,

δ

δy(2)a

)
= P

(22)

c
a bc =:

1

P
(22)

ab;

Ric (D)
(

δ

δy(1)b
,

δ

δy(2)a

)
= Q

(22)

c
a bc =:

1

Q
(22)

ab;

Ric (D)
(

δ

δy(2)b
,

δ

δy(2)a

)
= S

(22)

c
a bc =: S

(2)
ab.

The Ricci scalar Sc (D) is, thus,

Sc (D) = gabRab + g
(1)

ab S
(1)

ab + g
(2)

ab S
(2)

ab, (13)

where gab, g
(1)

ab, g
(2)

ab are the coefficients of the inverse matrix of G.
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In the particular case of a JN -linear connection, taking into account (8′),

with the notations in [7], we have

1

P
(ββ)

ab =
1

P
(β)

ab,
2

P
(β0)

ab = P
(β)

ab,
1

Q
(22)

ab = P
(21)

1
ab (= Q c

a bc), (14)

2

Q
(21)

ab = P
(21)

2
ab (= Qc

a cb).

5. Einstein equations

The Einstein equations associated to the metrical N -linear connection D are

Ric (D)− 1
2
Sc (D)G = κT , (15)

where κ is a constant and T is the energy-momentum tensor, given by its components

T
(αβ)

ab = T (δβb, δαa)

Expressing the above relation in the adapted frame (2), we obtain

Theorem 5.1. The Einstein equations associated to the metrical N - linear connection

D are

Rab − 1
2Sc (D) gab = κ T

(00)ab

;

1

P
(ββ)

ab = κ T
(β0)

ab, β = 1, 2;
2

P
(β0)

ab = −κ T
(0β)

ab, β = 1, 2;

S
(β)

ab − 1
2Sc (D) g

(β)
ab = κ T

(ββ)
ab, α = 1, 2;

1

Q
(22)

ab = κ T
(21)

ab;

2

Q
(21)

ab = −κ T
(12)

ab.

In the case when D is a JN -linear connection, one obtains the result in [7].

In order to avoid confusions when raising and lowering indices, because of the

fact that the components gab, g
(1)

ab, g
(2)

ab are different, we will denote in the following

by i, j, ... the indices corresponding to the horizontal distribution, by a, b, ... those

corresponding to N1, and by p, q, ... those corresponding to V2. Thus, if we impose
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the condition that the divergence of the energy- momentum tensor vanish, in the

adapted frame we will obtain

Theorem 5.2. The law of conservation on T 2M endowed with the metrical N -linear

connection D is given by(
Ri

j −
1
2
Sc (D) δi

j

)
|i

+
1

P
(11)

a
j

(1)

| a −
2

P
(10)

a
j

(1)

| a +
1

P
(22)

p
j

(2)

| p −
2

P
(20)

p
j

(2)

| p= 0;

1

P
(11)

i
b|i −

2

P
(10)

i
b|i +

(
S
(1)

a
b −

1
2
Sc (D) δa

b

)
(1)

| a +
1

Q
(22)

p
b

(2)

| p −
2

Q
(21)

p
b

(2)

| p= 0;

1

P
(22)

i
p |i −

2

P
(20)

i
p|i +

1

Q
(22)

a
p

(2)

| a −
2

Q
(21)

a
p

(2)

| a +
(

S
(2)

a
b −

1
2
Sc (D) δp

q

)
(2)

| p= 0.

In the same way, one can deduce the Maxwell equations associated to the

metrical N -linear connection D.
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